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1. Introduction

In this paper we study variation;r,l integrals in R

(1.1) I (o) - u(.u) , :/u(r)) clm,*(t:)

in »the borderline case» -F'(r,U,") x izl". The behavior of (1.1) is rvell-
know'n for n: 2 , see e.g. [3], [5]. Our main contribution is to show holv
conformal technics in Rz can be replaced by the use of quasiconformal
rnappings in -8" , % ) 3 . The main result, Theorem 4.1, is an extension
of [5, Theorem 4.3.5, p. lll] rvhich states that if G is a Lipschitz clomain
in R and uo e C(G) n W:G), then there exists z € C(q n W:G) ,

u, i 0(1 : uo | 0G, arrd w rninirnizes (f.l) among all similar a . We replace
the cond.ition »G Lipschitz» by »G quasiconformally collared». Our method
is based on the fact that a quasicouformal mapping between two clomains
G and G' preserves the classes C(CJ) n W:G) and C(G') fi ly:(G') .

Section 2 contains notation ancl assumptions on I . It, also includes
a lolver-semicontinuity theorem relevant to our case and some basic pro-
perties of quasiconformall;z collarecl clornains. Equicontinuity properties
of mouotone functions are stucliecl in §ection 3 and Section 4 contains
the niain theorem.

2. Notation and preliminaries

2.1. ){otati,on.The real number system is denoted. by .8, ll- : {r € -E j

"- 
> 0), and -E+:,8+U {co}. \\'e let -8", n} l. denote the euclidean

,2,-spa,ce with a fixed. orthonormal bases ar,...,en. For re R and
i' ) 0 , B(r , r) denotes the open ball centered at r rvith radius r ,

ancl S"-'(* , r) : OB"(r , r) . W'e shall use the abbreviations B1r1 :
B"(0,r), Bo:B(l), 

^9"-'(r) 
:8"-r(0,r).Hf denotes the upperhalf-

space {reR lr">0}.
If A C -8" we lef C(A) denote the class of real valued continuous

functions on A .If A c.E" is a Lebesgue measurable set and u: A -> R+
a measurable function we let

{".,
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denote the integral of u oYer Å

able functiolls u,:A +{-rcl U

dnt,, rt(x) clrn,*('x)

. T'lre integral has values in R= . Ln {A} ,

space of (ecluirralence classes of) nleasllr-
F U | -,) u-itli the nortn

orf
{"

: ( 
{'?r"'Pttttl")''n

llrllo,.-r

Supposethat GcR isadomainand I(p<co. W'rGl lrearrs
the Sobolev space of all functions tt, itr A(G) with the first generalizecl

partial derivatives A,u,l <j <n.. fi If(G) , We let Yu: (?tu,...,
0;u) . The norm in W;(G) is denoterl b.v

We shall make use of the follorving reflection principle in the Soboler'
space. It can be easil;, provecl b1.' using the ACl-properties of funetions
in W;(G), see e.g. [5, pp. 66-67].

2.2. Lemma. Bupgtose u, e ll'!(8" n H),) n Cg" n n;) . Let

z*(,r) : tr(,r') . ,': e S" fl W
.- ?c(.i' 2:urre.rr)

Then rL* € C(8") U W)(B) «ncl

z [ ,\tt pclttr,; : f - ti Prltn,, 
.J''J

ennul Bn

2.3. Variati,onal integrals. Let (; c R be a bouncled clornain anci

I : GxRxI. --- R+. We shall make use of three sets of assumptiotrs ou .F' :

Either
P is continuous är1tl into R-
zt+ F(* ,'!/ , i) is c:onyex for all (,i:, U)e GXR

{2.4)

(i)

or

(ii )

F is Borel-rlleastlrable.

that rn,(G \ §) { e an(l I. ^§ x R"-r I is continltous.
E(* ,. ) r A"+l--+ A- is eollyex for a.e. :tr e G

{2.5) Forä.e. treG -F(*,ll ,:} >,f(,r,,U,0) forall y €f;

n\
Z.j:1
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(2.{i) F(r,U,z) >Clzi" ut(x)

for nll ty , z) € fi x R (»the borclerline case»).

2.7. Example. If X(r , y , z) : tzl then P satisfies (2.4)-(2.6).

\Ye shall use the abbreviation

if u Q, W:(G). The follorving lorver-semicontinuity theorem will be used
several times.

2.8. Lemma. Suppose tha,t X sutisfies (2.4). Il @,) is « bound,ed, se-

qtlence in, Wi(G) anil ,u,i--->,u,eW};G) i,n LP(G), then

(2.9)

Proof. If X satisfies (2.4) (i), then (2.9) is a special case of [9, Theorem
131 (see also [5, Theorem 4.1.2] and [8, Theorem 1.3]) and if -F satisfies
(2.4) (ii), then (2.9) follows from [8, Theorem 1.2].

2.10. Remark. Both sides of (2.9) may be infinite.

2.11. Quasi,conformally col,lared, d,om,a,irus. Leb G c R be a bouuded
clomain. 6 is called quas,iconforrnally collared,, if every r e 0G has arbitrary
small neighborhoods a such that U n G can be mapped quasicon-
formally onto B n HI . This means that there is a homeomorphism

J : U ll G --> B t1 H{ such that the coordinate functions of / belong
to W:gnq and

ll'@)1" < K J(.r ,f) a.e. in G

for some R > L, for more details see [1] or [10].

2"12. Remarks. (a) A Lipschitz-clomain is quasiconformally
since eyery bi-Lipschitz homemorphism is quasiconformal but
Yersa, see Remark 1.2 (b).

(b) For % - 2, G is quasiconfonnally collared if and onlv if
sists of a finite number of disjoint Jordan curves.

collared
not, vice

AG con-

2.13. Remark. fnstead of the above definition for a quasiconformally
collared domain we ma,y also uso the equivalent definition: Every r e 0G

i)
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has arbitrary *-rll *eighborhoods U such that there exists a homeo-

rnorphisnr f :UnG--->B"11Hf, u-ith the properties (I) f itlnG is
quasiconformal. (2) f(r):0, antl (3) ,fGGnLt):BnAH:. This
can be seen as follows: Let [/ be as in the first definition. Then .f can
be extended to a homeomorphism of L| n G [7. Lemrna 2.3]. Denote
by tr' tlre r -component, of AG n C . Then fV is open on A@" n H:)
and clearh.lrre may &ssume fV C AH; ancl /(r) - 0 . Thus 1,-' : f-r(B"(r)
n H:) for sufficiently small /' can be used in the second definition s,ith
an obvious modification of /.

3. Monotone tunctions

Let AcR,u,eC(A), and,SC,4. Theoscillationof tz on B is
denoterl bv

co(/, S) : surp/(.t) - in!/(r) .

Suppose that (] c R is a domain. A function u e C(G) is callecl
monotone (in the sense of Lebesgue) if

sup/(e) : sup,f(e) ancl inf/(r) : inf f(r)
*.D x€lD ieD *EöD

for every domain DcG.
3.1. Lemma. ([6, Lemma 4.1]. p, Lemma ll) Let u,e Ct(G) ond let

B"(r,r)cG. Tlrcn

(3.2) at (u, S'-t(:L'. r))" ( Jr f lVn-; dS
J

Sn_ l(*, r;

where A : A(n) and, dS d,enotes the (n, - l) -nleos,u,re on S-t(r , r) .

By approximation X'ubini's tireorem implies

3.3.Corollary. Let ueWlG)nCG). If B(t.o,ro) cG, tttetr, (3.2)
hold,s for u for a.e. r e (0 , r) .

3.4. Theorem. Suppose that G is o boundecl, quasiconformally collarerl
d,ornuin and that 91t i,s a family of functions u on G such thq,t

(r) uec@)nw;G).
(2) u is monotone-

(3) IlV"ll","1M foral,l, uec')lL.
Then 11'l- ds equ'icontimuou,s 'if and onl,r/ 'if clll 

I AG i,s equicontinuo'u,s.

(i
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Proof. The only if part is trivial. For the other clirection x,e split the
proof into two parts.

CG. Choose c{> ö sothat B"(:r,d)CG. Sinc,e

Corollar), 3.3 implies for a.e. r e (ä , o)

r-,tl'tt, , B"(x, ä))" l ot(u , B"(x ,'r))" - e(u , Sn-'(*t , r))" ivui" d§

lfultipling by r-L and integrating from ä

a(u , B*(,a, ä))" log elö - 
^ _{

-;

< AJ[" .

This shows that clll is equicontinuous at c .

B. Equi,conti,nui,ty at gto'ints on 0G. Let ;u e AG . By Rernarh 2.l2 therc
existsaneighborhood U of r andahomeomorphism f :Lr fi(l->BfiHI
rvith properties (1)-(3) in 2.11. X'or r'€ (0, t) let, D(r) clenote the disk
B"(r) fllHj .

It is enough to show ttrat ()lLf-t: 
{, I u:'LL.f-1 , u, € c)ll} is equi-

continuous at 0 . Suppose that 1ltf-t is not equicontinuous at 0 . Then
for all d € (0, 1) there exists u e')lt!-r such that

(3.5) ro(u, B'"(ö) n I1*) ) e ) 0.

Pick ro > 0 so small that

(3.6) a(u , D(ro)) < el2

for all uec)!U-t. This is possible since 'JJl l)G is equicontinuous ancl
lrence '?'/Z/-r 1 B" O lHj is equicontinuous. Since every tl 6'/// is mono-
tone and / is a homeomorphism, t; : u o f't is also rnonotone, ancl (3.5)
and (3.6) imply

a(a,S-t(r)nHl)>ei2

for all r€[d,1]. On t]re other hancle?i3nHI)nWl^@näJ)
[11]. Hence c' has an extension ex to -8" described in Lemma 2.2. Nor,v

Corollary 3.3 yields for a.e. r € [ä , f ]

(el2)" 1 a(u, S'-t(r) n äj)" : at(a*, §"-t(r))' I A r 
f 

:,:lu*l^ d,S .

_*a 
_ t 

1r1

\tultipling by r-r and integrating from å to I gives

(_)

'tf"

such that B"(*, å)

e ?lt is monotorle.

<Å,{
§n _ l(*, ,)

ielclsto ,1 )-

iYn:" d§
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(3.7)

Since f 
',

for some

a
annä;

: Ä { w"rdm^3* [ rrul'd,m^<KM*.
UNC G

This estimate together with (3.7) implies

{el2)" 12 A K M" (logrlö1-r

rvhich is a contradiction for ö small enough.

3.8. Remark. Theorem 3.4 is an extension of [5, Theorem 4.3.4].

The idea in the uext theorem is due to Lebesgue [3].

3.9. Theorem. Bu'p,pose that X satisfies (2.4) anil, (2.5). Let uo e C(G) f'l
Wr"G). Then, there eilsts ue C(G)0W:G) such that u, ,is monotone,
u \ 0G : uoi0G, and I(u) < I(uo).

ProoJ. Using Lebesgue's method [3] (see also fll, [5], and [6]) it is
possible to construct a sequence of functions %i,'i,:0,1,..., such
that (i) u,tec(G), (2) u,,lOG:uolAc, $) ui::ut except on an
open set Y,cG and ui is a constant on the components of 7,, and
(4) u, converges uniforrnly on G to a monotone function z . X'rom (3)

it follows that o(z;, Å) <r»(us, L) on each line segment A c G.
This implies that each z, is ACL since zo is. Moreover, if U is a com-
ponent of Vr, then ,rr, is a constant on O, and hence by 14, p.254)
Yui: o a.e, in T=,. This implies

J
B'n aJnlf

U n G is (pråsiconformal, f-L i B" n H: is also quasiconformal

JJ
Bnnr{r Bnnrj,

< 1f { l7xe(f-'(y))1" J (y , f-') dm*(y)
J 

IV

!(3.10) Tjttii,'t d'//1,,,
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and since -F satisfies (2.5), it also follows that

(3.I1) I(u,) <I(uo) .

Since z, is ACL and (3.r0) holds, qe W:G). Burthermore, by (4) and
(3.10) (tt,) is a bounded sequence in WL"(G) converging in L(G) to u, .

Consequently ue W:G). X'inally Lemma 2.8 ancl (3.1r) yielci

I (u) { lim I (u,) 1. I Qt u}
t-+ @

4. Main theorem

4.1. Theorem. Srytpose that G i,s a bound,ed qucr,s'iconformal,ly collared,

d,omai,n and, I satisfies Q.$-(2.6). Let uoeC(G)nWL"G). ?hen there

erists u e C(G) n fir:G) such that u l0G : uo',0G and w mini,m,i,zes

the i,ntegral I(u) &mong ull similar D .

Proof. Let

V - {, € CG)n W'"(G) I u I aG - ua ,, aG}

and denote

If Ia: + co, \\'e
exists a sequence I

(1.2)

\{re may assume

(1.3)

Io: inf I(r) .

ye7

(ur), %ie7, such that

IQt,) - Io ,

Then there

IoaI@,)(/o*1.
By Theorem 3.9 we can replace (ur) by (zf) such that u! e tr , u! is
monotone, and zf satisfies both (a.2) and (4.3). Then (2.6) and (4.3) imply

(4.4) llV"Ill;," < (10 * t +llwlll,c)lc , ,i:1,2,... .

Hence by Theorem 3.+ {uf} is equicontrnuolrs ancl since the functions z}
are monotone, {zf} is also bounded. By Ascoli's theorem there exists
a subsequence (";l converging uniformly on G to u e C@). Since,

by (a.a), the sequence (u[) is bounded in trfz](G) ancl u[ --. u in L"(G) ,

ue W:G). Thus ue V. X'inally Lemma 2.8 implies



1(t Ann. Äcad. Sci. l.ennicae A. I. ;;2

/o : lim I("f) > I(u) I Io.
j-q t

This completes the proof.

4.2. Remarks. (a) Theorem 4.1 (and Theorems 3.4 and 3.9) can be

extended to vector valued functions u: G ---> R^ .

(b) For instance a srnooth domain in R,h >3, with an outu'ard
directed spire is quasiconformally collared (for details see [2]). Hou'ever,
such a clomain is not a Lipschitz-domain.

University of Helsinki
Helsinki, Finlancl
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