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ON TEICHMULLER SPACES OF TORI

TUOMAS SORVALI

1. Introduction. Teichmiiller’s theorem states that given a sense-
preserving homeomorphism f: 8 —S" between two compact Riemann
surfaces of genus s > 0, there are in the homotopy class [f] of f extremal
mappings f, which minimize the maximal dilatation K, for all f'e[f].
The number logK,‘J is the Teichmiiller distance between the Riemann

surfaces S and §’, relative to the homotopy class of f.

A Riemann surface S of genus s = 1 has the finite complex plane as
a universal covering surface, whereas the upper half-plane serves as a
universal covering surface if s > 1. In the first case the euclidean, in the
second the non-euclidean metric of the universal covering surface induces
a metric in S.

For a closed path y on 8, let I[y] denote the length of the shortest path
in the free homotopy class [y]. Let a, be the smallest of the numbers a > 1
such that

Iylla <[ foy] < ally]

for all closed paths y on S. Then @, is the same for all homeomorphisms
homotopic to f. Hence log a, is also a measure for the distance of S and ',
relative to the homotopy class of f.

We shall show that the metrics defined by log K,‘J and log a, are equiv-
alent for tori, i.e. surfaces of genus s = 1. In the general case the equivalence
of these metrics remains unsolved.

2. The Teichmiiller space of a torus. Denote by C the finite complex plane
and let G(w) be the group acting on C' which is generated by the transla-
tions z > z+1 and z > z+w. Then every torus § admits a representation
as a quotient space C/G(w) for some w € H = {z |Im z > 0}. The number
® is not uniquely determined by 8. However, if § = C/G(0) = C/G(w),
then there are integers a,b,c,d such that ad—bc = 1 and o = (aw+0b)/
(cw+d).
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Let f be a sense-preserving homeomorphism between the tori
8 = C|G(w) and S’. Then there is a representatlon S = ClG(w of S'
and a lifting f C—C of f such that f =0, f =1 and f
The number o’ € H depends only on w and the homotopy class [ f] of f
If [f] contains conformal mappings, then o’ = w. We denote by w; the
number o’ determined by [ f].

Let Sy = C/G(w,) be a fixed torus and consider all pairs (S, f) where S
is a torus and f:8;,— § a sense-preserving homeomorphism. Two pairs
(S,f) and (8",f") are considered equivalent if [f’of™] contains a conformal
mapping. The space 7'(S,) of the equivalence classes [S,f] is the Teich-
miiller space of ;. The Teichmiiller distance between the pairs [S,,f,] and
[S,.f.] is given by

#([S1:£1)[85:fo]) = log inf { K, | fe [foof 1] ,

where K, is the maximal dilatation of f.
Denote by A the non-euclidean metric in H defined byd s = (Imz)™|dz|.
Then the non-euclidean distance between the points z,,2, € H is

l23— 25| + |2 — 2|

|z1_52l = lz21—2|

1) h(z,2,) = log

By Teichmiiller [2], the u-distance between the pairs [S,,f,] and
[Ss,f2] is equal to the non-euclidean distance of the points o and o

(2) u([81,f11,[80, fo]) = h(“’/l’w/z)-

3. The dilatation of an isomorphism. Let f: 8 — 8’ be a sense-preserving
homeomorphlsm between the tori § = C’/G(w and 8" = C/(w ) o' = w.

If f denotes the lifting of f for which f =0, j =1 and f(w = o,
then

~

f~(z+m+nw) = f(z)+m+now’
for all z € C and m,n € Z. (Z is the set of the integers.) Hence f induces
an isomorphism f,: G(w) — G(w’) such that
fog =fulg)of
for all g € G(w).
Let A(f4) be the set of all numbers @ > 1 for which
19(0) [ /o < |f«(9)(0)| <a|g(0)]

for all g eG(w). We call d(f,) = min a, a € A(f,), the dilatation of f,.
Hence J(fy) is the smallest of the numbers ¢ > 1 for which
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m+ nw

3) lja <

m+now’

for all m,n € Z.

We show that J(fy) is the same as the number @, defined in the 1ntroduc-
tion. Let y be a closed path on 8 and 7 : [0,1] — C a lifting of y Then there
is a unique g € G(w) such that g(7(0)) = 7(1). A closed path ' is in the free
homotopy class [y] if and only if it has a lifting 5’ such that g(7'(0 )) =
5(1). Hence [g(0)] =|5(0) —7(1)| = I[y]. Similarly I[fey] = | f4(9)

This proves the assertion. ,

In [1] we introduced the dilatation of an 1som0rphlsm between
Fuchsian groups. The definition can be stated as follows. Let G and G’
be Fuchsian groups acting on H. If g € @ U G’, then the translation length
of g is defined by

Il(g) = inf{ h(z, g(z)) |z € H }.

For an isomorphism j : G — G, let A(j) be the set of the numbers a =1
such that

(@))e <U(jg) <allg)

for all g € @. Then 6(j) = min a, a € A(j), is the dilatation of j.
If g is any translation, then

lgz) — 2| =19(0)]

for all z € C. Hence |g(0)| is an analogue of the translation length of an
element of a Fuchsian group, and the definition of &(fy) is obtained from
the definition of &(j) if & is replaced by the euclidean metric.

4. The dilatation metric in T(S,). We define in T(S,) a metric by setting

A([81, f11, [0 f]) = log 8((feof1 )x)

We show next that this dilatation metric d and the Teichmiiller metric
u are equivalent.

In [1] we considered the dilatation metric in the case of the Teich-
miiller space of a Fuchsian group and showed that distances under this
metric are less or equal to distances under the Teichmiiller metric. The
equivalence of these metrics in this general case is an open question.

Theorem 1. Let f:8,— 8, be a sense-preserving homeomorphism
between the tori 8, = C|Q(w) and S, = C|G(0"), o' = 0. If o =a+iy
and o' = ' +1y’, then



10 TUOMAS SORVALI

lo—0'| + |o—a|

y+y —ly—y'|

(4) o(fe) =
max{(2y) (|o—0'| + [o-0]), Z((0-0'| - |[o—|) .

Proof. Denote by R the extended real axis R U {o0} and let

T+ w x4+ w

’

(5) M = max

¥€R

, M = min
*€R

r+ow'

Then by (3)
O(fs) = max (M, 1/m).

To calculate M and m, we consider the Mobius transformation

Since B(—w') = o0, B maps R onto a circle K = B(I_E) centered at
B(-o') = (w—w') | (0’ — o). Since B(c0) = 1, the radius of K is

w—o'

o' —w o' —o

w—o'
.—, —_— =

Because B(y(z'—x) | (y'—y)—=x) = yly', the circle K intersects the real
axis at the points 1 and y/y’ > 0. Therefore 0 lies outside K, and

w—o' o—o o—0'|+ | o-—o
M = = r =l Ir ‘l‘/ l9
o' —w o' —w | —w'|
(6) B B
w—o' o—w' jlo—w' | — |o—o|
m = = | = r
D) o' —w |o"—w'|
This proves the latter part of (4).
Since
lo'—0'| |o—o] .
lo—0'|?~ |o-o'|2 7
we have
o' — o’ lo—o' | + |o—o']
(7) 1/m = = i =
lo—o'| — |o—w']| |o—w|

The first part of (4) follows now from
min (2y, 2y') = y+y' — |y—y'|.
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Let [S;,f.], ¢« = 1,2, be two points in T(8S,). Denote v = oy 5 o = oy
and f = f,f1'. Then by Theorem 1,

(8) d([‘gl’fl]’ [Sz,fz]) = log 5(f*) = 10g max (M7 l/m)!

where M and m are defined by (5).

On the other hand, the numbers M and m determine also the Teich-
miiller distance of points [S,,f;] and [Sy,fs]. By (1) and (6), A(w,0') =
log (M/m). Hence by (2)

(9) #([S1,f1), [y, fol) = log (M|m).

Theorem 2. The metrics u and d of the Teichmiiller space T(S,)
satisfy

(10)  d([Sp /i) [Safel) < ul(S1.f1ls [0 f2]) < 2A(18 1. 1), [S2: fo))-

The inequality (10) is sharp.
Proof. Since M >1 and m < 1,

max (M, 1/m) < M/m < (max (M, 1/m))2.

The inequality (10) follows now from (8) and (9).

If we choose ® and o’ such that Im @ = Im o’, then by (6) and (7)
M = 1/m. Hence M/m = (max (M,1/m))? and u([Sy.f1], [S,,fo]) =
2d([S1’f1]’ [Szafz])'

On the other hand, choose Rew = Rew’. If Imw’ < Im w, then
m = 1 by (6). Similarly, if Im o < Im o', then M = 1. In both cases
max (M, 1/m) = M/|m.
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