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ON IDEMPOTENTS AND GREEN
RELATIONS IN THE ALGEBRAS OF
MANY-PLACED FUNCTIONS

J. HENNO

Let 7 be a non-void set of natural numbers. The union 4;=|J;¢s4; of mutually
disjoint non-void sets 4, is called Menger system [6] if for every ay, ..., a,€4,.,
b€A,,, n,mel the element a,...a,b€A, is uniquely defined and the superassocia-
tivity law
1) ay ... au(by...bc) =(ay ... anby) ... (ay ... a,byc

holds for all ay, ..., @y€A,, by, ..., €A, c€EA,, n,m, kel
Denote by ¢, (M) the set of all n-place functions on the set M. Define for every
Jir s Jn€0u (M), g€, (M) the function f;...[,,g€¢,(M) by

@ Xpoee Xg(fr oo fn8) = (1o X f) oo (K1 X f) 8 X1 oes X€ML

For an operation so defined the identity (1) holds, therefore the set ¢;(M)=
=;er@;(M) is a Menger system, called a full function system (on the set M).
Every subsystem of (M) is called a function system (on M). Every Menger system
is isomorphic to some function system [6].

Particular cases of function systems are clone algebras by Cohn [2]. Clone
algebras are the function systems A; which for every n€l contain projectors
€,(M), i=1,...,n (defined by x;...x,7n}=x; for every xi,...,x,€M). Semi-
groups and full transformation semigroups are also particular cases (/={1}) cor-
respondingly of Menger systems and full function systems.

The aim of the previous paper is to investigate in Menger systems concepts
corresponding to idempotents and Green relations in semigroups. Two analogues
of regular elements are termed and their properties are found to be similar to the
properties of regular elements in semigroups. An analogue of maximal subgroup
containing a given idempotent is also discussed.

Call element e of a Menger system an idempotent, if e...ee=e. By the above
definition and (2) function f€¢,(M) is an idempotent if and only if

3) X..xf=x

for every element x from the range M"f of the function f.
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Call element acd, of the Menger system A; weakly regular, if a=a...
...a(zy...z,a) for some z,...,z,€4,, mcl Call a regular, if a=a...a(z...za)
for some z€4,,, mel. Call a Menger system A; (weakly) regular, if every element
of A; is (weakly) regular.

Green equivalences &, #, 2 and # were defined for Menger systems in the
following way [3]:

(@, b)c &L (ac4d,,bcAd,,n,mel) ifand onlyif a=b or there exist s, ..., 5,€A4,,,
ty, ..., t,€A, such that a=1¢...1,b, b=s,...5,4a;

(a,b)c# if and only if a, b€ A, for some n€l and a=b or there exist s€A,,,
t€A,, m, kel such that a=b...bt, b=a...as;

D=L OR(=L R cf. [3]), =L A

Denote by L(a) (R(a), D(a), H(a)) the £ (%, D, #)-class of the element a.

Define for arbitrary a€d,, b€A,,, n,m€l binary relations =;, =5, =4 by

a=1b if and only if a=b or a=#...t,,b for some ¢, ..., 1,€A4,;

a=gb ifandonly if a=b or a=b...bt for some t€ A, k€I (clearly then n=m);

a=yb if and only if a=,b and a=gb.

All these relations are preorderings [2] and by definitions (a, b))€Z if and
only if a=4b and b=ya, where =%, # or #.

Lemma 1. Let e be an idempotent element of a Menger system A;. The element
e is a right identity for an element a (i.e. a=a...ae) if and only if a=,e, a left
identity for a (i.e. a=e...ea) if and only if a=ge and a two-sided identity for a
if and only if a=ye.

Proof. If a=pe, ecd,, acA,, then a=s,...s,e for some s, ..., 5,64, (the
case a=e is trivial) and a...qae=(s;...5,€)...(51...5,€)e=s;...5,(e...ee)=s;...
...sp,e=a by (1). On the other hand, from a...ae=a follows a= e by the defini-
tion. The other assertions follow quite similarly.

Corollary 1. If e is an idempotent, then e is a right identity for L(e), a left
identity for R(e) and a two-sided identity for H(e).

Corollary 2. If e, f are idempotents. then e=,f if and only if e...ef=e,
e=gf ifand only if f.. fe=e and e=yf if and only if e...ef=f...fe=e.

Theorem 1. An element of a Menger system is
1) weakly regular, if and only if there is an idempotent in its ¥-class
2) regular if and only if there is an idempotent in its R-class.

Proof. Let acA, be a weakly regular element of a Menger system A;, i.e.
a=a...a(z;...z,a) for some z,...,z,€A4,, mcl. From here z,...z,a€L(a).
Denote z;...z,a=e. By (1) e..ee = (z...2,0)...(z1...2,0)(z,...2,0) = z; ...
.z,(a...a(z...2,0))=z,...z,a=e, ie. e is idempotent.

If a is regular, i.e. a=a...a(z...za), z€A,,, m€l then for f=a...az we have
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f..fa=(a..a2)...(a...azya=a...a(z...za) = a, f...ff = f..fla...az) = (f...fa)...
..(f..fa)z=a...az=f. Thus f€R(a) is an idempotent.

On the other hand, if there exists an idempotent e€L(a) or an idempotent
f€R(a), then e=z,...z,a,f=a...az forsome z, ..., z,,z. By Corollary 1 a=a...
...ae=a...a(z,...z,a) or a=e...ea=(a...az)...(a...az)a=a...a(z...za), thus a is
weakly regular or reguiar.

Corollary 1. An element of a Menger system is weakly regular if and only if
its D-class contains an idempotent. Hence if an element of some ZD-class D is weakly
regular, then all elements from D are weakly regular and elements from containing
idempotents R&-classes are regular.

Proof. Suppose acD is weakly regular. Then there exists an idempotent
ecL(a)cD. All elements from R(e) are regular (therefore also weakly regular).
Since R(e) meets every Z-class from D [3], every #-class from D contains weakly
regular elements, hence by Theorem 1 consists of weakly regular elements and so
does also D as a union of its #-classes. In the other direction the assertion is obvious,
since every idempotent is regular.

A subsystem B; of a Menger system A; (J< 1, B,C A, forevery ncl) is called [3]

a left ideal, if I=J and x,...x,y€B, forevery xi, ..., x,€4,, YEB,,, n,mel,

a right ideal, if x,...x,y¢B, forevery x,,...,x,€B,, y€4,, mcl and

a two-sided ideal, if By is a left and a right ideal.

Now Theorem | can be reworded in a manner always known for semigroups [1]:

Corollary 2. An element a of a Menger system is weakly regular if and only if
the left ideal generated by the element a has an idempotent generator. If an element
a is regular, then the right ideal generated by the element a has an idempotent generator.
Conversely, if the right ideal generated by an element a has an idempotent generator
and has a right identity, then the element a is regular.

Proof. The left ideal generated by an element a L,={z|z= a}. By the defini-
tion (a, b))% if and only if L,=L,. Hence the assertion about weakly regular
elements follows directly from the last theorem.

If @ has a right identity, i.e. a=a...ax for some x (in particular, if a is weakly
regular), then the right ideal generated by the element ¢ R,={z|z=ga} and the
assertion follows quite similarly. Notice that if a right identity for « does not exist,
the above expression for R, need not hold.

For arbitrary f€¢,(M), g€¢,,(M) we have [3]

(f, g)€Z if and only if f and g have the same range, i.e. M"f=M"g;

(f. g)€2 if and only if n=m and f and g have the same partition (partition
(/) corresponding to the function /€¢, (M) is an equivalence on M * defined by
(X, p)€t(h) if and only if Xh=7yh, X, 7 M*);

(f,9)€9 if and only if the ranges of f and g have the same cardinality and

(f. 9)€# if and only if f and g have the same range and the same partition.
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Call equivalence Tt M" diagonal if every t-class contains at least one element
of the form (x...x), xé M. From (3) it is obvious that a function f€¢,(M) is
idempotent if and only if the partition t(f) is diagonal and for every x€ M" Xf=y,
where X and (p...y) belong to the same 7(f)-class. Since (f; g)€Z£ if and only if
7(f)=1(g), from the above theorem follows

Corollary 3. A function f'is regular if and only if the partition t( f) is diagonal.
Theorem 2. The full function system @,(M) is weakly regular.

Proof. Let gco,(M). Let fep,(M) be such that

1) M"f=M"g

2) (x...x)f=x for every xeM"g

Because of 1) (f, g)€%, because of 2) f is an idempotent.

Corollary. Every Menger system can be embedded into a weakly regular
Menger system generated by idempotents.

Proof. For I={1}, ie. for semigroups the assertion was established in [7].
If 7 {1}, Menger system A; can be embedded into a weakly regular Menger system
@ (M) [6] and ¢@;(M) is generated by idempotents [3].

Call elements by, ..., b,€A,, weakly inverses of an element a€A,, n, mcl, if
a..a(by...b,a)=a, b,...b,(a...ab)=b;, i=1,...,n. Call elements acd,, bc4,
inverses (of each other), if a...a(b...ba)=a, b...b(a...ab)=bh.

Theorem 3. An element of a Menger system has weakly inverses if and only if
it is weakly regular and inverses if and only if it is regular.

Proof. If an element has (weakly) inverses then by the above definition it is
weakly regular. On the other hand, let element a€ A4, be weakly regular, i.e. a=
=a...a(z...z,a) for some z,..,z,6€4,, mel. Let b=z, ..z,(a...az), i=
=1,...,n. Then a..a(b,..bya)=a...a((z...z,(a...azy))...(z;...2,(a...az,))a) =
=a..a((@..az)...(a...az)a) = a...a(z,...z,(a...a(z,...2,a))) = a...a(z, ...z,a) =
=a,by..b,(a...ab) = (z,...z,(a...az,))...(z1...2,(a...az,))(a...a(z, ...z,(a... az)) =
=2z..2,((a...az))...(a...az,) (a...a(z...2,0)) ...(a...a(z, ...2,0)) 2;)) = z;...z,(a...
vea(zy...z(a...az)))=z...7,((a...a(z...z,0))...(a...a(z,...z,)) z;=z;... z,(a...az) =
=b,, i.e. by, ..., b, are weakly inverses to a. The proof for the case when element
a is regular is quite similar.

Corollary. An element of a Menger system has weakly inverses if and only if
there is an idempotent in its D-class and inverse if and only if there exists an idempotent
in its R-class.

Theorem 4. In a weakly regular Menger system each element has regular
weakly inverses.
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Proof. Let by, ..., b,€A, be weakly inverses of an element a€4, of a weakly
regular Menger system A4;, n, mél. Then e=b;...b,a is idempotent and (e,a)€Z.
Furthermore, e...eb,=(b;...b,a)...(b;...b,@)b;=b,...b,(a...ab)=b;, i=1,...,n.
Since A4, is weakly regular for every b, there are zi,...,z,€4;, k€l such that
b;=b,...b(z...z,b). Let y=z...z,e. Then by..b(y...yb)=b;..b((z1...Z€) ...
(210 2@ b)=b,;.. b2y ... 2y (e .. eb)) =D, by(z1 ... 2,,b) =b;, 1e. b; is regular.

Theorem 5. Let e, f be idempotents from the same D-class of a Menger system
A;. For every a€L(f)NR(e) there exists an element b& R(f)NL(e) such that a, b
are inverses of each other and a...ab=e, b...ba=f.

Conversely, if elements a, b are inverses of each other, then the elements e=a... ab,
f=b...ba are idempotents and e€R(a) "L(b), fcL(a) "R(D).

Proof. Let acL(f)NR(e), where e€A,, f€A, are idempotents of a Menger
system A;. Then e=a...as, f=s,...s,a for some s;, ..., 8,€A4,, s€A;, m, kel and
e...eca=a...af=a by Lemma 1. Denote b=f...f(s...se). Now a..ab=a...a(f...
...f(s...se))z(a...af)...(a...af)(s...se)=a...a(s...se)z(a...as)...(a...as)ez
=e...ce=c¢, b...ba:(f...f(s...Se))...(f...f(s...se))azf...f((s...se)...(s...se))az
=f..f(s5...5(e...ea))=f..f(5...50)=(Sy ... 5,@) ... (81...5,0) (S ...50) = 5 ...
...s,,((a...as)...(a...as)a):sl...s,,(e...ea)zsl...s,,a=ﬁ Hence a...a(b...ba)=a...
..af=a,b...b(a...ab)=b...be=(f...f(s...5€))...(f...f(5...5€))e=f"..

. f(s...s(e...ee))=f...f(s...se)=b, ie. a,b are mutually inverses. From b...be=
—b, a...ab=e follows (e,b)c¥, from b...ba=f, f...fb=>b follows (b,[)EX.

On the other hand, let a, b be inverses, a...a(b...ba)=a, b...b(a...ab)=b.
Then elements e=a...ab, f=b...ba -are idempotens such that a...af=a, b...
...be=b. Hence (a,f)€Z, (b, e)cA. Furthermore, a=(a...ab)...(a...abla=e...
...ea, b=(b...ba)...(b...ba)b=f...fb, therefore (a, e)c X, (b,/)EZL. Consequently,
e€R(a) nL(b), f€L(a) nR(D).

Theorem 6. Let a, b be elements of a subsystem B; of a Menger system Aj,
IcJ. If the element b is weakly regular in By, then a= b in By if and only if a=b
in Aj. '

Proof. 1t is obvious that from a=,b in B, follows a=,b in 4;, so we have
to prove the contrary.

Let a€B,, béB, and a=.b in Ay, ie. a=1...1,,b for some 1, ..., 1,€4,.
Since b is weakly regular in By, there exists an idempotent e€Bj, k€J such that
(e, )€ #. From here b= ein By andsince a=b,a=ein A;. From here a...ae=a
by Lemma l.

Since (e, b))%, e=z,...z,,b for some zi, ..., z,EB,. Therefore (a...azy)...

.(a...az,)b=a...a(z;...z,b)=a...ae=a, ie. a=.;b in B;.

By the definition (a,b)€% if and only if a=,b and b=,a. Consequently,

from the above theorem follows
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Corollary. If an element b is weakly regular in a subsystem By of a Menger
system Ay, then Lg(b)=L4(b) "(ByXBy), where L (b), Ly(b) are the L-classes of
the element b in systems Ay, By respectively. Consequently, if a subsystem B; of a
Menger system Ay is weakly regular, $y=%, "(B; X By), where %, ¥y are L-equiv-
alences in systems Ay, By respectively. In particular, £, o5 =%, p O(0n(M)X@,(M))
Jor every natural number n.

Theorem 7. Let a, b be elements of a Menger system Ay, a=b. If a is weakly
regular, for every idempotent e€L(b) there exists an idempotent f¢L(a) such that
S=ne.

Proof. Let ac€A,, b€A,, a=.b and let e€A; be an idempotent from L(b).
Since a=.b, a=t,...t,b for some ¢, ...,1,€A4,. Since ecL(b), e=z,...z,,b for
some zj, ..., z,€A; and b...be=b. From a=;b, b=,e follows a= e, hence
a...ae=a by Lemma 1.

Since a is weakly regular, a=a...a(x;...x,a) for some x,, ..., x,€4, k€I and
the element ¢’=x;...x,a is idempotent, ¢’=,a. From a= e follows ¢ = e, hence
¢...ee=e’. Denote e...ee’=f. Then f..ff=(e...ec’)...(e...e’)(e...ec’)=e...
ce((eee)..(¢...ee)e)=¢...e(¢...e’e’)=e...ce’=f, ie. f is idempotent. By
the definition f=ge. Since f= ¢, also f=,e. Hence f=pe. From ¢'...e'f=
=e'...e'(e...ee’)=(e’...e"¢)...(e"...e"e)¢’=¢...e’¢’=¢’ follows that ¢'=;f. Now
from fc=,e it follows that (f, e )€ and since ¢ €L(a), also that f€L(a).

A Menger system A; is called group-like [4] if the only left ideal of A, is A, itself
and the only right ideals of A; are A;=J,¢; 4,, JCL

For every mcl, ac4,, theset {x...xalx€A,,n€I} is a left ideal of the Menger
system A;. Similarly, for every n, m€l, ac A, the set {a...ax|x€A4,,} is a right ideal
of the Menger system 4;. Since every ideal contains ideals of that kind, the above
definition is equivalent to the following: a Menger system A; is group-like, if
(4) for every acAd,, beA,, n,mcl there exists x€ A, such that x...xa=b
and
(5) for every a,b€A,, nel there exists y€A, such that a...ay=b.

From (4) it follows that b=, a for every a, b€ A4; and because of (5) b=ra
for every a,b€A,, ncl. Consequently, all elements in group-like Menger system
Ay are Z-equivalent and all elements from every A, are Z-equivalent (therefore also
H-equivalent).

Theorem 8. A4 Menger system Aj is group-like if and only if every A,, n€l
is weakly regular and contains exactly one idempotent.

Proof. From (1) it follows that in every Menger system A; the defined by
ab=a..ab, acAd,, becd,, n,mecl

binary operation - is associative. If A; is group-like, by (4), (5) every {4,, -} is
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group, hence contains exactly one idempotent — the identity element é". From (4),
(5) it also follows that every 4, is weakly regular (in fact, even regular).

On the other hand, let every subsystem A,, n€l of a Menger system 4; be
weakly regular and contain idempotent ¢". Consequently for every a€4,, nel
a...ac"=a and €"=x;...x,a forsome Xxi, ..., x,€4,. Take b€A,,, mel arbitrary.
Since e™...¢"acA,,, €¢"=z,...z,(€"...e"a) for some z,...,z,€4,. Therefore,
b:b...bem=b...b(zl...zm(em...e”'a))z(b...b(zl...zme"’))...(b...b(zl...zme’”))a and
for x=b...b(z;...z,,¢") (4) holds.

Let a€A,, n€l. Take x€A4, such that x..xa=e". Then a=a...ae"=a...
w.a(x...xa) and (@...ax)...(a...ax)(a...ax)=a...a(x...x(a...ax))=a...
...a((x...xa)...(x...xa)x):(a...a(x...xa))...(a...a(x...xa)x=a...ax, ie. the ele-
ment a...ax is an idempotent. Hence a...ax=e". For arbitrary b4,
a..a(x...xb)=(a...ax)...(a...ax)b=¢"...e"b=>b, ie. for y=x...xb (5) holds also.

For every idempotent e of a semigroup S there is uniquely defined a maximal
subgroup of the semigroup S, containing e as identity. This will be the set H (e) [1].
In a Menger system A; too with a set {¢¥, k€JCI} of idempotents, all from one
P-class and each from different A, is connected some group-like subsystem of A;.
For instance, such will be the set {¢*, k€J} itself, since from (¢, e)c & follows
&...éet=¢ for every k,lcJ. However, there need not exist maximal group-like
subsystems, even for only one idempotent.

For example, let the set M={1, 2, 3}. Define functions e, a, b, c€py(M) by

(xy)e (xy)a (xy)b (xy)c

=
<

W W W =N
N W — W NN =
W WD~ =
N R L L) W W) = b
Q) LI = = = NN
—_— =0 W) W W NN

Functions e, a, b, ¢ have all the same range, equal to M. Hence they are all
-equivalent. They also have the same partition t (classes of 7 are {1, @2n},
{(22), (12), (23), (3D}, {(33), (32)}). Thus they all are Z-equivalent, and therefore
A -equivalent also. The sets {e, a} and {e, b} are group-like subsystems of the system
@5(M), containing an idempotent e. However, e, a, b cannot belong together to
any group-like subsystem, since (xy)(abe)=2 for every x,y€M, ie. the range
of the function abe is {2} and (e, abe) ¢ &. Moreover, the element c€H(e) cannot
belong to any group-like system either, since (xy)(ece)=2 for every x, yEM.

For further investigation of group-like subsystems we quote some results
from [3].
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Let a,b A, be elements from #-class H of a Menger system A;. Let s, ...
> 8,€A4,, t€A,, be such that s,...5,a=b, a...at=>b (because of (a, b)c# such
clements exist). Then all mappings x—s,...5,x, x€H (for every (a, )€ #) form a
simple transitive group A (H) of permutations of the set H. Similarly all mappings
y—y...yt, yeH also form a simple transitive group I'(H) of permutations of H.
The groups A(H), I'(H) are anti-isomorphic. If H’ is another #-class from the
containing H P-class D, the groups I' (H) and I' (H’) are isomorphic. Therefore the
groups I'(H), HC D are all isomorphic to some group G,. Call G, the Schiitzen-
berger group of D.

If #'-class H contains an idempotent, {H, -} is a group isomorphic to the
group Gp. The corresponding isomorphism nm: H—Gp, may be considered as the
right regular representation of H.

Let H’ be another containing idempotent f* #-class from D. The mapping
Tap: X~>(X)Typ-=f"...f’x, x€H is an isomorphism from the group {H, -} to the
group {H’, -}. Furthermore,

(6) Taa' Ty = Ty
and Ty, Ty g 1s the identity mapping on the set H.

Let H be containing idempotent f #-class from #-class L. Define for every
idempotent e€L, e€ A, a partial (n—1)-place function &,: H" '-H by

fay...a,_qe, if fa,...a,_jecH
undefined otherwise.

b=

Here a,....a,_{€H.

Lemma 2. Let H, H' be #-classes from ¥-class L. Let e, f.f €L be idem-

potents, feH, f'c¢H’. Let a,€H, b= (a)THH,EH’, i=1,...,n—1. Then fa,...

.a,_1e€H if and only if f'by...by_1e€H and if fa,..a,_€H then
(fay...a,- 1)THH =f"by...b,_se.

Proof. Let fa,...a, jecH for some ay,...,a,_1€H. Then f’b;...b,_,e=
_f/((al)THH') ((a,- 1)THH')3 (f' OIS fra) . (f g ay_e=f"...
S (fay e ayy@)=(fay...a, 1)ty €H' (here S S f=f" because of (f,1)€2).
So from fa1 a,_1ecH follows f by...b,_1ecH’.
On the other hand, let f”b,...b,_e€ H'. Since Ty Tyy is the identity mapping
on H, (b)tgg=a; for every i=1,...,n—1. Now fa,...a,_ le—f((bl)tH,H)
(- 1)1H m)e=(f o SV S oofb) o ([ Sy e=f .. f(f'by...b,_ye)=
_(fb b,_10)Ty€H.
By the last lemma the function @, does not depend essentially on the choice
of the s#-class H from its #-class L and can be considered as (depending on L)a
function WL on the group Gy, defined by

@) Yiay...a,-1) = (Qe((al)nﬁl (an—l)”ﬁl))ﬂli
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where aj, ..., a,-1€Gp and H is an arbitrary #-class from L”=L(e)), containing
an idempotent. : :

Theorem 8. Let By=J,cs B,, B,C A, be a subset of a Menger system Ay,
JcI. The set By is group-like subsystem of Aj if and only if 1)—3) hold:

1) Bj belongs to one L-class L of Ay (thus also to one 9D-class D)

2) for every B, there exists containing an idempotent " # -class H, of A; such
that B,CH,

3) there exists subgroup G of the Schiitzenberger group Gy, such that if we denote
g =T, Y=Y, then for every ncJ

3.1 (B)m,=G

3.2 the function ¥, is everywhere defined on G and G is closed under ¥, .

Proof. Let B;=J,c; B, be a group-like subsystem of a Menger system A,
B,cA,, JcI. As mentioned above, & consists of one Zy-class, every B, forms
one #y-class and every B, contains an idempotent e". Hence B, belongs also to
one Z,-class L (and thus to one @,-class D), every B, is contained in some J#,-class
H, and idempotent ¢" belongs to H,.

Since B, is subsystem of A, e"a,...a,_,¢"€B, for every ay,...,a,_(€B,.
Thus @,(a;...a,_1)=¢€"a;...a,_, " is always defined on B,. By (7) ¥, is then also
always defined on the set (B,)m, and the last set is closed for ¥,. By (4), (5) {B,, *}
is a group. Since this group is a subgroup of the group {H,, -}, (B,)7, is a sub-
group of the group G,. By (6) for every a€ B, (@) 7, =(a) Tym = (@) Ty) 7t < (By) T
ie. (B)n,=(B,)7,. Similarly (B,)=n,<(B,)n,. Thus (B)n,=(B,)n, for every
n,meJ.

On the other hand, suppose 1)-—3) hold for the subset B;=J,.; B,,
B,cA,, JCI.

Since (B,)m,=G is a group and =, is an isomorphism, {B,, - } is also a group.
Let ¢" be its identity. Clearly ¢" is an idempotent, and from B,c H, follows that
" is the idempotent from H, and the functions t,,,, 7, are defined for every n, meJ.

Since " is the identity of the group B,, ¢"-x=x.¢e"=x for every x€B,. By 1)
(e", €M e for every n,meJ, thus e"-e"=¢€"...e"e"=¢"

Denote for arbitrary a€B,, n,meJ a(m)=((a)n,) 7%, a~ (m)=(((@)7,) V)7, "
Clearly a(n)=a, denote similarly a~*(n)=a™?.

By (6) tu,m,=m, for every n,méJ. Hence (m,) '=(1,,7n,) '=n,"'1,, and
for every y€B, y=(0)m)n, =N =" " ((Mn,)m, )=y (n).
Thus for arbitrary Xy, ..., X, €A, X1... %,y =(x1+ € (xy - (x7 1+ x)) .. (30 + (x7 o X)) *
(€ y(m)=x;+(e"(x7'+ xy)...(xT 1+ x,,)€") - y(n). Denote the last expression by
w, (x7'ex;i)m,=a;, i=1,...,n—1. Then by (7) e"(x7'+xy)...(x7 - x,)e"=
=@, ((x;-x9)...(x7  x,))=(¥p(ay...a,-)))7; * and by 3.2 ¥, (ay...a,-1)€G is de-
fined. Since , is isomorphism, w=W)m,m, *=((x;*(¥p(@; ... ay-1)) 7, v () 7,7, "=
=((x1)775n . (Tm (a... an—l)) [y A (J’ (n))“n) 7"5;12((3‘1) T+ Y@y ay—y)+ (y(n))ﬂn)nn_l-
Now (x)7,, ¥p(a;...a,-4), (y(n))7,€G and G is subgroup of the group G,. Con-



178

J. HENNO

sequently, (x)7, - ¥,,(ay...a, 1) - (¥(1)7,) € G als0. S0 x;... x,,y=((xp)7, - ¥,(ay...a,_1) -
‘(y(mm,))n; €B,. Thus B, is a subsystem of the Menger system A;.

For every a¢B,, beB, (b-a™)..(b-aYa=b-(a'...ala)=b-(a'-a)=

=b-e"=b, ie. (4) holds for B;. Similarly, for every a, b¢B, a...a(a1-b)=
=a-(@t-b) at-a-b=e"-b=b, ie. (5) holds also. Thus the subsystem B, is
group-like.
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