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On &th power coset representatives mod p

1. Introtluction. l,et p be an odd prime, Ä a positive itrteger and rI

the greatest common divisor of k and. p-L . Let C(p) denote the rnulti-
plicative group consisting of the residue classes mod p 'which are relatively
prime to 'p . The group C(p) has a rnultiplicative subgroup, Cr(p) ' con-

sisting of the Äth power residues. ft, is easilv seett that l.C(p) : Cr(p))': tl .

In the follorving'we shall ässume lhat d -, L

We denote by äo 1-: C*(D) , Hr, . . . , LIu-, the cosets of Cx('1t) \n
(.](p) . LeL g*(p , k) be the smallest positive representative of H* ' We

may assume that,

':- Ad-r(P , k\

It is the purpose of this note to find an upper bound for g^(It, fr) in terms

of m, p, and fu.

In fl] K. K. Norton derived. estimates for the numbers g^(n , k), where

z is an arbitrary integer. It follows from Theorem (7.16) in [1] that

{t*(P , k) g I * {dm,l@__nx)}t P* log P

now shorn, thatWe

(l)

(2)

a'ricl, furthermot'e. that it' I is il Å,t h J;o\\-et' r'esiclttt. IIlo([ p . t ]rerr

rt*(tt , Å') '=,- idtn I Vl rtr ) j* P*

An estimate slightly weaker than (2) has been proved in the unpublishecl

work [3] of the author. The method used below, as well as in [3], resembles

that of [4].
It should be noted that for the numbers gt(p, k) and 7a-t(P,lc) lherc

exist better estimates than (1) and (2) (see e'g. [1], p. 162, and [2], p' 87)'

2. Preliminary results. If I < m { cl-l , we rvrite

L : La_*: {o} U H^U H^+tU. . . U är_, .

Then g-(1t, /,) is the smallest positive representative of -L . x'or tho num-

ber l,Ll of elements in L , we have the equation
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lLl == 1 +- {d-nt) (p*_L)ld .(3)

Put

e(:x) == oL:rixlP , §(a) -Y I e(o*)

have identifiecl resiclues a,nt'l ,*lr,nr.r-, classes). As in I-4] wt;

Ir*l /,-'*l

å l§(rii* : å, å å e(u(:»-'!/)) -"' Pil,i.

ra,nd, if u, ilnr.l ö belr)]rg to the säI11€r ccset of O*(p) , then
ttd st )

/r--l

å, i§{rr)lr r:: i§(0)i' + ((t;-- L)l,l} ä- l,§(rr)i* ,

(a rirrls tlrrotrgh t lx, t'il1]r(rst:itt,irti\'('s of t]tei ctlset,s of C r(p)

(4), §1tli ..--, iJr',. Conrbining (:l), (5), ti,trd (6) \I,re thus hal.e

;- i§(")l' := nr(d-nl)pld i- 'ntzf d .

if 0, + 0 (mod p) , theu

l§(a)i S {rrt(rl--rtt)plrl. i- rn?lfl}$

-1 t,.ttt{rl, -- ttt, 
,\ St lrt, ;b i - ,,r;ziz !'r (t @ -- ttt) p ;':i .

(4)

(as ugtta,l, \\'e
obtairr

(i)

()n t,hrr otl-rer i
,§(rr,) -,S(fi) a

(ri)

rvlrcre irr ä*
in U(,t) . å;'

Consequently,

(7)

llor simplicity, n'e'write

(8) -s ,... {m(rl,*nt11'tld.\h -l .,lttt2fld(d--m)p}* .

We shall also need ttre suru

(e) T(a) : I e(ub) ,
å:0

rvhere z is an integer, 0 <.u {1t-l . No"'i' 7(0) : u'l l, and in the
sa,me way as in (5) \Ye c&rl shorv that

(ro) E,rrro)r, : (u * r) (p - u - r) .

3. Proof of the inequality (1). In order to prove (I) we choose an integer
a such that

(11) {d,ml@,-m)}äp* - t €u <{d,ml@,-tn)}Ept-.



Rrrve MnrsÄxxrrtÄ, On kfh power coset representatives mod p 5

We may assume that u { (p-\12 , because otherwise (1) would' be

trivial. We set U:{0,1,...,%)-
Consider the congruence

(12) :E-?!--z- 0 (modP) ,

u,Irere .t;€),,'Aetl , ze[J, andso 0ill 4-z{2u. Let l[ bethe
nurnber of solutions (.r , y , z) of (I2). If 

^I 
> 1 , then there exists an

element :t: in L such that 0 { r { 2u and hence the estimate (t) is

valid. Using (a) and (9) we get
u u p-L

on :.äå 
U. 2,, e(t(»-s -211

=§r1,yr,1-,1,

--= lll (n + ,), +:t, B@r(-.t)? .

l'urtherrnore, by (3), (7), (8), (10), ancl (ff) we see that
p-t

pN > (u * t)z {(d,-m)pld * mld} - ,,ä lT(-t)l'
: ('u + t)z {(d,-m)pld, I mld, - s(pl(u + t) - 1)}

) (tc I t)z {m(d,-m)Pld}+

å (" -l- I)mP'

.lrrom this it follolvs that, -l[ > 1 .

4. Proof of the inequality (2). Nor.v let -l be a åth power residue

rnodp . Let, u, be tlefined as in (11). ftrstead of (I2) \\'e no\v consicler the
congflrerlce

(13) ): -- y -i-- : == U lmodP) ,

where reL, Aell , zefl , sothat -u1y-2 {u. Inthiscase
we get for the number -trfl of solutions of (13) the expression

p-I
Ir : e-,å,S(,) l"(,)I'z .

Hence -l[ has the same lower bound as above. Since now -ly' ] u { l,
tlrereexistsanelement, r in L suchthat -u{rc{u and, t+0'By
assumption, * and -r belong to the same coset of Cx(p) and thus (2)

has been proved.

University of Turku
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