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ON SOME INEQUALITIES FOR
SPACE HARMONIC FUNCTIONS

M. A. LAVRENTIEV and M. M. LAVRENTIEV

Let f(z) be an analytic function, regular in a bounded domain D with
a sufficiently smooth boundary I7, and continuous in D=DUT. Let
A be a Lebesgue measurable set on [I', 4 < I'.

Denote

sup |[f(z)| = M, sup|f(z)] = &.

zel’ zed

Then the following inequality holds
(1) 1f(z)] £ MW@ . o0

where w(z) is the harmonic measure of the set 4 in the domain D with
respect to the point z . In addition,

a(?) p(d) = o) = b) u(d),

where p(A) is the Lebesgue measure of 4 , and a(z), b(z) are functions
independent of 4 . (See [1].)

In spaces having more than two dimensions, one of the natural analogues
for analytic functions of complex variable are vector gradients of harmonic
functions. Inequalities of type (1) for gradients of space harmonic functions
have been established for sets A containing open subsets [2, 3, 4], and
also for sets invariant under a rotation group [5]. The purpose of this
article is to establish inequalities of type (1) for harmonic functions in
space when sets 4 with positive plane measure are located on surfaces
lying inside the domain of regularity.

The proof of some inequalities in this article is based on a theorem from
Chapter I1I of [4]. Let us formulate this theorem in a slightly modified form.

Theorem 1. Let f(Cy,(,) be a function of two complex variables
G=¢&+am; (j=1,2) analytic in the bicylinder

8+8 < R, gyl <H, j=12,
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and continuous in the closed domain
g+& <R, gyl = H.
Let A be a set with positive Lebesgue measure p(A) which lies in the disk

E+8 <r <R
of the real plane.
If the function f(C,, C,) satisfies the inequalities

Ifé1, 8 = e, (§,&)€ed,
f(C, &) = M,
then the following inequality holds
(2) ff(C1 8| < M0l L ol ,

where w({y, &) is a real function not depending on. M , ¢ , with the following
properties:

L0 2 owl,,8) =1,

2. (&, 6) =1, (§1,8) €4,

3. a(ly, L) ud) = o(ly, &), g+8 < B, |nl < H.

Here the function a(l,, ;) > 0 does not depend on the set A .

Now let us prove two theorems dealing with inequalities of harmonic
functions analogous to inequality (1).

Theorem 2. Let D be a bounded domain of the 3-dimensional space
with a sufficiently smooth boundary and w(x) a harmonic function regular in
D and continuous with its first derivatives in the closed domain D ; w is
a vector with components x;, j =1,2,3.

Let (L, , L,) be a vector-function depending on two complex arguments,
and let its component functions @i(C;, &) (J = 1,2,3) be analytic in the
bicylinder of Theorem 1, continuous in the closed domain, real on the real
plane, and suppose that the vectors

0 17
_6;:‘1?’(51’52): 3—52‘7’(51,52)

are nowhere collinear.
Let S be a surface, defined by the equation

(3) v = @&, &),

which lies strictly inside D , and let A be a set of positive Lebesque measure
uw(A) in the disk
B+8 < < R,

and B the image of A wunder the mapping (3).
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Then, if the gradient of the function wu(x) satisfies the inequalities
lgrad u(z)] <&, x€B,
(4) _
lgrad u(x)] < M, zebD,

it also satisfies the inequality

(5) lgrad u| < M0 . g0

where w(x) does not depend on M , ¢ and satisfies the conditions
1. 0 £ wx) £ 1, xeD,
2. @) =1, x€eB,

3. a@)ud) £ o@), xeb,
where the function a(x) > 0 does not depend on A .

Proof. It is known that the functions ou(x)/ox; are analytic in the real
variables x; inside D and may be extended into a cylindrical domain D
of the complex 3-dimensional space, D= {z=zx+iy| xzeD}.

Let us denote these analytic extensions by v,(z) and consider the
functions

fj(Cl » Ga) = v(p(ly, ) -

Evidently the functions f,({,, {,) satisfy the conditions of Theorem 2
in a polycylinder

g+& < B, gl <h,

with a sufficiently small % . Therefore, on the surface § the gradient of
u(xz) satisfies the inequality

(6) lgrad u| < MI=°W . ¢*® 2 ef,

where w(x) has the properties
) <1, xefl,
=1, xeB,
3. a@)ud) £ o), xefS.
Here a(x) > 0 does not depend on 4 , and

3

12
iy = (3 s lf @)
i=

From the maximum principle for the modules of the gradients of a
harmonic function it follows that the constant M, in the inequality (6)
may be replaced by M .

The theorem now follows from (6) and from the inequalities which
characterize the conditional stability of the Cauchy problem for the Laplace
equation (see [2], [3]).
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Theorem 3. Letthe surface S , satisfying the conditions of Theorem 2,
bound a domain D, C D . If the function u(x) satisfies the inequalities

lu(z)] = e, reB,

luz) < M, «xebD,
then the following inequality holds

fu(e)] < M o0,
where w(x) s the function of Theorem 2.

Proof. From Theorem 2 it follows that the function w(x) satisfies the
inequality

(7) lu(x)] = M7 . ™ xel.

By virtue of the maximum principle, inequality (7) holds also for all
x € D, . The proof of the theorem follows from (7) and (1).
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