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tions

(1.1)

t. Introduction

2 let Vx rlenote the clnss of locallv unir.alent anah"tic funr:-

that map lzl < t conformallv onto tt clomain whose boundary rotation
is at most kz . (See [5] for the definition trnd basic properties of the class ]'r) .

The function

rllr-^\kj I ,(,.2) fu(z):;L(=/ -t):id-""
belongs to V* and the coefficient conje'cture for the class Zr is that for
a function (1.1) in T/r" ,

(1.3) 'un <-- J,, (ra > 1)

This conjecture was prorect for u : 2 b1' Pick (see [5]) for ru : i1 bv
Lehto [5] and {or n: 4 in [9], 16l, ill and l3l.

In support of the conjecture Noonau has shown [7] tliat for a giren
la"i

firnction (l.l) in ,-,:*'i exists anrt in less then 1 unless fG) :
e-'"1*1e"21. B,ecently Brannan, Clunie arrd Kirwan [2] established the
conjecture (1.3) for n 111 and for all n in case that function (1.1) has
real coefficients or if k > 4 . This u'as done hy a remarkable extension
of the classioal Herglotz formula. lYith the aid of this generalized formula
they showed that the conjecture rrould follorv for anv n ) | antl anp-

k > 2 if the following inequalitl'

( 1.1)

lrolds. ,, 
Z_{", 42 §"2" lve r}ean '.r"i I il"i for n : I ,2, . . .

The aim of this paper is to prove the irequality (1.a) and thus to estab-
lish the coefficient, conjecture. fn fact, as lvas showl in [2], the inequality
(1.4)implies the coefficient conjecture (1.3) for the larger class of close-to-



t
convex functions of order' fr(fr -.. 2 - 1 )l {l; . ll'his ciass u'as introduced

by Pommerenke l8]. (See alsri (loodnran lal fin'firrther properties of this
class).

2. A stronger inequality

In order tr-i show (1.4) it is mole convenielrt to ronsider the inequalitr-

ll I rz)" (l - rl'
(2.r) <-i-- ;. r:>n. ti:1.

It is clear that (2.f ) imlilies (1.4) .rirrce

/l -rg\"_ 
_(r * rz)" I 

. - tl 7-t' /l _- 1)'
\L-z) -_.-;; 1i*ij' ' ] -: (t -:)' I -\t -:/

Obviously it is errough to consider"tlie case i .1 r =( 2 ' fncleecl (l - e':)t'

< (1 + z)p for any natural p airrl tlirrs

\-|:! t?)" ,, (l - :)'
l= (l - ':ii ' i -. 

(l ::)r'

\\re note that

ifhus (2. 1) i* equivaler:t t,(t

(2.3) tltfl*oi<Z(i).\---i. .:rr,: l. ri:1, 2,.
&:0 k:0

n'or ra : L,2 the inequalitl evi<ierttll' ho)cls. Let .t': e'd ancl cr-rnsjder'

separatel;z the inequality (2.3) at first for r'r { ö <: andafter tor:^ <6
tL 'll

1n.

3" The case 0 s= d <;-n
The inequality (2.3) can }"re w"r'itten as

{2.2}

I§ou-

,tnll. Ac*,tJ. $sri. Fennrca: Å. 1. )2+
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(B.r) i i tfl cos fr{l:' t å (i}) sirr tudl' .: ti t;l t'
,r:0 I le'=0

or
ntlru

t > (ä) sin k{jr S t: (&") (t - cos Å{) I l- > (tr) 1r ' cos ft{) l
k.-l lc=-l.l L:0

lå .Ä'dll" ,, k61: + 
L2 

ttrt sinz - 
--l 

LÅ,,t, 
**) iir sin, -;] .

sin z
l(oting that '- iq decreasing firr tt 1i u d z rve obtaiu

" ,lt,

(;l) siu kö '-., (i,,) sin (f = t)di

lrrr L<k1n-L,0<d<l ant.l l-{ri2.
il

llhis implies

,, \(r-l) r(,,r-1)(2-o')
,).(ff) sinkö:"sin{- ,'sinld--: 

" 'sin3f+...
n--r 

:l(:r - 
I)

S a sin{ * --.;- 
- sirr -ld .

'llhus (3.1) i. troJ ir

(8.2) [* si,{ * x(o r)si*d eosd]n s - 
Lå,(il) 

sin2 rylf§ ,*,

tL k61 ,

I gl sinz ,I -- +',,Låtilr i/'l

In -; \r'e shou' the stronget' itteqrttrlit.l'

(3,3) x2 sin2d tl -+ 2(r I ) ( r l)z cos'ö1 < tuf,;(?) u)]

LTsing again the monotouicitv of l'"]1 rve hat'e' l.t.

/or\l k6 tå-l) n

\i/l-t"'-1-> Itff*,1 sitt2-'-' .2 t 6' I < k ln- r' o <Ö Si,
ils

l; \ lk -r- 1\2
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n6n
X'or n)B and=1 (= 1\'e obtairr2 -2

" lcd . "+ 1(A - l) 
" , 

1(,1 -I)(2-o) , ,3ö ,r,'-) (i)sin2t'- a sinzi + 2 -*i,r'd-'t ,:sin2;*.'.
ö r(a - I ) .:r -\(n - I) ^:z o( cr(a - l) 3( r sirt2; * -.-j.inz$ 

4a sin2; = --t-jsin25: i+-rt +:

/,3a35:7+8("-1)<n*s":§,-r , (I<r<:) .

Norv, the function Q@) : u t ) til - ,,,1 is increasing in the domain
&:0

50(eo1-a.
-8

fndeed
tt

Q'@): Z ffl[:0
fot'

We claim that

(3.4)

fncleeel

n55

Ic:0

rr! ) asin, I * t9 =ll si*:d :("-J (2 _- e) ,3Ö
, * 2 ' o sln't

: sin2,f

)- sinz,fl

["

la
LA

dl:=Tsin2

Recalling that Q@) increases for 0 { ,, a ; a it is enough to shorv the

inequalit;r (3.3) in case that u attains its lon'er bound in (3.a):

Ann. Aeatl. §ci. Fcnniea:
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( 3.5 i is tnre if
[ *_-1 li

[, , *(t=) 
-+*in2 oh+ !t-:-1)tt -- 2)\ 

i

\ 6 I 4 '\ ' 2 ---li

As coss ö - I sinz / , the above inequality is linear ilr "in} S
(;tls3d).Tlrrrsitisenoughtochecktheend.points"Bu,i'(-}<
. 7{, :t" {3

s]]-I *- f: sln 5 - - ,
X"hered'ore (3.6) rvould follow if we show the followirg twer inecl

i ,r-.I

I x@ _U_1 I (r I)(3r - I;
\t-r 6 I ,u'(' ,-- -);

Ferr the proof of (3.7) put -1 - I -- d . 'Ihert (3.7) it eqllir irit'tit
iineeXllalit3r

rvhich cä"n lle easily obtained by sirnple calculations. Tri q'.1s}rli

\t,e first note that

i,rlI
t-
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'Ihtrs (li"§) u"oriltl fbllou. if

( 3.1.r )

r _ r(r -- 1) _ rllri l6J

itr r,(* - l) 8a"2 - l7a
The turrction 1-fO*-t-A-1 :1t 

4g attails its minimlnr

L7 8ry,2 - L7a, 2g9 +trt the i:oint \ : G and so t + -48 - > I - :lZ. +e 
> ii.

l'iuallv it is euough to sholr.

t (a-l)2] +[ '-I I(:r.r*1 , lr -2(r - r)+y;',1.ä[r-, r 11:]i -r)l(r ,.r.
Put again r : p f I and then (3.10) holds if u,e shol that the polr--

nomial 12-28P+11p2+fgPB is positive for 0<p<I.C'learh-
this polvnomial is positive for p > 0 .

4. Two lemmas

"[,r:t

\\ie lrri*g r]{)\\- å.* integral r-oJ;ntatio,-;; e,,(r):

Lemrna 1,

l'hele .l: {1, 1<r{2 and rz}3.

Proof. Deuote lry B(a,b) the Beta function:

(4.8) B(ru,ö) : j--'(L-r)b-tctr, a>0,b>0.

\ve recall the following well known properties of the Beta functiou:



B(a,h) =- E(li,,t) . B(u. *- l,ä) : i, + bI)(«,,b).
(1.4)

B(a,L -u\==,a Ibr' o{a{L
§ln l,

Now for I .( t <. 2 we ha1-e

B@,-d+ r,§ -: rl.:1'1-'i9 --1:-1) + BQ -.r,.r -L 1)' (lr-tr) )t ö

(n - r) (m -a - I) 2-xx(a - l) _

On the other hanrt

. r(r-t)...(,r-ii) ra(-r-1) (2-a) ...(ru-x).
(+.5) (,.1,) : ,.\ r\, --(-l)(rt-rt (iz-l) !

Combining the trr-rr ltrst r,,qutrlities u'e obtairr the representation of the
binomial coefficients {,1-r} *-ith help of the Beta function:

.sirr:z(r - I)
(4.6) ("1,) :(-l)"-' ,, 'B(n-x*t,cf 1) .

For iri < t u'e haye

,- . sirr .z(r - l) å i
r,(.r') -,)..{*.',).,'*-' -- ' '?, J ,'Å '(l - /)'( -- x,)k-L ilr

I

sinz(a- lt f ."'(l -r)'-"- {-'l'r / : '-'li" I(r{2, 31tt"i I I -.r'r

'Ihis proves the e<lLralitr- t{.l1,iirr' .r' < l. 'l-he case iri : I follows

from continuitv *rgurnerlr irr ) (*.,1,) < T.) .

Remark. A rnore »naturrnl,i nrr"r,., (a. 1)is obtainecl br- using the Cauchy
integral theorern fr-rr irnir,lytic functions. Clearly

-e,,(,,): {*'- ':Ir, ]'rf '''. r) <r<r.
"t, 

: '(l -z)

Iieplace theu thr: ctrrve : : t ir1. izi : 3 -R > I nnd a radial slit

D. Ån.rno.{(r\, ;-rr}tt §. h'ttrn;Dn..\N t}, On arl ineqtralitv for functir.lns 1)



10 Å. I. ö24

emana,ting rrom z - -:. Realizi,g tt.'nt !1 #,;#f--ll is regula.

at z : I and letting .R -+ oo one gets an a,lterna,tirre ps'rrul of lemma 1.

Lemma 2. Let e"(r) be defiuetl as abttr-e. thetr

sin z(a - I) i
(4.7) Ir"(r)l < , -- ; k't Jlr,1;11 -.tt .

sinz(a - l) I
(4.8) le"(r)1 < --t;--- *, fol l?e(;r') )- u.

where ir[ :1 and za]3.

Prrof. Using (4.2) one gets

le"(r)l s 
sin z(1-- 

-r) j tt ; "'1,."-) 
,,,'

Let lrl <1.Since (1 -r)'<l-ä; irltLertr]lse n'ir(1.0<
ä<I, for ä:cr-1 we obtain:

sin z(* - 1) f sitr;t(a - ll fie,(r)l( J $-r)o1"-'rlr1-- .-J (, - ör)r"-"rlr

si,z(a-I)[ ; ö I si."z(o-"r,,
?t fza-rf I z-r-2J t. tt

This established (4.7). To shou- (4.8) rr'e l](,tr tl',irt
I

-- ( I for' Äe(,r') ) 0 . Thu-t,l + nrl -
sirz(a - I) f sirr rrr - lt f

',e^(r)l1i 
" J (l - 7)47"'-'r7r( J rr- r)r''-'1l -ör)dr

-lrg9---Il[ 
r 

- '*--,-') i{
1 Ln_ a*l n- rl2 /? - r--::ll=

sin z(a - 1) 1

""'
(The last part is established as follorvs:
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la-dl1
; e + r-;- c, + 21 ; - d + i--;-;; i -,, -'i --t-
lrt\Ill-.- --.- -l--"\;: a * 3 tL-u*21- (n- r -r- 1)(rr -'r -'J1

ä r I r - 9- -l
@-;+ A@ - e+4: n - \ l,L;,- \ -- t rt -'' - 3J'

11 I
Since < - it is etrough to slrou'

n-«*2-n ' t'-'t-l

ö I I I r-l
)1.-c(*3=rl 'trrlrult 

rn vYurv@rurru 
n-arI n-n.-rJ3

and is obviously true for n>.3 and 1(* ( 2) '

5. The case :<ö 1n

Using the definitiotr of e"(x) (4.1) u'e httve

iå ff)*nl < 11 * r[" + ]e.,(;r:)

Onr the other hand

nn

Thrrs the inequality i > ff) *ri < i > (ff) I \\:o1rl(1 follou- if

ö
Prrt + -A then

2

Therefore it is enough to shorv

2n, -2
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,r I . Bt Lernma 2 \\,'e harre:

I r:ou (;,t; I , -; 
l

rila ir( r
_;

:{

Nou, the conrliL ioll lfu t,,,i'*1

But

1\ +

' ,/a e-

:, < ö. r) i*rrlies tnat cos 6

+l
:l; '\'

Åssurne rtro\\" .Ret:t:) _l= tl

t 'r)

Tn tlris case f:erllmå ') imlllies

2 sin z(r 1)

:T ll-
6:r,{,i-:} -"--

3'inallv 1\"P shr.rr.r

2 :r(,r 1) 0 7(
strnl-- ;.i- "-,2.(1 cos0) :::zLrl-lsi12;

:t /1,- \- "t 2'2n

0
It is enougil to ctirlsirtel"tlre illror.e inequa,litrr for

7r,

I

?(,

:

4ll,

(5.2 )

': -in

:T

e(,r t) r ^ir
n: |tt.

l
l' '7

:( i ttt't)

, i,
So {r1.:3) i. 1'lirlucecl to

) 
(;,)'*,

(5.3 )

rvhich is

I sin ,r(
:t

\\

inequa

-';.)

nl
Iit,v

r):['
{6",

t:t1uivalrtlrt to rrn i';l)r,ious

si,z(;-l,(i * *)



I). AuertoNov and §. Fnrnnr,aND, On al inclrltan,liLty l'ol. t'ulret.ions 13

sin r(x

ll'his completes the proof of
fn conclusion we remark

flrr lrl :l ancl ,E* I

.Department of fuIathematics
Technion 0ity, Haifa
fsrael

. .i

-, ini" fi \

t'.. 
r j

the inequalitr, (2.1 )

that, we shot'erl in f i'tut

rLn

t,hat:



Reterences

[l] Bnsssa.s, I). A.: {)n tirnctions of bounded boundary rotation lI, Bull. London
Nfath. §oc. t {1969).

121 -lr- CtuNtE, 'f. G. and I(rnll"eN, W. E.: On the coofficiont problem for func-
tiong of bounderl lnundary rotation, Aln. Aoad. Sci. Fenn. A I 523 ( 1973).

[3] CooNcs, H. B"r On functions of bounded boundarv rotation, Trans. -A'mer.

l\Iath. Soc. (to appoar)'

[4] Gooolrer, A, W": On close-to-convex funotion of higher order (to appear).

[5] Lreuro, O": On tirti distortion of conformal mappings rvith bounded boundarr-
rotation. Ann. Acad. Sci. Fenn. A I 124 (1952).

[6] LoNttr, H" and T'tumr, O.: On tho case of step-functions in e'xtremal problerns
of ttrr.. tlass rvith trounded boundary rotations. -\nn. ^{cacl. Sci. Fenn.
A I 41it {t968)"

[7] NooNe*, J": Asymptotic, behar.iour of functions rvith bounded boundary ro-
tations, 'Irans. Arnt'r. Math. Soc', I64 (1972), 397--4t0.

[8] Poulrnnrxrs" On.: On close-to-convex analytic funetions, Trans. -{mer. }Iath'
Soc.. l14 (1965i, 176-186.

[9] §cnrrrnn,, NI. antl T.Llrnrr, O.: On the fourth coefficient of univalent {irnctions
u.ith bounrlerl bountlary rotation, -A'nn. Acacl. §ci. Fenn' A I 396 (1967).

Printed tr'ebrr-rary 1973


