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1. Minimizing the right siile

Consider univalent functions f U --> R2, U : lzellzl < l), where

f (z)

l/(a)l <t in a,
Ör : constant e (0, l] .

The class of these bounded univalent functions is denoted by §(br) . The
subclass §o(är) c ,S(å1) consists of functions with all the coefficients å,
real.

In [ ] an inequality, generalizing the Nehari inequality [f ] for the §(ör)
functions was derived. This was done by*applying Green's formula to the

gonerating function g(w): rrlogw +n]r***(k * O) constructed by aid

of powers of ,w . We will briefly call this genoralized Nehari inequality
the Power inequality of P-inequality. According to the index -l[ , we may
also speak about tho Pr-inequality. Let us adopt the notations fr1", c61", !1"
introduced in f4l and apply the Pr-inequality in the bilinear form

:i3:l
(l) Re (Z k'y-ua* i- ), k:v-Liur,) 

= > kiy-|' *
lll

givenbythecondition(58)of l4l for no:0. Here r1,(k: + l, + 2, + 3)
are free parameters and ga are linear combinations of these, constructed
by aid of the power coefficients c61" (cf. (5) and (O) in [+]).

Apply (r) to the function \/f ("\ . By aid of the expressions of A_, ,

g_2, U_s replace fr-r, fr_2, *_s by ltt, ,uz, z, when choosing

')
.t

I

lr:1,t1.12

A-t-fr-rbr,'l'_ T )

- ,1"L2

oö
ry

c, e^'

2

(2)

A*r -sbl 
tlza,z * n-rbr,'l' - - lL1
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n-1 :-b'/'p,* Z"),
bL

fi-z: Z %z ,

blt'
fr_t: T '1.t4 .

Conversely,

The numbers

(3)

| 'A, : t-sa-st ^l- e-r r'-rr f 11c11 I

| ,, - r-zt-zz * fizczz ,

I

I Y, '= r-sc-33 * fr-{-rc * !r{s* ta**,

assume thus the expressions

(4)

I o, : +(", - i "r)u, + ? u' I r1b'1i2,

III
1 ,,: V @, - al)u, i b,r,,

t,
Ir,: e - il2a,*å"r)*,+ +(,, - 1"r)", + ]u\''o,*,*bt''*,

Apply (2) ancl (4) and unite (t) as follows:

R" {å u*tax - )n*-o*01= å H +i r,1*o1' ;

(5) Il,e {(aa * ,),u, -f +*AW;* (4, - uilul + a,tcl a 2(a, - f;at)u,w,

1 4blt'uru, .1 4brurr, { 4blt2urr, a 2bltzarurrr)

I lurl' lurl' ^l

= 
zll"l' + + + ; * lr,l' + 2l*,1'+ 3lr,l'] .

I

This is tlro Pr-inequality with six froe parameters rt , fr2 t frBi 'tt1 , 'tt2 t %3

Normalize by rotation so that

aq: la,,l - Re an

and estimate this coofficient by taking lta: 1 .
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Tho parameters left will now be optimized subsequently so that the
right side of the inequality for an, given by (5), is minimized. As an ex-
ample, take the expression depending or ,rB :

6 l*rl' - 4b1t2 Re h Z 2l3(Re zr)2 - 2bltz Ro rrl
I 

't""' 
bil -= l^z: z[(Rert-äbi,-)' - t] = -äbi.

(8) Re {an - 2a,a, + 1Z**' å(t - äi) + 
u; 

l*S'

< - Il,e {artel a 2@, - 1"3)"r} + 2(I - br)lurl' - ZbrRe (drur) .

Observe that this is the Nehari inequality rvhich we have utilized in
[3] and which can be derived also without the power coefficients, by aid
of X'aber polynomials. As a matter of fact, (6) and (7) imply the correspond-
ing symmetric choice of parameters,

Equality is reached by taking

(6) nz - Re r, - tb'rt' .

Similarly, the followirrg optimal choices hold:

I bl -l*'-ru2)
l*'

The inequality left has lLL as a free parameter

(9) n-t:-*t" (k:1,2,3),

becauso (6) and (7) give by aid of (3)

[ *r: b',''(a, + Lor) : - r*, ,
I(ro) I *r: $brar: - fr-r,
| *r: trbl''a, - - t-i - - fr-3 .
(

Observe that the choice fi t": - fu is automaticall;r connected with
the equality of the general Pr-inequality, as can be seen by considering

the equality condition (39) of [+].
The choice (2) leads us to the following practical observation: P,,*-

inequality with r-1"- - frh and. y-1" : -'r (k : 1, . . ., N) gives the
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Nehari condition in the form obtained by aid of Faber's polynomials. The
use of power coefficients shortens calculations considerably.

In (8) we have one free parameter, %t, available. In our previous
considerations in [3] and [6] we have overlooked some of the power u,
includes. Therefore, we have to optimize %1 , Loo.

The part on the right side of (8), depending on 2., is

(ll) H: -Re(aru!) - 2Re {(ar-Z"Z+bd,,)u,) + 2(r -b,)lurl'
: Äu' + Eo' + 2buu - Zo*u ! 2§u

whero

(12)

ct,z - a' + 'ib ,

'v : az - Z"Z * brdz : N + i,p,

'ltrL : 'LC + 'iU ,

;i-z(L b,)-&,
E- z$ br)+ a,.

Because

/ : ÄE _ bz : l2(r _ b,)lz _ la,l, > o

for non-radial-slit mappings, which can be excluded. as a trivial case, H
is a definite form, minimized for

AH AH

0'u 0u pÄ*ba
VA

Thus, the optimal choice of xh is

"(E
i,b) + p(b t,Ål

dzy * 2(L - br),
'1,L1 : A '

The corresponding minimum is

Äpr*E*r*zba§

...._ 2(L - br)iylz * Re (a*2)

A

d,E + §b
'ttu Å'

A
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rvhere

( 14)

( 13)

(16)

Thus, the optimized ar-iruequality read.s

Re {au - za,ar + *Z nl} åtr öi) + '; lo,l'

2(L br)lrl' + Re (aruz)

lz(L br)], - larl, '

dzy + 2{L br),
uL: 

lr$ - bl)y - @rt3 
;

'v : &z 1"; * brd,

2. Utilizing the range of v

defined in (14) calr be restricted. Apply the Pr-inequality

30

The number 'v

by choosing all n,,

( 15)

Here

Ut -fr-rbr'o**rrb*
where the coefficients ,xi, are definc.d by the clevelopment

(15) implies

When applied to the function { f @\ this gives

Zl"-r(a, - *"? - ntbflziL
lo
I Q, L

Take here

a2

cLz

2

+ 0) ;

d,.12

+ bL;lZlor-Z"Z+ brdrl'.I
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This inequality is sharp for the radial slit mapping. The rango for I is

thus

(17)

(21)

2

\/3

I

lez
-j- i6)

izL

this is

lcr
C!, l"

I a 
azi

able to improye some of our previotlsTogether with the estimate (I3)
results for a,4 .

\[rrite (13) in the form

a,4 
= 3(1 bi) -r-

G-2Re (arr)

(19) in cL, b; #, §

G-Ac*z*Bp'

t'z R" (ni) * brlor\' + G ;

?9_- b,)i,itryl&o
l2(L br)], - iarl, '

clefined by (12):

+ zCa§ * ZDx + 2E§ ;

2(L br) + cL

(18)

(1e)

and express

(20)

2(1 br) - a

b
ft -..-vJ)

D: tL,

Å - [2(1 br)], 1arl, .

in complete squares, rotate the coorclinate system

V to the sr-stem Or'y ' (I'igure I ).

A

fn order to express G
O*§ by a proper angle

I'igure l.

v\ v'\

\
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tions

lx * m§ , N. - l.tt)t - ffiA' ,

cospr ?n,__sing,

sing:, $ =:=coSpr

connec

lrt_-lz-
I

The corresponding

G :---=

K:--_

c,_-_

M-
trr :

frorn

( 23)

(22)

give

Define ct

Kr,, + Ly,, + 2O,x,y, _i_ 2l[r, + Zl{A, ;

Ap' + B ),2 - 2C )"p, ,

Amz _- Blz _ ZClm ,

Apm - BAI + C(lp -i- 1*) ,

Dp - frL,
Dm -r- El .

the conrlitiou C' : 0 :

b
---- -r fi ,

f,L,

Ittzi

This gives for the remaining coefficients of G the expressions

17 2(L br) + iori I
TT

{25)
.r 2(L br) lazi,_

I
7[ - iarl cos 3V ,

2(L br) + tttr', )

fn these coefficients G is rewritten as follor,vs:

(26) G- Kn'l*Ly'r+ZMn'+ 2Ny'

/ 
^, , f,I\, / rr\, (M, 

^', \:K(\a-rKl +L\y -*-Ll \r<-T- Ll.
The rlon-positive constant assrlmes the following expression in oz i
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Mntlt
(28) -E:*0, -T:ao.

These are the x'g'-coordttates of a point Po. The corresponding ,xB-

coordinates are denoted by an, §o. Because

atl,

) oo: tro cos I - Yosflrq,

lP.:risinq !g'ocosg,
we have

by aid of us and

(30) p - d -i- ip : ei{ (n' + iy') .

tr'rom (29) and (30)

I n' - Re (e*izv) , I n[ : Re (e-'nro) ,

I y'- fm @-ivu1; I y;-- fm (r-"ro) .

Thus

- + (K - I) Re {e-"*(, - vr)z} + + (K + L) l,r, vola

- 
Re {ar(r, - lo)zt * 2(L - br) l, - ,oi'

A

By aid of

lMz lY2\(27) -\z- r,):-/(112L+N'K)
: 2(t - br) (M'+ If') * lazl (ff' - M') : 2(L - br) larl'- Re (al) .

Denote

lu Å,\
'v0: &0 * i§o: e"(r'o + iyj: a-i't \./( --- i T)

Express the number
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G : R + 2(t - br) larl'- Re (o!)

we no\\r reurite (18):

(3r) o^a?G - åi) - åR" ("2) + +(4 - eb,)ia,l2 - R;

(82) R - -F"e{d''\ 
-^m)z) ! 2(t - b')ltt - ttolz

[2(1 -br)],-lo,l,
Next we estimate A by regarding y a free variable, independent on

az, restricted only by the condition (I7). Denoting

K,(O) : {(a, fi e Oxp I x, * §, ! r,},

we have 1) e K*(O) .

To simplify notations, shift
system PanA having the origin

I
I

tlre coordinate system O*'y' bo a, parallel
at Po: @L,y'r). Theconnections

fr-fr' -fr;,
llU:A -Ao,

thus give

1R:Kr2!Lyz,/Rt\ ! _\--' I x,1o1- K,(Qo):{(r,fie Porgl(rl*L)'* (u * yi2 
=r'}.

Clearly, the free maximum point for -E is P6 : (0,0) . The important
c&ses are those where Po lies outside K,(Qi. fn these l? is maximized
at the boundary ä1(,.

Using Lagrange's multiplier /, write

@(r,g): Krz + W - 1l@ + n;)z * (y * aiz - rzf

K,(Qo)

ir'; , y:,\

Figure 2.
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with the rlecess ary extremum conditions

ta@
20r
1A@

2oy L

These give the solution to our extremrlm problem. I'or as € R,

(34) lrax,B _- Ma" [- '( 
xrl', !!- \l

n'here j, is the maximizing root, of the real roots of the equation

Reu.ritc. ttt from (14) using 'ya defined in (29):

(35)

(36) ldt: nz*W-Yi + z(t -u')@
Å

In [3] the coefficienb ao was maximized by aid of Nehari inequality by
use of the l.alue

( 37)

Thus, our previous choice of z, has beon optimal only for uo e R, .

The equation (35) is of fourth degree. Clearly, no further simplifications
in the general case carl be achieved. Therefore, let us consider the simpler
case, the subclass §o(ör).

3. The subclass §"(b,)

To test our formulas with respect to some previous results, consider
the special case §o(b,) c ,S(br) , where all the coefficients are real. In this
case (24) reduces to the form

ei2E : -: L

where the upper sign belongs to a, ) 0 and the lor.ver sign to a, I 0 .

fn the following rve will concentrate mainly on the later case, where

%l: a2 '
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(35) reduces to the form

L'1, oi' 
,yz .

{L-1)' 
r 

'

(41) t':- r(ctr) - \rfi{t - ön --"t12(L + br) + o,r7,

{42) /n - v;ovtz) --- [2(1 br) a270,

This confirms the result (3a) in this special case,

/ € ,Yn(år) , ,ro(«,)i ) r(u,) ,

and gives an estirnate for rr, rrhich is stronger than those utilized formerly,
in [5] and [2].

fn X'igure 3 there is the graph of the main part

LL
)L _ L : t_ ; lrol, )": ; (, _[ lrol) ;

_ ,( u*;' _. uL _ ,J _ _ , / 1,,1, _,)-^\r-).- L-tr"-'-l- _ 1"-' I
r -i ivtl I L.rnl' \T-

Hence, for a, 10 ,

(38) MaxR:L{irol- r)',L:-: l. .2(r-br)-ar'
On the other hancl, for §p(ä,) (31), (32), (17) and (29) give directly, if

irr@)l > r(ctr):

(3e) a^s*(1 -bi) - l:2oi+ LG-eb,)a!+ R: M(a,),

(40) R : R(a,) : - -!-_1t- . - ll!t!dl 
-r(a'))z2(1 -br)-ar: 2(L-br)-or '

(13)

of the right side of (39) in tu'o different cases:

lo.4-9ä1>0; 0(br1t,
2o.4-9å1 <0; as-<br(1.

For or€l- 2(l - br) , 0] the correction term R alters the form of
the graph according to X'igure 4.

fn Table I and 2 there are numerical values connected with the graphs
for such limit values of å, which still give results desired. I am indobted
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to Mr A. Herva for evaluating the functions involved on a digital computer
for various values of å,.

lo,+(1-9Ö,)>n 2o'.,6(-t_-sbr) <0
Figuro 3.

Table I
bL: 0.15969

az: q(I br)

å tr br) + AG g - eb,)) _- 1.57ee86

l,o@r)l 1I (ar)r(az)

2.0

1.9

I.8
t.7
1.6

1.5

L.4

1.3

L.2

1.1

1.0

0.9

0.8

4.7
0.6
0.5
0.4
0.3

0.2

0.1

0.0

5.648967
5.232356
4.829867
4.111500
4.06 7 256

3.707135

3.361135
3.029259
2.7 Lr504
2.407 87 2

2.1L8363
1.84297 6

t.58r7t I
I .334568

1.101549

0.882651

0.67 7 87 6

0.487223
0.3 I 0693

0. r48285

0.000000

0.845976

0.888583

0.9267{iI
0.960866

0.99 1{E7

I.018s82
r.043305
r.064963
I .0840 r I
t. r00609
r.1 14844

r.126813
1.1 36586

t.L44221
1.14976(l

1.1 53234

1.15.1660

I .1 5404?

r .15139 r

I.146678
r. r 39883

0. I 89087

0.546986
0.843 I 65

r.082896
1 .27 A7 öö

1.4I0819
r.506795
r.562111
1.5-998Ct

r.56314i
1 .5 1 5423

r.438714
r.336043
l .2 1 0066

L.064454

r).933423

0.830875
t).7 51731

0.702914
0.6 73346

0.663952

a

\



,() ccz !

Figure 4.

Table 2

&z: q(l br)

l'o@r)l r(az) -(Q + R)

2.0
1.9

t.8
L.7

1.6

1.5

L.4

1.3

1.2

1.1

r.0
0.9

0.8

0.7

0.6

0.5

0.4
0.3

0.2
0.1

0.0

I . 70334 i
1.577720
1.456357

L.339252
1.2261A6

1.1 r 7818

I .0 l 3488

0. 9 1 34L7

0.8 1 7 604
0.7 26A49

0.638753
U.bob'l Ib
0.47 6936

0.402414
0.332t52
0.266t47
0.20440r
0.1469r3
0.093684
0.0447L3
0.000000

I.15L260
I.I,lgggg
1.145892

1.t42267
t. I 38007

1.133105

1.127 5ö2

1.1 2 I 339

1.t14455
r.106887
I.098621
I.089641
r.079929
1.069466

1.a58229
1.046194

r.033332
1.0196I t
1.004998

0.989452

0.9 72928

0.067389

0.034662

0.0r 2934

0.001794
r.).0008 33

tr.009492

'-).0I9502
0.02 650 I
(_).0308 3 3

u.032 842

0.032 8 74

0.03 127 0

1.028375

r1.024533

0.020087
0.015382

0.014762
0.006569

0.003149
0.000845

lf .000000

--->
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Table 2 and the corresponding graph indicate that Q + R <0 for
ilz€l- 2(t - br), 2(l - br)l with the equality exactly for ar: 0 . Thus

(44) a^ 14 (1 - öi) for ör e [0.53857, r] .

In the case 1o \ve compare the estimates to the value

å tt - bl) a maxQ@,)

arel0,2(L-bt)7
:åtr_-ai) + qG$-eö,))
: å (I - ail + # $- eb,)' > r.57ee85

for br: 0.15969. Corurecting this to our former results in [21 we get:

t1-zoL+30åi -r4b1 , for bre 10,[1 ,(45\ n^ < I\ / "-t3(1 -åi) -r-åz$-9b)3 forb,€[å,0.15969].

Thus, the interval of b. has been somewhat extended from 0. 12, reached
i* lzl by aicl of the inequality lan - arl < 2 , which was able to exclude
negative a, so far as au 2 2. Also in the case 2" the interval of ä, is
extended from $$ to 0.53857.

The considerations of 17] for the extremum function continue to hold
in the case 2o, also on the extended interval. In the case lo for Ö, € (0 , åJ
the left radial slit mapping is the only possible extremum case. The remain-
ing interval (å, 0.159691 is to be treatecl separately.

Let g be the generating function of Pr-inequality (cf. [a]) and f "*'tremal in the above sence. The development of Sff@), according to part
1, necessarily obtains the form

(46)
33

oq
-D _D

-\r/r\+rl
?/

n'urther, the results of part I have shown t'hak **6 - - frh and, especially,

l:a fr_z:

n3 - + b"i' ,

/
a)L =:= bl ' (\o'

is attainedBecause equality in (15)

rre have from (36)

(47) uL: az
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h: *blt' or.

X'rom the condition e : lo we obtain further

a, - Zaf, a brar: 2(l - b,.)a, - aZ;

at:-i"Z+e-lbr)a,.
collect the numbers governing the necessa,ry extremum condition (46),
resulting from the above formulaes:

[",:+(4_ sbt),
I.i ,, : & (4 _ eö,) (5 _ 6br) ,

I on : å tr - ul + åz g - eb,)s ;

[*,:gbli,$-eä,),
It rr:0,
I
[ " 

: !b"'';

Iu':o''
)

\u': 
o 

'

['r:r'
X'rom these formulaes we decide further in view of part I and [4]:

Iv-,:-1,
lr,:o,)
I

lr_r:-a2:-tt+-9å,),
Iyo:o;
[0,:ä(o,_ i"?,) +t"i+ g(4- eäl)

I : +G-sb,),
I

la,:0,
l r, : * o^ - azez * LZ oZ + ä @,o, - Z oil
I

[ + ?u,(+-eb,)a,+åäi :+.

and therefore

Hence, (46) gives for /

*rf'l' * *rf'l' * *-rf-'t' + *-rf-',' : yrzztz + yr"'t' * y_r"-'t' * A_r"-tt, i
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(f - 1) [/'-i- $-lB)f + 1] (z 1) lr'+ (4 - 3r)z { 1l
b"t' )/o

zulofi'

is the branch point of the forked' slit in f(U) .

In order to determin" f(u) we wiII split the mapping into two parts.

n'irst, consider the two-parametric family

."(f - r) (f'+ I0/+ t) (z - r) (22 | kz I t)
(49) a"----lw :7,

where lc and, a are real, a € (0,r] . If here l@'r): Met* , we get

the parametric presentation

(@:@@),(50) l*:M(,p),
the conditions

(51)

(rn - ilcos *l*+ h+ 10- *(u

/ r\ @[ t
a,3iz\{u + -tfu) sin Tl- tvl - M + 10 +

---- 2 sin + (2 cos ,p + k).

he first condition implies t'wo alternatives.

(48)

Here

The
the

(52)

@1

2)

) 'o*'

1\
-T- tt + ')
/r

4\LI + lt

.osln'

I

for

0,

@1

,)I

I

t

T

1)

part of the boundary
end point of the radial

lv:ntJr
I 
qltzl{a +

II:1 or @-t.
Af g) got frorn this is a radial-slit-figure. At,

slit

1\
nt) : 2(kil('o tw 2)
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2)

o1
sin2 -24

l'igure 5.

l{2+rcIt+1
1,{2+lVI+1

(53)

In X'igure 5 there is the graph of (53).
The conditions (5f ) determine the parametric presentation (50) of the

slits. The form of these conclitions shorvs tlnat at the end points f@tq) ot
the slits there holds

COS

f'or the radial slit V

k
-1-'z
for the

fi1,r,"

cos +(,
: 7t and

v(2
2\

Iv+k)l-0l

cr-rr\red. slits

0.

2

The bound ary of the image
presented in Figure 6.

-r k -r- 2

domain belonging to (49) is finally of the type

tr'igure 6.



20 Ann. Acacl. Sci. Fennicm A. I. 560

we can now show that every mapping (a8) is obtained by combining

a d.efined mapping of the family (a9) to a left raclial-slit mapping. For

fixed ö, choose

Take a as a new parameter and ePPl)'

(55)

Now, eliminat'e I + + from (55) and
J

the raclial-slit mapping

I b,

fa

1) lr'i (1 3r)z { 1l

f'r'
9'l

?,''' '

The result

(f - 1)
9___!)y -l- (4 3r) z { 1l

is

l(a,lf'+ t 12
L\br

brrl'
z3lz

This

f'r'
is to be identified u'ith

L2

(a8):

u

br

(5 7 ) cr,'t'

b'- 4=al for-E<- 2.a 2--H-

we thus proved: The mapping belonging to (a8) can be constructed as

follows.
r) The starting function / is deterrninecl b1. taking in the family

frt, z'-

(58)

2) The
mapping

)

I ^ olbl 2+

[ " 7 \-*,1 -l t r'u 
ibr,

function f sought is obtained' by aicl of the left radial-slit
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(57 )

(18)

The result is a three-fork mapping (X'igure 7).

å, diminishing, the curved parts of the fork shrink towards a point.
We will determine the encl situation by requiring that the end points of
the curyed slits lie at !-: -" I . (54) ancl (58) give for eiq

(5e)

(60)

I+iguro 7.

b,/ r \ - I
;U+7 z) -f+T z.

.g) .q;-,; --t-.- Ie r -e 
2 =:2csin 

Z

k^4

3»

T-

4

T
oivt'/ 

z

t**il r

4Q

)and i:
82aB :0 .

Write (57) in the form

.,(r*; 4(r.i+,o)'
and substitute in it z : sie from (60

(61) (r - 2)B +

/r
==: lz +\z

r\e+; + k)

I . This gives

A
k
\/

f
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Express a and t in b, according to (58) and substitute in (6I). This
gives for ä,

/z+ - 4zå.\B /zg - soar\a 
.*'1,--x-) :\ , ),

I
ö, : ll .

Hence: At the point ö, : -l-t the three-fork mapping is reducecl to
the rafial-slit mapping.

The three-fork mapping is limited to the other tlirection by the condition

6Lb. * 24
D--- "--^--</ o.r!- 

7b, --!r

8
br= 2E:0,32'

The limit case br.: t gives actually the mapping (57) for a : b1 ,

k : #. Our method. allows utilizing the three-fork mapping as an
extremal case up to br: 0.15969.

4. Comparison to §chiffer's equation

Observe that the equation (aB) is got by integrating Sohiffer's dif-
ferential equation for the three-slit case, called 1:3 in [2]. The general

form of Schiffer's differential equation for functions / € §(br) , maximizing
a4: la;l -- Rear, utilized in [2] for rSa(Ö,)-functions, is

(62) ("'#)'n, :rr.,
bi lb,b, 2b, * b,ui

tt'-ft, f, ' f
* (26, -f brdl)f + 3bl62f2 + blf'. ,

L 2a" 3a"
[ ]' : 

", 
+ r, + ; * la+i ir 3c7rz 1 2d'rzz I zi,

).eR.
It is useful to consider more closely the similarities which hold between

Schiffer's equation and the necessa,ry condition got from Pr-inequality
by requiring that equality necessarily holds for the on-conditions.



!ll*. l§y'r 9,. _opjil,li".-,lg-ll"ll,l-:t1",_"-1.tu ry,".:rl_li9glLulitl-9, y- ?'!

The Pr-inequality is derived by applying Green's identity to the generat-
ing function (X' indicates that the index omits the number 0)

Å
(63) f(ra) : e;,, log ur -1- \' tvntok

giving the development

sff@)) : rolog, *2ar"u

(cf. tal). Equality in the an-condition r, no..r;; only if Ua: as: . . . : 0 .

Thus, ril the Pr-inequality is able to give an exact upper bound for a4,
the extremum function / satisfies necessarily the condition

*ntos \/T@\ * i.' *o { ft*:i : ) u,"r

or

t^33

i togf(z) * l' ru1,f@)kt' :}a*zut' .

Differentiate with respect, to z:

l*o ^-. 3 k .l 3 lc

LZ l-' + ä Z *rf*i'-') f' : \, u*"r''*' ;

f'h\f r I fs I(64) ""# [* + ä 
k*nfo''],: 

l2kuo"rt'1,;

(05) Q'-r;'f,.* a 
r*of 'l',: få 

oro*'f',.

The form of the equation (65) is comparable to the condition (62) if
frO: fr-Z: frz: 0 .

X'urther, comp&re the expressions [ ], and

t li : g*'-rf -' { 6r-rr-rf '' + (*'-, - 6r_rr-r)f-r

- (2r .fit * l8r-rrr) * (r1- 6r_rrr) f { 6xrrrf2 * 9*3f' .

Similarity requires first that 9n2-, : 9n?, : b3, ;

(66) .u_1 --r.1 j---,F.,:-+åi'':

and secondly that 6a:-re:-, : 3brhz, 6rrr, -- 3br|, i.e.
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(67) :?.:-..1 r:-:*ift 7:.:: -*åfi,izA,

Observe that this direct comparisorr gives tbr il-2 1 lu2 i 1)-z , r, exactly
the values true for optimized Pu-inequality (cf. I0)) and. imply the sym-
metric choice (9). The freedom (36) of u, does not come out from the
comparison. X'inally, in the maximum case 'u,L: az &fid the first formula
(10) is reduced to (67) in this oase.

The above example shows that in order to make an inequality of Grunsky
type successful we have l) to choose the generating function g so that it
agrees with the integrated left side of Schiffer's differential equation; 2) to
optimize the parameters ro by minimizing the right side of the inequality.

This leads further to the following conclusions:
l) ar* anil, b, close fo 0 . The P-inequality has eyery opportunity of

being successful, provided. that the numbers corresponding to the above

e are governed by aid. of lolver P-conditions. In this connection tho un-
symmetric choice of r*:s rnight be useful (cf. derivation of (16))' - The
same hold in general for a. and ä, close to I.

2) For all, a* (n 2 4)there is an interval of å, between 0 and I where

we have no proper inequality with g fitting with Schiffer's differential
equation. - The same holds for a,rnr., and ä, close to O (n : 2,3 , . . .) .

University of Ifekinki
Helsinki, n'inland
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