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1. Introiluction

n'or fr ) 2 let' 7r denote the class of locally univalent analytic func-
tions

(l.l) f("):zlarzz * arzs +...
that, map lzl < I conformally onto a domain r'vhose boundary rotation
is at most frz . (See [9] for the definition and basic properties of the class

V*.)
The function

(Lz) rn(,): +[(=)] '] 
:

belongs t,o Vn and the 'coefficient conjecture'
for a function (1. 1) it Y t ,

A function f(z): z + &zz2 . .. alialytic irl lzl

close-to-co:lvex of orcl.tr P tP > 0) if 'Lit*re exists

i A*r"
fu:l

for the class Vx is that

i-* r:aid to be
:ri'lik; fi-i.,cLion
'bhat

(1.3) la^l 1A^ (m 2 1) .

This corrjecture was proved for n: 2 by Pick (sec [9]), fot n: 3 by
Lehto [9] and for n:4 in [7], [10], [2] a,rd [a]. Ia support of bhe con-
jecture Noonan [12] has show.r tirat for: a given functio,r (1.1) in Vx,

la"l
lim # exists and is less than I ulrlcss f(") : e-iqfk(eiez) for some
*- An
real g.

In tlris paper we plor.e the eoi:j c'rule (I.3) for k ) 4. If 2 <k < 4

we prolre the co:,j "ctlrre fol all n 111 ; {br all m if f1z) has real
coefficients; and, for all n , that 1a"j 11.0ö A". E;rch of these resulbs

holds in fact for the lnrg'r' class of clost'-to-co,]YoX functions of order

§:kl2 - t > 0. The definition isgiveu iu § 2 of this class of functions.

2. Sharp coefficient bounds

;1, iri

SUCiI
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(2. 1)
zf' (z)

arg<) aslz)

The class of such functions /(z) will be denoted bV K(§). This class of
functions u'as introduced by Pommerenke [1a] who rvas primarilv corr-
cernedwith B intherange 0 <P< l. Thecase p;1 u.asstudiedbl'
Goodman [6]. When 0 : 1 , K(P) reduced to the well knorvl class of
close-to-convex {'unctions introduced by Biernacki [1] aird Kaplan [8].

We u.ill make reference to one additional class of functions, namelr.
the class ? of functions p(z) thaf are analytic and satisfy Rep(z) > t)

in izl < 1.
The condition (2.f) is equivalent to the statement, that there exists

a P@) in ? such that

zf '(z) - a,lp@)1p s(z){2.2)

Since /'(0):1, it
and" u'e ma)' assume

Our first result
K(§).

is clear from (2.2) that if p$)- b then ab§

is a sirnple observation relating the classes Tr x a11Cl

Theorem 21. nor all lc> 2, Y* is gtroperly conta,i,ned i.n R(p), where

§:klz-t.
Proof. The geometrical interpretation of (2.1) is that for 0 ( r < I.

the tar:gent to C,:{o,1p:f(rei'), 0 ( 0 <2n} does not tum ltack
on itself by more than Pn as 0 increases from 0 to 2n (see [ia]). If
f@) e V* then the total variation of the argument of the tangent to C,
is at most kn . }Ience the tangent to C, cannot tur.n back on itself
by nrore tnan (kl2 - L) n as 0 iucreases from 0 to 2t ancl tiru-q

l@)e K@12 - l). It is clear from the geometrical intclpretation of (2.1)
that, V* is properly contained in K(kl2 - I) .

It follows from Theorem 2.1 that if f@) e V* ,

k

zf'(z) : oli@)1i ' ,(r) ,

where P@) e I a,r:d s(z) is starlike. Sharp estimates for the eoefficients
of s(z) are of course kirown, so u'e tru'n our attentiorr to estirnrttirrg the
size of the coefficients of functions of tl-Le folm l?@)) tlrere pQ) e{P .

This information is cotrtained in the next theorem t-hich is an extensiou
of the classical Herglot,z formula.

Bi.fore stating the theorem lr.e recall some notation and facts from the
theory oflinear topological spaces that u'ill be needed for the proof. If E is
a subset of sueh a, spaco, then a point in .E is an extrcme poiirt of E if it
canr:ot, be non-trivially expressed as tlre con.i,ex combination of two points



?::-LBg§:{:q:§ryyg99

lh{z)1

11-:--E:- §gg: 9*P 9:9{i:':* Pt9br:T __ i
in E . We denote by ext .E tlie sct of extreme points of .O and by coU

and aot the convex hull of -O and the closed conYex hull of .E respectively;
i.e., the smallest conrrex set, atrrl the smallest closed conYex set containing
E . The Krein-Milman Theorern [5, p. 440] asserts that if E is a compact
conr,ex subset of a locall;' convex linear space, then E :6@xt E) .

Theorem 2.2. Let c be a con'stant of ruod,ulus I at most ct'nd,let E d,enote

th.e set of the functi,ons subordi,nate to

L*czr(z): _l _
If o > L and, h@) e E, theru th,ere ei:'ists an 'increasing fu.ncti,on p,(t) on

l0 ,Znf wi,th p(2n) - ,"(0) : | .suclt, thu,t

dp(t)

n,

J
0

Proof. By (* trivial modification of) the Herglotz formula [15, p. 30],

rf h(z) € -E then there exists a p(t) satisfying the conditions stated in
the theorem such that

2fi
f L 4 ceitz

h(z): J ,-Au dP(t)'

It follows (15, p. 301 that **, .L consists of the functions

1 -r- ceiq z

1 e"lz

Let E*:{lh(z)1":h(z)eE1-By }Ioritel's Theorem, Eo aud dUo
a,re compact in the lincar space ..4. of functions anal;rfls in lzl ( I lr'heu
the topology of A is the topologl of local utriform colvergc:nce in lrl < I .

It is known that this topology fo,- A is locally cotlvex [19, p. 150] and-

hence by Milman's Theorem [5, p' 440] if. g(z) € ext [coE"] , g(z) e Eo.
Suppose then that g(z): lh(z)]" belongs t'o Eo u*d h(z) Q<:xt' E - Thoir

there exists distirrct functions är(z) and hr(z) i.o,E aud a l, 0 <, < I,
such that

s (z) :'!0":"1: 
-"i?uo+ ( r - t) h,(z)\

: tlh(z)7"-'hr(z) * (1 -- ,) lh(z))"'L hr(z) .

Since [ä(z)]"-'hr(z) ar:d [ä(a)]"-r h,r(z) ue distirrct {turcrious it Eo,9@)
is not an extreme point, of -O* . Thus att extrcrnt' llc.riilt of ,Eo must be of
the form
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(2.3)
ft + ce'*21"

lr -- e'-z)

convex hull of the set

sequence of functions
By the Krein-Milman Theorem , 6fr u is the closed

of functions (2.3). Hence if h(z) e coU* there is a
(h"(z)) ,

ti,n 7 0 and

Now,

where p,"(t)

aL Vi.By
p(t) oI1 [0 ,

subsequence

(2.4)

o(n) [t +ceiqiz]o
h*(z):Zrt,,n lt _T,uj

h,(z): rl#1"iu,u,?

"(")

J:1

is an increasing step fuuction on [0 , 2-7 u'ith jumpr tj,o

the Helly S:lection Theorern, there is an increasing function
ZnJ rvhich is the pointrvise limit on [0 , 2r] of alr infinite
of (p"(t)) and hence 

zn

r [t + ce"z1o
ta(r) - lim h*(z): J lT __T;l orttl i

where the limit is considered as z -> oo through the appropriate sub-
sequence. (2.4) holds in particular if h(z) e En, andthe proof is complete.

Wenoteforlaterreferencethat,if a)0, P> 0 and 0<0L,02,
12n , then, by Theorem 2.2, there exists an increasing function p(t)
on [0 , 2n] wibln p(zw) - p(0) : I such that,

(2'5) 
n -A'zy O -7q 

: J 1t - ,;'ry+a 
du(t) (izi < t) '

Indeed, if a * P > L, then (2.5) is an immediate consequence of
Theorem 2.2 since

/ t \4, t \#(2.ö)' i _a*l-r \-r _ 
"*."1

is subordinate to ll(l - z) in lzl < I .

If 0 < " * §4 1, then the linear operator defined by

L(f)(") : #, zf ' (z) * f (z)
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transforms functions of the form (2.5)' into function of the form

otLAl

It follows from (2.5) as established above that if o, * § ) 0 and /(z) is
of the form (2.5)', then

7r
L(f) (") : I n- ;:r*pa dp(t) (lzl < t) .

{ \L-v')

By an argument similar to the one used in 13, Theorem 6] it can be shown

that the extreme points of the set of functions of the form

i:I
J 11 -V*+on 

auO
0'

are precisely the set of functions of the form

I (0<E12n).

Since "t is linear and t - l, the extreme points of the set of functions
on the left of (2.5) arc the functions (1 - ei'z)-"-§ (0 S q 12n). Hence

(2.5) is now established using the Helly Selection Theorem as in the proof
of Theorem 2.2.

We easily obtain a generalization of [3, Theorem 5] from (2.5). Using
the notation of [3], let' Io denote the set of funct'ions

1t

ft
h@: J I -ei2ydP(t),

0

rvhere 1z(f) ranges over the set of ilcreasing functions on [0 , 2nf witLr

p(zn) -p(0) : I . If a ) 0 . P > 0 and rve shou' t'hat

(2.6) Io. IocIolB,

i.e. if ho@) e 1,, and hB@) e Iu Lhere exists a function h,+p(z) i:n lo*u
such that h,(z) .hB@) : h**u@). Indeed suppose that,

h*(*): {u'ndp(t)
and
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O -ir»' i-- e'1\P 
€ /o+ri

for each i and z in [0 ,2n] and since .Io*, is closed aud convex l'e have
that h"(z)hB@)QIo+§. This establishes (2.6). (2.6) 'was pror.ed iu [3]
(by a different rnethod) only for positive'iirtesral values of e and p .

Let

I.z

h,k)=: f ir-ä rlr(t\;

t'hen
2;r 2r

h*(rj'|',{z):- { { (, -_-1;;;}. 
' (, jF# ctpr,(t)dvk).

Bv (2.5) 
o

f(r) : lUlri and I(:) : \ B1;)
j:0 j:0

be analytic in lzi { I . ft rvill be convetrient to clenote the conditioti

1b1r,<iB1l (0<j<ri)
by f(z) f P("). If this relatiou holds for all ir. . rr,e 'write f(") < 7(z) . Tlie

following result is an immediate consequencre of Theorem 2.2.

Gorollary 2.1. Let h(z) be subord,,i,n,ate to i= in lzl ( I and le.t

xlI. Then

It + czl'
lh(z)) * L _ r 1

-0[ofe. Theorem 2.2 no longer holds if 0{r{1. Indeed let n}2.
Then

[t -L "'la !.

l:i : I -- 2.r:: Zoiri (lal < ri
Lr - z.j i=:.:

and
fr r .,n'lo
lLtzl

Lt--"4:l+2ax"--, '. (izl <l) .

By a theorem due to Rogosinski lf 6], ',a11 12a for y ) 2 rvhich shol's
that Corollary 2.1 (and hence Theorern 2.2) fail-< rvhen 0 ( « ( I .

We note that when 0 ( a ( I . everv function of the form

Ann. Aeacl.. §ci. Fenniere
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ft a e"z"l"

It - """"1
is an extreme point of Eo. It is not clearvrhether or lrclt t,here are other
extreme points in Eo.

We now prorre a result that will circumvent the difficultl' arising from
tlre fact that Corollary 2.L fails when 0 ( a ( I .

Lemma 2.1. Let f@ e K(B) (p > 0) wi,th

(2.7) zf '(z) : alp(z))Ps(z) (p((-t) : b) .

Then 
za

- [ r r;- c,itz I(e.8) f'(d :Z 1 I ". , --:;. lp(:)l1e'ziild,u(1)i ::' .

.l'?o [o"r L-ez ]

where p,(t) i,s an i,nueasi,ng functi,on on lA ,2nl wi,th pr.l2n\ - pc(0) : L
Proof. Let c(z): z { arzz + ..tlzl < t) be & collvex utrivr.rient

functionin lzl < 1. Byaresultof Strohhäcker[18], Rec(z)lz > ](lrl < i),
and hence by the Herglotz formula

lz
c(21 : I t_6dp(tt,

rvhere p(t) is increasing on 
'* 

, r*, with p(zn) -r.r(0) - i . As 'ir-as

observed in [3], this implies that if s(z) is a normalized -qtarlike function
in lzl < f (since s(z) : za'(z) for some convex functiotr c(z)) thetr

iz(2.s) s(z) : 
I O _f,* dp(t) .

It follolvs that if f@ e K(P) and is given b1- (2.7) then

-iz
f, @) : a,l plz)li' J 

-0 

_ 
",,1 

a tol
,-
fl+eitz I

:aLP@)lP J r_"U. 1_"zt2zdr{1\.

arrd. the result follows O, 
"*nuårng 

(1 - e2t'zz)-r in pou-ers of o2 .

Since for each f(o I t I 2n)

I 1- e"z(2.10) q(z , t) : d, 

=A' 
lP@ilP
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ll + czl?+r 2P

is subordinate to Ll;l (with c : b,+r) , it follows from
Corollary 2.1 fhat

I 
q(z ,t)e2iild,p,(,) <<(2.I 1)

Combining (2.8), (2.10) and (z.LL), we
the coefficient conjecture for K(P) for
I[ore generally \ye have

Theorem 2.3. Let f(r) e K(§) wltere
thu,t 'in (2.2)

zf'(z): alP(z))Ps(z)

with p(0): t . Then f(z)<f*(z) where .f6(z) is d,efined by (t.z).
Proof. ff I : P(0\: ä, thel in (2.11) c: L . Silce for any y ;' 0,

It + zl,
L, _ rl has yrositive coefficients it follorvs from (2.8), (2.I0) and (2.II)

that

We note that if f(") e K(B) and has real coefficients then it follows that
the p(z) in (2.7) can be chosen so that p(0) : 1 . The follorving simple
proof of this fact, was suggested by Ch. Pommerenke. If f(z) has real
coefficients

and.

zf '(z) - dlp(z)lpr(r-)

Thus

zf'(z) : y1p121p141't\u .L'@) ' ,(.)l','

and (p(z)p(Q)rt'zey (and has real coefficients) and. [s(z)s1211trz is a
univalent starlike mapping of lzl < I .

The proof of the coefficient conjecture for K(p) rvould follow from
(2.8), (2.I0) and (2.f f ) in precisely the same .way if one could show that
for lxl:l and *)>1,

[t + cz]o+L

Lr L)

easily obtain a simple proof of
functions \n'ith real coefficients.

Z2l"

I
L- r'z
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(2.L2)

(2.I2) is trivially true if * is an integer and hence gives a proof of the
coefficient conjecture for V* when ft is an even integer (see [1] for a
different proof of this fact). We suspect thaf Q.2) is true for arbitrary
u ) | but have been unable to find a proof. On the other hand our next,

result shows that for * ) I ,l',*':1" * [=]", which proves the' Lr-zJ B LL-z)
coefficient conjecture for K(P) for n I 14.

Theorem 2.4. Let f@ e K(P) (P : kl2 - 1 > 0) . Then

f(") fffr(").

Proof. As noted abor.e the result follows from (2.8), (2.10) and (2.11)
once we show that

ir t "*1"
1 +21"_t
1-z,l

Li+fl.f;L=1"

i t -*- xz1' Tl- - | ->A^(x)z*I t : I ,,:o

As observed above (2.12) is true lvhen a is a positive integer. Hence if
we restrict in the first instance x to satisfy L 4a 4 2 the general result,

wil fouow by considering l'r!.il*" wirh t <u 12 and m a

positive integer. This depends on the fact that (rn)' has positive

coefficients for any y 7 0. We assume in rvhat follows, therefore. that
L1a12.

Let

A*(x) - A,n(x

(2.13)

11"]r-I
Qn, v)l,x)--:å

lr-0
(;) 24'

-".: ao(nt) -{- ur(n'u)x + ar(m)xz
NL

\̂
L,:3v

It *-z1o n

L _.,l -Zt*(r)z*t. r ?) m:0
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'we mustshow l.4-(z)l <,4-(1) fot ru, < 13. llhis is easily§eento bethe
ca,se fot rn < 4. However to prove the result for ru, ( 13, it is more
convenienb to prove a stronger statcment, natnehr.

(2.14) lA*(*)l' + lA*(- N)l' < Ai$):- A1,(- t) : -41(t) .

If x:etr(o3E12n), then

lA^(er?)|z I lA",(-- e-iq)12

wlrere lll :
Yalid if for
clearlr,- the

(2. 16)

i..e.

I\orv

and

,lf nr - 31

z("3 + ...+ {LL) -i-,4: (aour,- ilrazj,t-: : cc"{t214,) cos Ziv,
J:tr §:2

nLlz if m, is even end (m - 1)12 ]f ra is odf], (2.14) is certainlv
ea,ch j the coefficietit of cos 2j,t in {3. t n i is positirre. This is

case if
aa&zj-{t,LilLj+r ät,i

uo \ &lj', t)
Q,l t(2j

§ -r- 'ffL

(Lzj+t 

- 
___\_ 2i_ , !*::

azi u.!nt 2j I f.lr-1

&o&a cl,Lcts -i- ffncl,11i )' (.I

fro&xr $tau, $ nrttrr ), u

(1 < j <II)

(I <j < Lt)

(j : 1)

(j-5).

Clr0

Cl,1

Thus (2. t 6) is

&nL

and

Again the required
This completes the

equivalent to

_r ?t 2j-*
&{m-2j I

When m112, or nl:13 and j:1,2,3. andGtliisinequalityis
easily verified by lengthy but elementary calculation. U ttt. : 13 ancl j : 4

or 5 we show that the coefficient of cos Bg arld cos tt)g are positive by
showing that

calculation is elenrellt&r), tr.,ncl \vill ber ieft to the reader.
proof of, (2.L1) allC hence t,he theciren-1.

Ann. Acacl. Sci. Fennicie

.xn'l.
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ft seems clear that by using additional terms from the coefficients of
cos 2jg in (2.15) that' (2.L$ and hence the theorem can be exterrdcd to
larger values of m . Wrat is not clear i-q rvhether a, proof for all rn carl
be found by this method.

3. Unitorm coefficient estimates

Theorem 3.1. Let f@ e K(p) 19 : kl2 - l )- {t} . Then

f(") < 1.05fi(z) .

The proof of this theorem follor,r,s irnrnedirrteiv flom (2.8)" (2.I0) and
(2.I1) provided u'e shorv that (rvith the lotation of § 2't

lA*(r'r)l < 1.05 J,,,(l)

13

It is only necessary to prove (3.1) for a in the ltrrtge I { * ( 2 . The
observation which enabled the proof of Theorem 2.4 t,r be restricted to
the range | 4u < 2 also applies in the present situation. The proof of
(3.f ) for I l ot < 2 is established with the aicl o{' tt'o lemmas. First 'we

introduce some notation. Let

B*(x) : drl?i

and

c *(x) -

a,n are defined by (2.13),

(3.1)

rvhere the
Then

and

(3.2)

t\(

) rr.,,, ,?4!'i*'r
.{-1 3J I- r
i_'t
J-r

9,'y'r
ltr

) o,,z-t -Jj:l

arld M is clef irretl iu (2. I 5).

It follows immediatel;r from (3.2) that B-(1) > t|\ru 2 l) .

Lemma 3.1. Let L 4m < .Ar . There erists u, polgruom,i,al y*,*(x)
with non-negati,ue coffic'i,ents and, a posi,tiae nu,rnbr:r A*,* su,ch that
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B-(x) : yx,^(n) ! )"*,^By(x) .

Proof. X'or a given zn it follows from the definition of the ar in (2.f8)
that

(8.3) B^(x) - -.7 =t ^ 
B*+r(x): T-+t(x)tx -r 'tIL 

- 
?

is a polynomial with non-negative coefficients. The lemma then follows
by repeated application of (3.3).

Lemma 3,2.. Let n be gi,aen w'ith lxl: | . If N i,s suffi,cientl,g large
then

iBt(x)l < t.Io Bj(l) U > rD '

Proof. Since

å (l * xz)" - (r - xz)"Z'u^(n)"^:@'
a standard application of the 'major-minor arc' method as it appears in

[7, p. 108] shows lhat B*(x) is asymptotic to the rLr". qoefficient of
(t * x\" - (t -!-)'

,(L - zY as //?' --> oo ' l'e'

B^(x) - 
o i D" -, $ - il" (- r)- (;") (m--> a) .

/-rr\
Let n:e'i* lr-; aq. r) .Then

go(x): l(1 i z)" - (l - z)"1

I - 1't': 2" 
fcosr'g 

1 sirr!'g - 2 cos r ;' sirr"E' cos"f.]

If f <a12 isfixed, go(x) attainsitsmaximumat V:il4 and

2-"g*(i)-2r-.ut2.i"f .

X'urther 2-*g*(i) fot var"ving & assumes its maximum u-hen

I l:r \
t:-arctanl I

\z log z/

:L.47....
Thus g,(z) < 1.10 2" (1 < cc 12), and so for giveu 7, if -nrr is suffi-
ciently large (depending upon t() ,
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Since

(m* @) ,

the proof is complete.
We now complete the proof of (3.1). LeL x , l*l : I , be fixed. and let

m) 2 be a positive integer. ((3.I) is trivially true if rn: l.) By Lemma
3.2 we can choose an -trf ] raz sufficiently large that

lB*(z)l < 1.10 Br(1) .

By Lemma 3.1,

lB^(x)l: lyx,^@) | )"p,^By@)l

( y*,^(l) f ,1* -lB*(z)l
1y*,^(L) + 1.I0 ijy,-Bry(l)

< r.10 B-(1) .

Now

A*(x): B^(x) | C*(x)

and since the coefficients of C*(Z) are non-n':gative,

lA^(x)l <lB^(x)l * lC^(x)t

< l.1o B-(1) + C^(L) .

It follows from (3.2) that B-(I) : C-(1) (nt, > l) and hence

lA^(x)l < 1.I0 B-(1) + C-(1)

: 2.L0 B^(l)
: 1.05 4",(L) .

This establishes (3.f ) and completes the ploof of Theorem 3.1.
X'urthermore we have
Theorem 8.2. Let f@ e K(P) (§ : klz - I > 1) . Then

f(z) <.f*(z) .

Proof . Using the notation of the above, it is clear that to prove our
result, it is sufficient to prove that

lB*(x)l < 1.10 2a-'(- r)- (;,') .

B-(r) r., r.--'(- t)* ( *-)
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(3.4) ',A^(eiq)i < A^(L) (rn 2 t)

for 2 ( r { 3 . Reworking the proof of Theorem 3.1 and making the
necessarv changes lvr' (,an verif-v (3.4) without much trouble.

4. Extreme points of K(P) and, Vh.

In [3] t]re authols determined the set of extreme points of various
classes of urrivalent functions. Combining Theorem 2,2 wilh a method
from [3] we obtain a generalization of [3, Theorem 6]. The following nota-
tion will simplify the statement of our theorem.

tr'or p>0, 05t<Zn and 011{.2n set

I 1 llr + eilz\p+L 1

s(z; ei' . .ir\ - 
-n 

L\,T;4/ - I] (t * r)
(4.1) 

"'- fr+t ei'-e'
z

g(z ; e", ei') : l)y; Ot" ; ei', ei') : 
L + 4;,

such that arrd let '-{, rl"enote the set of functions

n(z) : 
i j' ,O; ei' , ei') d,u(t , r) ,

where v(t , r) ranges over the positive Borel rneasures on l0 ,2nf X l0 ,2nl

iir'r'z):r00

Theorem 4.7. X'or I :*å'-- 1 > 1,

\Ku :6 K(p) : oo Vr .

Xurther, the ertrenrc points af co K(B) 1: n V*) are prec'isely the functi,ons

$.L)wi,th t*r.
Proof. Lot X(z) € 1((1l) . Tlir:rr 1r.r- (2.2). (2.9) aircl the Helglotz folmula

2.t 'lr

I fl_ cti': i f 1

n'@) : 
I J, _,* 0uu,1 ! O=l* rtr'(z).

where p(f) antt rr(z) are increasiug fltnction-s ol [0 , 2z] rvith

p(zn) - /.{(0): L: v(2n) - ?(0) '

Since p > 1 it follor.r,s frcrrn 'I'hi,orr-'ru 2.2 that there exists an increasing
function 7(l) on l0 , 2n) rvith y(22) - 7(0) : f such that,



D. A. Bser.'lrl.x, J. G. Cr-uxrr antl 1\r. E, I{rnweN, On the cosfficient problem 17

!t

f i t -.- cei'?,i,i
F'(r) -- J iT_ Ej or(r) .

i.,

I
-u 

- d4 dt'(r)

(t-

{
(4.2) ;)_ s, _

--L 
AtQt r i r:: tr"rJo t

:= J J i. r ,", I rrt - ez1' 
dY(t)dt'(r) '

[}CI

By (2.5), for each t and r in [0 ,2n),

lt+cei'z1i , 7 (t*cei'z\§(4.3) Lr-:n) 6-ary : ! G -rWR 
do(v) ,

where o(9) is increasing on [0 . Znf wit]n o(2n) - o(0) : 1 . It follows
that

lL 4 cei'211q I
L, -61 O=i*

belongs to Xi, the set of derivedfunctious g'(z) of functions g({ eKu.
Since 7(i is closed atrd convex, (4.2) and (4.3) imply rhat n'@)€K|
and hence co K(§) c l'(å .

The reverse inclusion follou-s u-ith only a slight modification of t'he

argument in [3, Theorem 6].

As is easily seen, the functions 14.1) belong to Y* c K(fr) and the
remaind,er of the proof follows using the arguments in [3, Theorem 6].

Our result leaves open the question of whether or not the functions
(4.1) (t*t) aretheextremepointsfor K(B) when 0<p<l.We
note in passing that using (2.5) one can easilv shor,, that the set, of functions
z, (L - e"z)-o (0 ( z I 2n) are precisely the set of extreme points for
the functions starlike of order *, 0 Sry ( I .

If ,I is a continuous liirear firnctioual ori ,4. (tire space of functions
analytic irr lzl < I) then tire maximun of -Be I ot dö ff(B) rnust be at-
tained at, some extreme poittt. Consccluentlv, there is a function of the
form (4.1) that soh,es the coefficieut corrjecttire fol T'u if k) 4. This
observation greatly simplifies rr,ltat was prer.iously knot',-tt about the rrature
of the extremal functious for this problem (sr'e e.g. l4]).

Aildend,um,. (2.12) has now beetr establisired bf' D. Aharonor- and S.

X'riedland and. their proof will be coirtainecl il a forthcoming palel'.

Queen Elizabeth College,
Lorrdon, England
Imperial College,
London, ErrglanC

Universil,y of Maryland,
College Park, Md., U.S.A.
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