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1. Introduetion

l. Let D be a closed set in the complex plane and / a non-constant
meromorphic function outside fr omitting a set .F. We shall consider
the following problem: How thick E ought to be to fintl / such that
7' is thick, too? It is known that if the Hausdorff dimension of ,0 Dim (E)
is greater than one then there exists a non-constant function / rvhich is
regular and bounded outside E . It Z has linear rneasure zero then Dim (1)
< I . If the logarithmic capacity of E Cap (ä) is zero therr Cap (7,)
: 0 . fn [3], it is given a geometrical conditiorr ttnclert rvhich Dim (1) <
Dirn (ä') . Carleson [1] has proved that there exists a sel E rvith Cap (Z)
) 0 such that if / omits 4 values outside ,U then / is rational.

In this paper, rve shall prove that Dim (,8) > 0 cloes not, guarantee
that ! is thick, too. \{re oonstrrlct a, set "O rvith Dini (Z) uniformly
positive such that if / is meromorphic outside .O rvith a singularitv at
all points of E , then / omits at most 4 values. Here »Dim (-&) uniformly
positive» me&ns that there exists o I0 "such that, if -4 is open then either
AnE:@ or Dim(/.fiE)>a. Then we shall prorre that there
exists a set E rvith Dim (E) > 0 suchthatif / is meromorphicandnon-
rational outside E omitting -F then Cap (7) : 0 .

2. Notations and lemmas

2. Given positive nurnbers §n,r,0( stn,r.( 1,'3, n:0, 1,...,
k: l, 2, . . , , 2n , and a sequence {g"} of real numbers, ![re construct
the corresponding Cantor set ,O in the follorving maluler.

Let' r1o : L, zo,t: 0 ancl /o,r : I . Incluctively (n 2 L), we define
t?^ : T^_taiq" and for lc : 2? -- I , 2p (l :! ,p < 2"-'), rve set &n,h :
€o-t,p, ln,L: En-1,oln-1,n and

zn,k: z,,-t,p + (-1)* T"t (I - 6,-r.r) l,,-t,p .

We set
. r.\

fr-= n
n,,.. 1

\\rltere Dr,t, .* {z : ii *--* zrr,trl { {,,,,x )

.D,r.t'
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:i. \\,'r'nccr[ 1;h* tbllr-ru'inH^ Jenrrnil,s ilr {.}Itr cr-tnsitlrrations.
Ii,icrnål,nn spIreI'(' n,it'lt ritrlitts I l* t,r-rtrr:hirt.g t,ltc rr'-platl(t
'l'[re chcirt[ir"l rlist,ir,ll.("{' of' t,lro itrta,gt s {)tl )' ol' ttlr) lx)irrts ttl

plarre is tletrotetl lr]' 1,,'rr:, w' ) rltrd ( )(u,, ..)) is t]rc spltorica,[

centre at thc image ot' w iltrrl rvit,h chorrla,l ra,dirrs Ö

\Ye set

[ref; =L' lrs: l,h r'

;r 1, t,it t' origir r .

irrrcl 'u;' in tht,
ol)rln disc u'ith

ancl

(1)

Ln.x I,t

{glr";t
We have (see Carleson [1], Matsumoto [2])

Lemma 1. Therc exists it, consta'nt -4 such that if / is analytic in .\'.,1,

arrcl omits 0 nnd I then f(l'^,) is containecl in :r, spherica,l disc O,,.k

rvith radius ö.,u less than A'l/-[a.
\Ve choose ö>0 such that O(l ,8ä) nOI(0, t3ö) :9. Nou'u't'

assume that ,ttf)n.- ö fol an1' ri tuttl Ä: ' Let .f,.r be tl"re triirll
connectecl dornain bounded b-r .l'n,k, ll u+r,tx--t irtrcl 1',*,.,0 . An easr-

modification of Matsumoto's [2] fromfla 2 gives rrs

Lemma 2. Let J lre annlytic in A,,o U 
'§,,6 

U §,,,-1,2r,-r U Sn ir,:r,
an«1 omit the values 0 ancl I. Therr" onh' trvo possibilities c&n occur:
(1) The spherical discs Cn,k t C,,-tt,2k*r antl (1 ,"-rr,zb containing the

images of the boundary components of A,,,;0, coltain the origin,
the point w : L, ancl the point at infinity, one by one, and / takes
each value outside the union of these cliscs once ancl onh, once in
A',ro'

(2) There exists a spherical disc with radius less than 2Ad lr,,k + 2\/ €"t
rvhich contains f(4",*) .

Let Tn,t" be the bounrled disc rvith l'u,x as boundarl-. \1'e clenote

be /,(r) (, > 0) the union of the spherical clics f/(t). r') . {l(l . r) ancl

C(* , r) . We choose §o ) 0 such that

tiA{ to.i -i-(i+

and we assume t'hat §,,e ( §, for any n, aIlrl l; .

Lemma 3. Let / be analytic outside -O arlri ornit the t'altres 0 and 1.

If /(f",0) -- t,(å) .,t, {4 therr ,/(7',,,,, - lX) C (-r,,,. n-hero r1,,,," is the sphu'-

i«ra.l rlisc clefirrt'd itr -[,etrtnra, l.
l'rooJ'. [,r.{' rts i{ul)lx)s(r thal' ./'( /1,,r) l,(h) O . 'l'lrt,rt ,/' tn,lies olt

l',,.r ir" va,lttc ottt,sielt' {'(tl , r)) ir,rttl \\'o soc frol}) Ir()llllllrr, I t;lra't (1,,,1, <:lttlttot



Sar<anr Topfrr,A, On exceptional va,hrt s of f'unt:Lions meromorphic

contain the origin. Similarly, t and co lie outside C"s,, and it follows
from (l) and Lemma 2 that, ,f(Ä,,,*) n L@12) - gi .

Let § be the domain bounded b.v /',,,* and the circles 1',*r," lying
irr Tn,,". Then /(^r) n ,(ö/16) : O . Let us suppose that /(^r) n
.L(ölL6) : A @ > 1) . 'Iheu it follows froru (l) an<l Lernura ? that /(4n,) n
L(ö132) - fr . Let a € I'n+_psCI',,x. By Cauclrv's iutegral theorem rve

have

rvhere the sunr is ta,ken

if@l < 321ö, and orl
If a e iF *+s,zj -L t

Therefore

")rr{;\".

ovc)r aU Tr,r:j* l'rr*r;,1,,r* C 1',r,rr. On 
^"t 

1 l,t"e hat't,
f',.,k we have the better erstirnate lf(r)l :< 2lö .

S q .1 p , arttl Tu, C Tni-q,Zj , or rrice-versa, then

61 §6*r+ 
I

lf(a)i <

Now it follorvs from (r) that l/(a)l< J/,) ir,rld nei see that, /(^")O U(co ,

d/s) : 0 . Considering the functions r// and U(t - f) , rve get /(§) n
I(öi8) : fri . Applying Lernma 2 again, l'e get flZr..r1fi L(ölL$) -: fö
and by induction, \t'e see that f(I'^,r -- E) n LQfi6) : b. Since E
has linear me&sure zero, lhe lemma follorvs from the rnaximum principle.

3. Functions with a singularity at all points of E

4. Let 0<a<b< 6s, and let n,u be an increasing sequence of
even positive integers. We construct the Cantor set ll with gn: 0 ,

% : | , 2, . . ., and with the successive ratios f,,o clefined in the fbllowing
m&nner. We set €nJ":a fot 0(n<-?11 t l<k12, €,r1,:ali,
,i,: l, 2,...,1<k 12"t , ancl for n;1n<tlr*, rve set

Enr,:a*(b-a)(p-r)12'
for (p - 1)2"-'< k <?2"-t, p : l, 2,. .,2' .

4

ö
r 12860 

,_ 
gi qp-q+L Ep-{t+L' ö ' ö frr- so

1\_t
r _ ztnl
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Theorem 1. It is possible to choose a ancl Ö such that if ,/ is mero-
morphic outside E with an essential singularity at, each point, of ,U ,

then / omits at most four values (The choice of a ancl ä does not, depencl

orr the sequence {_"o}) . lf rar tends to infinitv rvith a sufficient, rapidity
as fu--> co theuforanv open set G oither EnQ --- O or Dim (En17) >
(log (:r/a))/log t, .

'['he proof of tlie first, tlssertiorr rvill be gir-err irL 5'-1]. 'l'l)(' sr.rcc)lxI asrie]'-

tion is quite trivial trnd the proof of it rvill be omitterl.
5. Let, f be meromorphic outsicle t n'itli rru essetrtial siugtrlaritl'

at all points o{ ,O omitting 5 vitlues o,;, i = 1. . . . .5. Tt tloes rtot tneatr

any essential restrictiort to assrtme that, tL, -- o, a,..: I , turd {ts:. s11

/ isnotbounded, and it fbllou'sfrom Lenrrrra, l] that, the case (1) of Lernurn.

2 occurs for at least, one .A,,,p . llherefore / takes every value outside
the union of the discs O(0, ö) , C(l , ä) a,ucl C(* , å) .By mea,ns of a lin-
ear transformation, \ye nlay suppose that a,, € C(0 . ä) a,nd rtu e C(oo , ä) .

(i. Let o<1 Ö18,atrrllet c >0 bechosensuchthat u{ cti tt'trcl c< Ö3.

We choose arealmrmber €,u,5å <b, in the follou'ing ttr&rtller. \Ye set'

o6: m&x (lanl , rllaui) and nz: min (iut . 1l ar).

(A) If ar7t/i, we set €:u.
(B) If a7{t/i arrd au)c then there exist E, c4<t<c2, ancl

a positive integer q such that (h : €s'tli)

(C) If the cases (A) and (B) do not occur then h ! ua{ c . '.['here

exist §r,, , bn< t1z1bz, ancl apositive integer p such thatr uu,: E{fi't
We set aa: E!+' where Ll4 <r 1314. Then \rre have b6 <§, <b.
Let rrorv az: tiJ. We get, t,,... l{1'rr -i'r) rvhere /i ', (log ctr)llogau} I
Therefore there exists r', 1l+ {, ( 3,,-t. suclt thrrt l, ... c1 l- s u'herer

q isapositiveintegeran<l I/4 is { 3r.l , ilndu-e choose §: §".
7. Let E' be the Cantor set rvith pu : 0 ancl §,,,0 : ,r fot alr\' lz

and Ic. In connection with fr' we write .l-',,70, T'o,k, , corresponding
to l.so, T,;0, . . . in connection with E . Let L: be the connected
domain rvith

r rl
U:1":1zj : ffil

and 1i,", s : l, 2,..., 2o, as boundary.
We choose a sequence {f",,,,} such that lim §";,,r : f and §;+r } s; .

Let i be fixed. It follows from Lemma 3 that the case (t) of Lemma 2

occurs for at least one A,,,c T"r,rr. Let ni-r< s (-rt,. Then we call

choose q; l nj ancl As;.,,, C 7",, such that the case (1) of Lemma 2
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occurs for aqi,*i ,

case (2) of Lemma
\Me choose the

and L lf such that

(3)

and" for any Ar,r c T nr,,,,. , ei 1 ?L I nr, occurs the
2 (possibly gi:-.-: n)

fnnction g beingoneof thefunctions f ,fl$-f)

fbr infinitel)r rna,uy i. 1l'aking u, subsequence, lye see that we rnay assurne
that (3) is true for each i, . If g: / rve set a, : a4, if g : Il$ - f)then a* : a+l(l -- u,q), a,ncl if fl:llf rve set ur:Llau. lllhen g omits
thevalues 0,1, co a,rrd rz* outside I and a*€C(0, å) .

s. We rlefine g1;@),=. g(lrr,*,2 {.2r,,*,). Tt {l(J.q,.t_r,r*,) C (,,( l, å) wr)

set l(z) :g1i(z), otherrvise we set fr(z):g,(*-z). We set U:{e:l3-.:
izl< tlQ2§)) . Triking urr.v Äi, ,1t ) 2, \\,e see that for sufficiently large i,
fr is clefined ou GU A;. Applying Lemma 2, it follows from the clefi-

nition of ft that f,(H)c0(cc, sLl/ä,,f,U'i,)c0(0, å) , /i(/'ir)
C C(l , d) , a,ncl fi takes orr Ai oxactlv once every value, outside the
nnion of the <liscs C( w , SA1Qj, C10 , ö) and C(t , ä) . Applying l:€rnn1& 3,

it follorvs frorn the choice of the sequence tAr,,,,) that f,(Ti,rn Aj) c
c(0, 2ä) arid f,(T'r,, n 4) c c(l , 2å) if d is large enough.

Let D : {z: lzl< ll!2€)}. We can choose a subsequence {f,n}
rvlrich converges unilbrmly oll compa,ct subsets of D - E' towards a
limit fnnction 

"fo , /, being clefined in D - E' .It is easily seen that /o(ä)
cC( m, gA{il,,f1, omits thevalues 0,1. co and a, itr D*-.8' and
that ,lu takes the value - I exactlv once in 1j' ,* il' where .lf is thrl
disc bouncled by f/. Further on, fo(T'r,, - E') q (/(0, Bå) ancl fr,(T'r,r-
fi') C C(l , 3ö) antl sinr:e n' Jras linear lneasur€) zelo then /, has an
:r,nalytic continuation ju D . trVe denote b.r' ,fl, this rrr_rntinuation, too.
Applying Rouch6's theorern, u,e see l,hat /, takes the values outside
C(x-t, gA\/€) cxactly once in A'. Nory rye choose zs1 zseliJn E'
and zleTi,2nE' such that, fo@i:0, fr(zr):1 and fo@r):or.

9. Let B:{w:lwi< r} rvhere r: tlpeA{il. fo is schlicht in

"fo-'(tr) n A' and it has an inverse function g s'hich is sctrlicht in B .

We write

g(rw) - zo
tt\w) : , g,(0)

Then å is schlicht in lwl< L, h'(0): l, ancl applying the distortion
theorem for schlicht functions we see that

ry ry i I*L "0 i_r _: I 1- ih(L lr)lrg'(0) i- l"\'t'tt \r r$ Llf),

g(l irl,ntr) C {)(u; , ..})
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a,nd that ä takes every valtre of lzi -- 1 4.'lhen g ta,kes in B ever-v

valrre of i" - zol..-7q )zr- zulr(l - llr)2. We have llr: LBAG<
å 32< 1/500, eruil rve see that lo is scilrlicht in l:i.1 r'/a.'l'hen it follol's
frorn thc rlistortiou theolern that '|izu - :oi{ iurl.< i.* '- znl' .

Sirrccr z, anrl ao belong t'o l)' fi Ti., , thert there oxists l)'n.r , 'tt' ) 1 ,

strch that D'*nr,ro-., contains orte of tlx,' points ao ilrttl z:r, ancl l)',,+t,zt"

conta,irrs the other one. Thr:re{brer rvc have €" { 'lzs - zol I 2 { and

rre get,

(-r )

rvhero rr, is it, positivc integcr.
On the otlter hancl, it, follou's li'onr tho choice of å and the definition

of r.r. that either l*rl>b€'i' or' $6n-r" 5lruel {2y+' rvhere p is a

positive jntegtx ancl 1/"1 { r L l}i4 . In both ctr,ses u.c have ir, contradictiotr
rvith (.1) a,nr1 the flirst asseltiort of 1l'lttrcirettt I is prrlvetl.

10. Remark. Ilodif-f ing a, littlc i;he proofi of ']lheorenr I rvo soc tllttt
orrr set ff has tlrt fblk».virtg- Iocal propet'ty: Let J lrt' rttr opert tlrrrtra,itr

suclr that, A n E * A, artl let I be merotuorphic in ;1 -,&' rvith an

essential singularity at all points of Z fl -4 . Then / omits it A - E
at most a finite nurnber of values.

4. Non-rational functions

11. A set -4 is said to have logarithmic measure zeroif given e )0,
then we can coyer ..4 rvit'h open spherical cliscs C(h , öt), 0 ( å; { } ,

such that

Let u, aucl ö be tls in thc ltroof of 'I'heot'em t and let {ar} be a §equer}oe

of positive everr integers such that rt,* ir )2np,l;:1 ,2,... We con-

struct the Cantor set .O rrith §";:4u, Ä: 1 , . . ,2o, antl go clefined

in the following m&rur.er. Let {r;} be a sequence of all rational numbers
satisfying the condition a /-r, ( Ö. \\re set st*: r'1 ancl gn:0 for
0{n<rur, €^.:ali and p,.-nf2, i:L.2...., and €n:ti,
g^:0 for rtr-r<'n< nr, 'i > 2.

Theorem 2. It is possible to choose ce , b anxl the sequence {zr} such

tlrat Dim (E) > 0 antl iI'/ is meromorphic anrl:rou-rational outside ,E

and omits -F , then j|l has logarithmic tneasure zero .

L2. Proof . Let f be meromorphic and non-rer,tional outside -e omitting
a set E with positive logarithmic measure. We may assume that {0 ,

I



Saxrlrl 'l-'t.ll't,[!,4, ()rr ('x(]elri ir»rrtl villlr(.ri of' lirrrr:l,i()l)s t]ri'I'()rI)or'11]rit:

I , coi C 7' . It fbllnu's frorn Lemnra il a,nrl l,emrna :J lJrat ,f l,rrlres elen'
valrre outsidc ('((), .)) U C'( 1., ä) U (-r( crr, r)) . Ifakitrg iu lfurear t;r'arrs-

forrnation, ili neccssa,ry, \1:(r luil,v il.sslllrl(l tlrrrt t,lrt sets .l'n C(0, ä) lr.ncl

f n C(oo , d) havo positive logarithrnic nreiasuLe.

We ohoose a, sequerlco {4,;,r,} such t}rtr,t the case (1) of Lenrma 2

occllrs for a,ny A."rr, a,rrr'l §;l-r )s;. Iret ?17,;-r.< s, 1itt.rr. If Iiminf
(no, - s;) "1 m then it follorvs from Lemma 3 ancl Rouch6's theorem that
tryo of the discs C(0, ä) , C(l , ä) and O(oc,, r)) contain only a finite
number of points <.»f Il , because l(I',,p.+*) is contained jn a small

splrencal disc if f is large. 'Iherefore lim (nn. - s,) : co , and 1r,e assllme

that {s,} is chosensuchthatfr:r any n and k,s,. 1- tt, 1ttn.,L <lt {2,
the case (2) of Lemma 2 occurs for Ao* .

Let now [A";,,,) ]rer choscn such that lim§".:5. §incc / omits

at least 5 va,lrres it fcrlkrws fron th.e proof of Theorem l that all values
of €, tt < {'< lt, a,re not a,llol,ecl. fn fact,. \\'e (,är1 choose c and r7,
«,< a< d< Zr, sttch tlur,t, if c,{€,,.1 d therr. the crr,sc (2) of I:ernrnru 2

occurs for ._\,,,r. 'Ilhelefbrc, n'o l)-ril,v &ssurlre tha,t t,hc seclrrence {Aorr}
is chosen such t'hat tho case (2) of Lernnra 2 occurs lirr ,1,,1, if nr. (
n lnnryr. Further on, sirlce a linear transformation cloes rrot essentially

changethe logarithrnic measurc, \vo m&y &ssunre that /(11..,-) q O( oo, d) ,

f(f"i+t,zc;_r) c C(0, ä) and /(1'".*r,2,,) c C(l , ä) .

13. As in the proof of Thoorem l. 'we nou, construct the Oantor set, E'
with g, : 0 and €n,r": € for any ra and lb , and setting

ft(z) : f(n.rl"rz -f 2"i,,,) ,

we find a limit function /, which is schlihct in D : {z: lzl q r} where

r:Ll(l2A{il. We have /r(D - E')frI: fr, oe fo(Tl.rnfr') and
I efogi,rn E'), andtherefore X has the follor,r.ing property: If qe X ,

lwil32, j':1, 2, torf tt:, and Rezur(Reto, then

(5) inrg ('ra, -- ?r,l)i. <nlI) -

14. X'or the sake o{' simplicity, we 'write s , f and p instead of s;,
f; and pi . Lel A be the domain boundecl by {,, and T,: Tnn.,l,u ,

u:o( co, rvhere oi.:znP+r-" (r-l) -l-1 and- ro:NnP*r-sl. We
u'rite / - {l 1- /a rvhero

' {Jj---n;r(:) .-:: i;; J i_z
l'*rt

&nd



Then s(L)
and Tm w

(6)

Furthermore, if J

least lno_rl(41,) >

-\lro: .lc acl. §eri . It'er.111ie-;e

t,(z)--#r,,ä f ,!*u,
|',u

regular in A .

g"l,
d

[ittt ( )

%*.r-t

it47

Then g and h are

Let [, be the domain bounded by 4,, and the circles f,r+^,n lying
in 7,,, 'where rn : (nrar - nn)12. It follows from Lemma 3 that lf@! < 3

on each T,cT",r, and on -[, rve get

Now we suppose that no4 is so large that (2brta1"t+r< {i1tooo. Then
it follows from Rouch6's theorem that' g takes every value outside C( oo ,

a/r\/{")U0(o,zå)UC(l ,2ä) exactly once in A",,.u is analytic in
7",, and applying Rouch6's theorem again, we see fhat g takes every

value outside C(m , S/r\/{") exactly once in ?",,. Nolr, 0 e g(7"*r,r,-r)
and I e g(7"*r,r,) because if for instance O eg(Ä,,,) then we see that
/ takes the value 0 in A1 . Furthermore, we see that g is schlicht in

t - t" IA+ : lz: iz - ,",,i < 
72A{{"1.

Let f*o,i c T,,, . We set

has the followit g propert'y: If wr, e gQ), k - 1, 2,lDL # wz

{ Im wz, then

lnlz arg (rp, - wt)l < rallz .

* k then the distance betu,een g(Li) and g@u) is at

€? . We denote

Ui(r) : {ar: distance between zo and. g(L) < r} .

Leb Bo: f'or+*,oc T,nr. Then §rf\L, +A ancl x'e see that il§r)c
U,1b"n+'t^1. Then it follows from (i) that f(§o) c (1,{r1 where r -
2(2b1!a1"t+t .

Nou.'lve åssume that the seqrlence {zr} is chosen srrch t,hat

(i)

(?)

l0



_ __ !-5 o, '_l'orumA, On exceptional values of f unct ion» ] -rLrr.or rf orph irr

Thenforlarge i, U,(r)iU1"(r):b if j +* andrve see that / takes
in L4 every value outside C(q , ö) U (U Ur(r)) where the number
ofthe sets U;(r) ,ln,jcT",,,is at most 2"p. We see that, PnC$.å)c
U U,(r). It follou,s from (5) and (6) lhab n n U j,:') is cont,ainecl in a rlisc
Bi rvith radius 4r , and u,e get from (7) that

z"p 2"p *t-)

11

I
lrgT,

äs 'i --- ar . Therefore F n
lecl to a contradiction and
The proof of the assertion

[.]niversitv of Helsinki
Helsinki. tr'inland

-?Lo+, log Q#ia', log t{

O(0 , ä) has logarithmic r]reasure zero. \\-e are
the second assertion of Theoreln 2 is proyed.
concerning Dim (Ej u,ill he ornittecl.
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