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ON SOME II\EQUATITIES FOR
SPACE HARMOI\IC FUNCTIOI\S

M. A. LAVRENTIEV and M. M. LAVRENTIEV

Let f(z) be an analytic function, regular in a bounded domain D with
a sufficiently smooth bound.ary J-, and. continuous in D : D U I . Lel
A be alebesgue measurable set on l, A c I.

Denote
sup l/(z)l :. M , surn l,f(z)l - e.

Then the following inequality holds

(l) lf@l I 14t-o127 . t'Q\ ,

where ar(z) is the harmonic measure of the set 1 in the domain D with
respect to the point z. fn addition,

a(z) p,(A) ! a(z) < b(z) t',(A) ,

where p(A) is the Lebesgue measure of A , and a(z) , b(z) arc functions
independent of A. (See [t].)

fn spaces having more than two dimensions, one of the natural analogues
for analytic functions of complex variable are vector gradients of harmoiric
functions. fnequalities of type (l) for gradients of space harmonic functions
have been established for sets -d containing open subsets [2, 3, 4], and
also for sets invariant under a rotation group [5]. The purpose of this
article is to establish inequalities of type (t) for harmonic functions in
space when sets .24 with positive plane measure are located. on surfaces
lying inside the domain of regularity.

The proof of some inequalities in this article is based on a theorem from
Chapter III of [a]. Let us formulate this theorem in a slightly modified form.

T h e o r e m l. Let f((r, lr) be a functi,an of two compler aar'iables

Ci: ti * i,rti (i:1,2) analyti'c in thebi,cylind'er
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and, continuous ,i,n the closed, d,omain

e?+45,R', lrtil <H.
Let A be a set with posi,ti,ae Lebesgue n'te&sure p(A) whi,ch li,es in the il,i,sk

ti+ tZ { rz < R2

of the real plane.
If the functi,on f(Ct, er) sati,sfies the i,nequali,ties

l"f(6r,fr)l ( e, (€r,t) eA,

ff(Cr,er)l < M,
then the foll,owing inequali,ty hold,s

(2) lfGr, €r)l { 117-'(t,'e,) . so(E,,t,) ,

where a(1, , Cr) is a real, function not d,epend,i,ng CIn M , e , wi,th the fol,lowi,ng
progtert'i,es:

1.0 {a(et,ez) (1,
2. a(Et,Er) : I, (\,Ez) eA,
3. aGt, er) p(A) I a(et, Cz), €i + C? < R2, lrtil < H .

Here the functian a((,, ez) ) 0 il,oes not ilepenil on, the set A .

Now let us prove two theorems dealing with inequalities of harmonic
functions analogous to inequality (l).

T he o r e m 2. Let D be a bound,ed, d,omain of the 3-d,imens'ional spa,ce

wi,th a suflicientty smooth baund,ary anil u(r) a harmoni,c funct'ion regulari,n
D and, cont'inuous with i,ts fi,rst ileri,aati,aes 'i,n the closeil, ilomai,n D; r is
a aector with components r, , j : 1,2,3 .

Let g((1, er) be a aector-functi,on ilepeniling on two comgtler orguments,
anil let 'i,ts componant functi,ons gi(Ct, ez) ( j : I,2,3 ) be anal,ytic i,n the

bi,cgliniler of Theorom I, conti,nuous in the closed, ilarnatn, real on the real,
plane, and, sugtpose that the aectors

a6rTGt' Er)' agrvGr' 1r1

are nowhere colli,near.
Let S be a surface, d,efi,neil, by the equat'i,on

(3) n: e(Er,Ez),

which lies str:ictly insiil,e D , anil,let A be a set of posdti,ae Lebesgue m,easure

p(A) i,n the ilisk
6i+52<12<n2,

end B the i,mage of A uniler the mappiry @).
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Then, df the gra,il,i,ent of the functi,on u(r) satisfies the i,nequaliti,es

lgradz(r)l {e, reB,
(4)

lgradu(r)l <M, reD,
it also satisfies the i,nequali,ty

(5) lgad'ul < Mt-@(rt 'e'k) ,

where a(r) d,oes not ilegtend, on M , e anil, satisfi,es the conil'i,t'i,ons

l. 0 < ar(r) ( I, reD,
2. a(r\: l, reB,
3. a(r)p(A) {a(r), reD,

where the functi,on a(r) > 0 il,oes not ilepend, on A .

Proof. It is known that the functions au(r)laro are analytic in the real
variables r, inside D and may be extended into a cylindrical domain ö
of the complex 3-dimensional space, D: {z: fr + dy I * eD).

Let us denote theso analy"tic extensions by uo@) and consider the
functions

f i(h , ez) : u/v(Cr, e)) .

Evidently the functions /,((r , fr) satisfy the conditions of Theorem 2

in a polycylinder

€i+fl|<n2, Vtilth,
with a sufficiently small å . Therefore, on the surface S the gradient of
z(r) satisfies the inequality

(6) lgradal SMI-'wt.e'@t, reB,
where ar(o) has the properties

l. 0 < co(r) < l, reS,
2. a(n): l, neB,
3. a(n)p(A) {a(r), reB.

Here a(r) > 0 does not depend on A , and.

I ? \1/2Mt: ( I r"plfr(tr,Er)l,l- \i=t /
X'rom the maximum principle for the modules of the gradients of a

harmonic function it follows that the constant M, in the inequality (6)

may be replaced by M .

Tho theorom now follows from (6) and from the inequalities which
characterize the conditional stability ofthe Cauchy problem for the Laplace
equation (see [2], [3]).
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T h e o r e m 3. Let the surJace B,sati,sfui,ng the conddtions of Theorem 2,
bound, a ilornai,n D, c D . If the function u(r) sati,sfies the i,nequaliti,es

lu(r)l S e, reB,
lu(x)l 1M, reD,

then the tollowing i,nequality hold,s

lu(r)l { Mt-'(4 'e'@) ,

where a(r) i,s the functdon of Th,eorem 2.

Proof . From Theorem 2 it follows that the function a(r; satisfies the
inequality

(7) lu(*)l - 1,1[1-a(*)'e'@), reB.
By virtue of the maximum principle, inequality (7) holds also for all

* e D,. The proof of the theorem follows from (7) and (f).
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