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1. Introiluction anil terminology

I.f By a conilenser in -8" we mean a triple E : (O; Co, CL) where
D is a domain in R", and C6, C, are disjoint compact sets in D, lhe
closure of D in ,R": A"U{oo}. Tlne cagtac,ity (namely the conformal
capacity or the n-capacity) is defined by

cap E lYul"dm,

where W (E) is the set of all
% : D -+ B1 such that u(r)

cap (D ; Cr, C o).

non-negative, continuous and ACL functions

:*Tå,{

The notation and terminology rvill usually
al is abbreviated by lc, quasiregular by qr.
/z /au\z\trz
(,ä \;,) ) 

wir be denoted bY llVzll, or

1.2. LeL f : D ---> -8" be a non-constant, quas,i,regular mapping (see [2]
for terminology) and E : (D ; Cn, C) a condenser. The cluster set of f
on a set A c D is denoted by C(f , A), i.e. C(f , A) is the set, of all points
y e R" such that f(*) --- y as n --> a for aeA. We will show that

(a) C(f ,Co)nCff,Cr):ö+ ca,p n <Nff,D)Koff) capffr,
where fE : (lD ; C(f ,Cd ,C(f ,Ct)), and that

(b) _Co,CrcD and C(f, Aq cafD* "^pjV 
< K,(f) cap E,

where fE : (fD ;/Co\1D\Cr) , fCr).

Here 1{o(/) and Kr(f) arc the outer and inner dilatations of f in D,
and -l[(/, D) : sup cardinality f-L(y) over all yeR", see [2].

We conclude with an application of (b) to the boundary behavior of
quasiregular mappings.

lvul -

be as in 127. Quasi-
The L"(D) norm of

by liVt,ii.

1.3.

conform
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2. Preliminary results on the capacity of eondensers

2.1. Let E: (D;Co,Cr) be a condenser in -8". Let Wo@) denote

the set, of all non-negative, continuous and ACL functions u : D ---> Rr
such that Co O spt u: ö and Cr O spt (f - u) : {. X'inally, lef Wf @)
: Wo@) n C*(D). Clearly Wtr@) c Wo@) c W(81.

2.2. Lemma. cap E : inf {llVzll": u e Wo@)}.

Proof . We may assume that cap E ( @, since otherwise there is

nothing to prove. X'or z eW(E) with llVull < oo and 0 < ä < å, we

define uu : D --> RL by setting ua(r) :0 iff 0 {u(r) I ö, uu@) -- |

iff t - ö < u(x) ( I and u5@) :'%: otherwise. It is not hard to

verify that %a s W r(E) and that

of llVzli" oYer all lL e W (E);

Proof. We may
with llVzll < @,

ä-
We now

spt vi c

and let vi;R" --> RL, ,i,

llVzll
llVzeall <ffi . Nowtaketheinfimum

then let ö -> 0 and the result follows.

continue

-{*,o:

Iet

min {dist (Co, spt zr) , dist (Cr,

with the techniques of [3]. De

(1 u)\ .

Do: D-r: ö and

Cn functions such that

spt

fine

il

f

J r,(r) dnt (r)

Rnt

Di

Choose a partition of unitr,å Vi - 1 on D such that

Di+r\D,_,

- 1, 2, . )

I

non-ne

""(i)

,'i
be

,) '..'

gative

spt ei cu" (O + 1) (i, + 2

llV(g, x rltiu) V(rp,u)ll

spt gi * tpiu c Di+r\D,-, ; hence the series
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converges and defines a

we have:

* tpiu

k+r ,.+1

llgu - Vrllro : ll,ä V(q,* ,p,u) - V@',u)llroS Z llV(p, xtp;u) - Y(tpru)ll<e

Letting k - @, we conclude by Lebesgue monotone convergence theorem

and Minkowski's inequality that llVt ll < llV"ll * e. Now take t'he infimum
of llyzll over Wo(E), let e-+0 and the result follows by 2'2 and the

inclusion Wtr@) c Wo@).

3. Capacity inequalities

3.1. Theorem. Let f : D --> R" be non-constant ancl, qr, anil, let E :
(D; Co, Cr) be a aonilenser. If C(f , Co) n Cff, Cr) : ö, then

cap E < Itr("f, D)Kr(fl cap fE,

where fE : (fD; C(f , Cd, C(1, Cr,) ).

Proof . We may assume that N(f , D) < a and that' cap fE < a'
(Actually, the capacity of acondenserisalways finite') Given u e Wf (fE)
with lltrullp < co,we define u:.aof. Clearly a is non-negative and

continuous in D. Let 7' : /D\spt o and U : f-L(U'). Then spb z

A- jr,
i:1

function in

: D\U; and since C(f,Co) O spt o: ö it follou's, by the definition
of a cluster set and the nature of U and U', that Co O spt u: $.Inthe
same way c, o spt (l - u): {. Finally ,f is ACL and differentiable a.e.

in D,cf.12,2.26f, and u eC*(fD), hence z is ACL and

lVul" ( l(Yu) "f ii!''t" l Ko$) (Yu).f''^J(i) a.e. in -D,

where J(/) denotes the Jacobian of J in D. Consequently u e Wo(E) and

cap E < llVzll" < Ko$) [tf7q.f)J(f)dm < Ko$)N(f,D)llvulVo.
!

Now take the infimum of ll[al[" over all aewf(fD) and the result

follows by virtue of 2.3.

3.2. Theorem.
with co, c, c D

Let f t D --> R" be qr and E
a,nd, C(f ,AD) C A,fD. Then

- (D ; C s, Cr) a cond,enser
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cap fE < Kr(f) cap E,

where fE : da;/coV(D\Co), /c1).

Proof . We may assume that cap E < a. Given u e Wf (E) with
llVzll < oo we define a : fD ---> RL by a(y): sup {z(r): rel-'@)). Clearly
u(y) > 0 for all yeD': fD, o(y): 0 for all y e/Co\(D\Co) arrd u(y) : t
for all A efCr. f is qr, hence / is open and discrete and since C$, AD)

clID, it follows fhab f is closed. Thus, by [, 3.3], N(f,D) < a.
Consequently o is continuous in D'. Indeed, given e > 0 and A e D'
wifh f-L(y):{nr,...,n*}, choose neighborhoods UicD of r;,i:1,
...,k, such that lu(x) - u(r)l <e for all reUi, i : l, ...,1c. Then

kk
A : nfUt is open in D', B: /(D\ U U,) is closed rel. D', and

i:l i:l

so 7:,4\Bisaneighborhood of y and la(y) - a(a')l < e forall y'rY.
Applying the arguments of 12, 7.8-7.131 we conclude that a is ACL in
D'. Thus u e W1jE1. Then the arguments and computations of 12,7.15-
7.171 yield llVallä, < K,(l) llVzll". Take the infimum of llVzli" over
all u e Wf (D) and the result follorvs by 2.3.

4. An application

4.1. A domain D c R" is said to be quasiconformally accessi,ble at
a point b e 0D iff for every neighborhood U of b and for every con-

tinuum Co c D\I/, there is a positive number d, and a neighborhood
V of b with 7 c U suchthat cap (D;Co, Cr) > ö forevery continuum
C, i, D which meets both 0Y ar;'d 0U. cf. 14, 1.7).

4.2. Theorem. Let f : D --> R" be qr with Cff, AD) c AfD. If D
is locally connecteil at a po'i,nt b e 0D and, D': fD is qc accessi,ble at some

poi,nt y eC(f,b), then C(f,b): {y}.

Proof. I'or qc mappings see [4, 2.4]. Suppose that C(f,b) contains
more than one point. Then there are sequences {..,} and {;ui} in D
with r;---> b, r', --- b, f(*r) --- y ancl f G-!) --- y' rrith A + A' . Let C;

be any continuum in D'. C(f,aD)qAfD irnplies that Co:f-LC'o is

compact in D. Choose a neighborhood U of y such that y' Q t and
C;n U : $. y e 0D' and D' is qc accessible at y; hence there is
ö > 0 and a neighborhood V of y with the properties stated in 4.1.

D is locally connected at ö, therefore r, and r', may be joined. by
an arc yi in D whose diameter tends to 0 as d --> oo. f(rr) e Y and

f (*'r) , D'\ e for all a sufficiently large, hence cap (D'; CL, fy,) > ö
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while cap (D; Co, yr)--->0 &s ,i,---> @, violating Theorem 3.1. Thus
c(f ,b) : {a}.

4.3. Corollary Let D be a Jord,am d,omain in Ri and, f : D --> R"
qr wi,th fD c B" and, C$, AD) C 08". Then f has a continuous er-
tensi,on on D.
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