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OI{ NEVANTINNA'S CI{ARACTERISTIC
FUNCTIOh{S OF ENTIRE FUNCTIOhIS

AIW) THEIR DERIVATIVES

SAKARI TOPPILA

We use the usual notation of the Nevanlinna theory. We shall consider the

following problem of Nevanlinna ([3], p. 104, l4l, p. 239, Hayman [1] and [2],
Problem 1.21): Does there exist a function / transcendental and meromorphic
in the plane such that liminf,*- T(r,f)lT(r,f')>l? We prove the following

Theorem. There exists an integral function F of order I such that

liminf Z(r, F)lT(r, F') = l+71107.

Proof. Let k and ru be positive integers. We denote rr,:k tf 3'*+l=k=
=3'^*L, and if 32m-7+]=k=32* then /o:-ft. We set

(t) sn(z) : "ii' fr- zf ro)e't+.
k_sp -11

We denote

^- K-'to: o:ättlu'
The sequence so is increasing and limr-- sp:log 3. We choose a positive odd
integer p>5 such that
(2) log 3-s, = 1/1000

and set

(3) f ("):3'h 
ofi so7).

Let n>p. We write t:3n and

(4) f (t): H,(z)S*(z)A.(4 oftrsn/)
where H,(z): Il'o:u*r(l-zlrp), S,(z):3't2 flf;t:rn*re'hu and Ao(z) :
:IIi':,+r Q-zlr). Let 2t<ltl=Zt+1. We have

(s) logS,(z) : "({torz)lz+ å"f-r)-+)

koskenoj
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and get from (2)

(6) llogs,(z)-(-L)"(zlog3)l2l= l- zllt}}o.
We have

lZ,1z11: rt (z-r)lr1,l
ft:Bp*l

: (3t + t)t l@ls Qt +1) ! r!),

and it follows from Stirling's formula that

(7) logl%,(z)l<2ttos3-tlog@13).
Let k>3t. Then :

(8) log((t-zlro)e,/,x)--(tl2)(zlr)2-(tl3)(zlr)s-...
and therefore

logl(t - zlro)e,/,t1 < Ql2)QzlkP+lzlkls+ ...) = 2lzlklr.

This implies that

(e) .r 
l-=fr. rre)l= zhl, 

o:fi*,(tlk)z = 3t.

lf t+l<k<3t then ll -zlrol=3 and we get

(10) loglA"(z)l = ztlog3.

Combining the inequalities (6), (7), (9) and (10), we see that

(11) toglf (z)l < 8.28t

on 2t<lzl=2t*1. It follows from the maximum principle that log lf(z)l=8.28t
on l"l=Zt. This implies that loglf(z\l=t3121 on 2tl3=lzl=27 and therefore

(t2) toglf(z)l ='t3lzl
for all large values of lzl.

Let t:3. If n is even then J,:{x*iy: y:0,2t+ll4<x<2t+314}, and if
z is odd then Jn:{x*iy: y:0, -2t:314=x=-2t-U41. Let z€J,. It follows
from (8) that

(r3) I fr rrell=r.lk:nlL I

We have lA,(41:Ilsr':,+rlQ-ro)lrl=Ql)sl}t)!, and it follows from Srirting's
formula that
(14) loglA"(z)l < -3tlog3*2lost.
Combining the inequalities (6), (7), (13) and (14), we see that

(15) taglf(z)l < -t(tog(13)-2l1000)+ o(tost).
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This implies that
(15) loelfe)l =-0.135 lrl+o(toslzl)
on Jn.

The definition of -f implies that

nzf (z)f (- r) ii tr-Qlk)') : sin(nz)

and theref,ore 
k:L

( 17) f (r)f (- z) : s,rn (nz)lP (z)

where P is a polynomial. Now it follows from (16) that

(l 8)

if - z €J,.
We denote F(z): ["ofz1w)dw. Note that f2(z)>0 on the real axis. Let n

be even and t:3". It follows from (18) that logf2(w)=0.27Qt13)+o0ogl) for

-w€Jo-r and therefore
log F(r) > 3 zlI00+O(log z)

on the segment 2tl3+l<z=6t+1. Then (19) holds on the whole positivb real

aris. Similarly, we see that log (-r1"17=31zlll00+oQog lzl) on the negative real

axis we conclude that
(;:0)

on the real axis.

los |F(r)l = 
g lrllI00+ o(toslzl)

Let q,:ll3}O, -a=E=q, and z:reiq:x+iy. It follows from (17) that

lf@V!4l=lsin (rz)l for large values of r. Then either log lf'Q)l="rlsin El or

loglfz(-z)l=zrlsinEl. Let us suppose that loglfL(z)l=nrlsinql. It follows

fromthedefinition of fthat lf(Dl:l/(w)l and lf(x+til=l/(x+rs)l if -l7l=
=s= lyl. Therefore log l/'z(w)l=zr lsin El on the segment {w:xlis: - lyl=s= lyl},
and we.see that

lF(z)l = lr(x)l- lyl ."p {nrl sin El}.

We denote G(w): lr(w)l(t + lF'(w)l). It follows from (21) and (20) that log G(t)=-

=l.9lzll1O0*O(loglzl) if loglF'Q)l: loglfz(z)l = n,lsin El. Similarly, if
loglf2(-z)l=zr lsingl, then wetget logG(-z)>-1.9lzlll00+O0og lrD. Therefore

log+ G(reio)llog+ G(-rei't1 > 1.911100*o(log r)

if lEl=1i300. This imPlies that

.zfr
(22) B(r, F) : (2n)-t I tor* G(reiol dE = l.9rl(32 l0a)+O(log r).

0

It follows from the identity lrl:(1+l,F'D(lrli(l+lF' l) ttrat

los* l,F l-log+ ll/.Fl = los+G-log+((l + lF'l)/lf'l)+log+ iF'1.

los lf Q)l = 0.135 I'l+ o (tog lzl)

(1e)

(2T)
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Since log+ (t+;r';y1rl)=log+ ll/rlalog+ lF,lFl*tog2, we set

log+ lFl > log+G-lo g+ lF' I F | *tog+ lF, l-log2.
This implies that

m(r, F) = B(r, F)-m(r, F,lF)+m(r, F)_log2.
Here m(r, F'lF):61117(r, F) because ,F is of order l. Therefore we get

(23) T(r, F) = (1+o(l)(B( r, F)*T(r, F))
where o(1)*0 as r*-. It follows from (12) that T(r, F,)=26r, and we see
ftom (22) that

B(r, F) > 7T(r, F,)1107 *O(logr).
Therefore we get from (23)

lim inf T(r, F)lT(r, F') = | +7110'1,

and the theorem is proved.
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