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(1)

l. Let us consider a linear partial differential equation

where the differential operator L has constant coefficients. We assume
that f belongs to the Sobolev space Hr@) (p ) 0 ) , where A is a
bounded open domain in the Duclidean space .8" . Let L' be the formal
adjointof Z andwrite M: L'L(L-/1e. Withthehelpof M we
construct a distribution space X- such that Lz(g) c X- c D'(Q) . We
shall show that if u € X- is a distribution solution of (l), it can be de-
composed

,ll,:uotB,

rvhere uoe HP,+'(Q) (r ä O ) and 0 satisfies

{2) (Mr+ 1)8:0.
Thus the part ,u,o is at least as regular as the right hand side / of (l).
Since the second part I satisfies the homogeneous equa,tion (2), its regu-
larity depends only on the differential operator L. Consequently, the
question about the regularitv of a sohttion of the inhomogeneous prob-
lem (1) returns to the question about the regularitv of a solution of the
homogeneous problem (2). Furthermore. this r.esult rvill be applied to
prove that weak Z2-solutions of h;.poelliptic equatiorls can be approxi-
mated in L'@) by C--functions.

2. Let () be a bounded open domain in the Euclidean space Ro . For a
multi-index Q: (Qr,,..,Qo) wewrite Ds: Di,...Di" rvhere Di:OlOri.
If p2 0 is an integer, we denote by Ho(O) the Sobolev space consis-
ting of the complex valued functions u'hose distribution derivates of
order < p belong to L,(O) . The space Ho(O) is a Hilbert space with
the inner product

lElSp

pI

qJ * e"l 1p-1 *, Dau OW a*
{

tu,a eW@) ). Let Hrr@) be tlre closure of Cf (O) in Hr(Q)
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We consider a differential operator

' 
:,å:oo'

with constant coefficients. There is an integer r 2 0 such that, for each

p20 one has

(3) lltElb>tcrllvlfi+, (e€Cfl(o) )'
where /co is a positive constant (cf. [l], p. 177). The formal adjoint of z is

L' :ZJ-t1lotQoe.

Let us choose an integer p 10. Writing

§:1-/- r-io?,
i:1

one has for f e HP@\ and E e Cf ({))

ff,dr: (f ,§'9)o'

We consider the formally self-adjoint differential operator

M : L,LBP.

X'or VeC?@) we get bY (3)

(8, Mp)o : (L g, So L V)o : llt' Ell!, > k'rllVlfr+,.

Let us define on q@) an inner product

(q,!,)*: (g,Mrp)o (g,rp €Cf(^()) ).

we denote by x the completion of cr(o) with respect to the corres-

ponding norm ll'llr. Since

llEll* ä knllvllp+, (e€Cfl(o) )'
one has X c Hfi+'(9\ .

We define on L'(A) so-called negative norm ll'li" by the formula

l@ , a)rl
lloll* :.:H,lläil (u e Lz@)) .

Let X- be the completion of I)@) rvith respect to this norm. Take

u e, X and a e X-. There is a sequence {at} c L2(9) such that

llu;-ollp+0. Since

l(w , aisl S llzlla lltrlla- (i' : t,2, ' ' '\ ,
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we c&n define the form (. ,.)o on XXX- such that

l@,a)ol < llzll*llz,llr (u€X, ae X-).
Each a e I]@) d.etermines a continuous linear functional (. , a)o orl

X . Consequently, there is a eontinuous linear mapping Ao: I)(e) --+ X
,such that

(u,a)o : (u,Aoa)* (ueX, aeli(Q)).
X'or u e I)(Q one has

fiAoattx :,:Iy* g#y : lottr .

Thus, -r{.0 ma,ps a dense subset of x- isometrically into x . consequently
-do has an isometric extension a : x- -> x . since / is isometric, the
runge A(X-) is closed in X . It A(X-) * X, one c&n find a non-zero
u E X such that for each a e Lz(e)

(u,"*)o: (u,Ao)*: g.

This is true only if %: 0, therelbre A(X-) : X. Thus, the mapping
A: X- --> X is an isometrie isornorphism, X- is a Hilbert space, and.

(u,a)o : (tr,Aa)* : (A-Lu,o)y- (ueX,aeX-).
This implies that the spaces x and x- are dual with respect to the form
(. , .)o . If tp € Cf (O), we get

(q,M g)o : (V,rp)* : (g,A-rrl,)o (9€Cf,(l2) ),
and therefore M ,! : A-t y) .

Leb D'(Q) be the space of distributions in A . An element ,iu € X
determines a distribution

g->(9,tt)o (9eCff(g) ).
We shall identify u with this distlibution. Then we get, X- c D,(e) .

If u,Mu €X-, n'ehave

(4) (y,Mu)o:(Mq,u)o (9eCfl(!?) ).
Since q@) isdensein -f, and -r4.-1: X-+X- isanisomorphism,

the set A-L(Cf @)) : n[(Ctr@» is dense in X- . Let us define on the
domain D(Mi: M(Cf (O)) an operator Mo: D(M,\->X- by

Moy: My (yeD@I)).
Lemma 1. The operator Mo i,s symmetri,c i,n X- . If u , M u G X- ,

one has u e D@If) , where M§ is the ad,joi,nt of Mo i,n X-
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Proof. For y e D(Mo) : A-t(Cf(O)) . one has I : A y eOf@)
and u'e get, by (a)

kt,,M u)x- : (A-' E, M u)*- : (V, M u)o : (M g,u)o : ?1,,u)o

: (A-Ly,u)x- : (Mrrp,u)x-.

Thisimpliesthat Mris symmetricin X-. u,e D(M{) and Mf u:Mu.
Lemma 2. If f e Ho@) then L' 8P I € X- .

Proof. Let I be the closure of the set L(Cf (9)) in f/P(g) and Yr
the orthogonal complement of y in II!@). Then \r'e can decompose

I:a*fa where a€Y, lo€Yt.Since
(.f0,§'Lq)o: ffo,LQ)r: lt 19 eCf(B) ).

onehas Z'§På:0 andtherefore L'-\Pl:f,'§Pv. For EeC?@)
we get

llt qll" : (E ,L' L BP v)o : ,tvil'x

a.ud moreover

l(Z',SP a)(P)l : la(L SP V); : (r' ' I §'E)ol

: l(c , L q)01 < ,iri[ l'L s1l, : lirr[ llEi]r.

Thus the distribution L' BP a e D'$)) is bounded by the norm ll'll* . Con-

sequently, L' SP I : L' SP tt € X-. sinee X- is dual with X with
respect to the form (' ,')r.

Theorem 3. Assume that f e IIP(Q) o,nd let u, € x- be a d,istribution,

solution in A of the equationl

Lu : f -

Then u, can be decomposed

,tc : [o- fJ

where u, €, X c HE-'(Q) «nd , € f- s«tisfie.s

(5) (I['+ 1) ir : t-t

Proof. According to Lemma 2 otte has

ilIu : L' SP Lu : L'SP,I € I-.

Thus we get by Lemma l, w e D(M{), rthere llt is the adjoint in X
of the symmetric operator J[o . Let ,470 be the closure in X- of Mo.

Then u can be decomposed

1 A distribution solution in !) of tho equation L.u : I is defined to be a distri-
bution w e D'(Q) such that (L w)(9\:: u,(L' d : l@) for all I e Cff(A) '
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,tr, : ,tlo + 81 + 0z ,

rryhere uoeD(frIo'1 and the elements 8r,0, eD@[t) satisfl''

XIt 8L: 'i'$r, Mt 0z: -i9z
(see e.g. [2], VII.4, Theorem 3, p. 204).

X'or qe1f@) one has Mq € MQtr@)): D(II'): D(Ma+i,I)
and, since (Mn * d I)* 8t : (Mt - i I)8, : (r. rve get

((ilI + i)q, Or)o : (Mo+ i, I)M q . f,)-- : (r.

Thisimpliesthat @[ - i)81 : 0. Similarl;,'onehas lM +i,)flr: O'
Writing O : Ot * 0z we get

(Mr+ 1)8: (M+i,)(M- r) (dr*82) :0.

Since zro eD(Mo), there exists a sequence {p,.,tc D(Ma): lI(Ctr@))
such that

llrpr-uoll*- + 0, llMoq,- Mo?r.llr- * r"t.

Because

llrp, - rpll, : llA-' (rp, -,pi)ll*- : lM, (y, -,pi)llr- + t) -

there exists ulo e X such that y ---> wio in X . This implies that, y:; ---> ulo

also in X- , therefore u,s : It', E Y .

Corollary 4. lVe assum,e that L i,s hgpoell,i,pti,c nnd I e AP) . If
u e Lz(Q) i,s a distri,bution solut'ion of

Lu: l,
then there erists a sequence {V,}c C*(A)n L'z@) such tha,t in L'(Q),
Vi ---> u anil L yn ">f .

Proof. Let us take p : 0 and apply Theorem 3. Then u'e get
xl:'uof 0, where uoeX and I satisfies (5) with M: L'L. Since

Z is hypoelliptic, M'+ I is also hypoelliptic and therefore f € C'(O) .

X'or peOf @) one has

llpll'* : (q , L' L V)o : llt Vllä.

Since uoe X there exists a, sequence {E,} € C|@l -quc}r that gi-->uo
in X . Because

llL v, - L VJlo : llqt - Eill* -; (r 
,

thereis ael?@) suchthat Lqi->a in L'(91 .Foreac,h VeCf@)
one has
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(L'g, gr)o + (L'V,uo)o : @uo)@)

and on the other hand

(L'q, ?i)o : (q,Lqt)o * (9,a)o : a(g).

This impliesthat Luo: o andtherefore Lgr->Luo in ZF(.fJ). Thus

we get for U)i:Vi+8€C-(Q)nL2@)t !)i-'>us{O:w and

Lyi : Lgt*L0 --> Luo+L8 : f in L'(O).
I am most grateful to the referee, who has read the manuscript and

suggested the following theorem, which is simpler and more general than
Theorem 3 in the case r : 0 . This theorem also implies Corollary 4-

Theorem 5. Assume that f e HP@) anil, let u € D'(Q) be a ili,stri'-

buti,on solution 'i,n O of the equation

Lu: f .

Tlr,en 'u aan be d,ecomposeil

u : ,l,co* 8,

where uo e Efi(Q) u,nd, I e D'(Q) sati,sfies

L'LSP 19:0.
Proof. Let us tlefirre orr Cfl(O) an operator Lo: Cf@)+äf(O) by

Los: Ls (9eCfl(O)).

It has in Hi@) a closure Lo and according to (3) one has

\lLoalb > knllallo (a e D@o)) .

This implies that the range E(Zo) is closed in äfi(O) andthereforeaclosed
subspace of Ho(O). Thus, the element I e Hn@) can be decomposed

I : fo * f, , v'here /, is contained in .E(.Do) and /, in the orthogonal
complement of R(Lo) in IIP(O) . We can find zo e D@d c ää(J?) such

that Louo:fo. There exists a sequence {p"}c D(Ld: Ctr@) such

thatin IIi@) onehas gn+%o and Lgo: Log, -- Lruo: fo. Thus,

for each E e Cf @)

(L'g,g.)o + (L'g,us)s

and on the other hand

(L' V, g.\o : (q, L E)o - (g,fdo.

Consequently, we have

(6) (?,.f,)u-- (L'V,1ro)o (p€C3"(J2) )
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We identify xeo with the distribution

s*(q,uio (eeCfl(O) )

and write O:u-uoeD'(Al. X'or each ye1f@) one has
L B'yt € Cf(J?) and using the relation (6) we get

(L' L Sp r9)(rp) : (L' L Sp u)(tp) - (L' L SP uo)@)

: (L u)(L Sr y) - uo(L' L Sn ,p)

: (L Sn ,! ,f)o - (L' (L BP y) , u)o
: (L Sn ,lt , f)o - (L Sp y ,fo)o

: (Z§PT,fi)o : (LoV,f)p : 0,
since L is in Er@) orthogonal to R(Lo) 

= 
R(Lo) . Thus we have

L' L SPfl : 0 , ure Hfr(A) and u: uo * O.

Tampere University of Technology
Tampere - X'inland
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