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A NOTE O}.{ HURWITZ'S ZETA-FUI{CTION

R. BALASUBRAMANIAN

The aim of this paper is to prove an asymptotic formula for the mean square

of Hurwitz's zeta-function, defined by

((s; a):,å# in Res=1

and its analytic continuation in Re s = 
I . The result is as follows :

Theorem. If (r(s; a)-((s; a)-lla', then fo, t>3A,

This improves the result of Koksma and Lekkerkerker [2] which states that

It is very likely that the error term O (log log l) of the theorem can be improved.

A modification of our proof gives an asymptotic formula for )rlL(s,X)l',
which improves a theorem of Gallagher [] in some range of t. It will form the subject

matter of another paper.

We prove the theorem by establishing six lemmas.

Lemma l. We haue

I

hO12+it, o) : ,år,T;Frfr * o(t-trz1,

where T is the nearest integer to t.

Froof. This is well known.

! l(' ( t 12 + it, a)l' do - loe t + o(log log r).

{ l(r( t lz+ it, a)l' do - o(log r).
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Lem ma 2. We haue

1

I l('(ll2+it,a)lzdu - log t+o(U, *Jr*Jr-J4-J5-l'D +o(1),

where 
o

Jr : Z 
(T-k+l)Lrz(T+l)Lrz e-tt(tosr -k+L)-rog(r+1)) 

.
ksTl/z tk )

rYd2- Z
7t/2 afus,Tu2log3 T

q - k + l)rtz Q + |)ttz e-it(tog(r-ft + 1) - Iog (r+ r))

tk

- ö z-.1
TLtzlogs T <k<T

g - k + l)t t z (T +l)r t z e - it ( loe ( r -,( + 1) - log ( r + r))

' - { (l +k1't'"uros(1+'r)
14-.4

k:l tk '

r - 
1 {'l*t u-rtz«)+k)the-it(tos'o-tos(u+r)) -ru:zå-lff*'

and

.r- - 
| +' i.' (u* k)-Ltzrstlz' e-it(toso-toei.,+t')l rr."o- Z*z__, I 

--tkProof. Using Lemma 1, we have

11

i re,{rrr*,t,a)rzda: ! ,=r, Å-@T#r* @#-,_t da+o(t)

and the terms corresponding to m:n give the main term log r, with an error O(l).
The terms m*n give

! år-r4c*r*@#iFida

:lÅ,,4##da
1

rf s',' I 1

'l 
zJ L-^ @*u)Ltz+it (m*a)r mlr,a^@@dd"

tk
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It is sufficient to consider one of the terms. We obtain

izå@h*o#,-*
1rr-k P I 1

- A 3, J (n+a1't'*i' (n+k+a)trz'

r+17' 'r-k f I: 
å_, Ä J Vutlu*6,,-o du

, -oi,
: S f , I 

,,,,,n-ir(logu-log(o+k))dt)- e J ftz(11afu)rtz"
t 

,-o*,
: -, § ! f ortz111al4)rtzd(e-"(roc'-roc('+'()))- 

*":, kt J

,rt: -, ?-_ rTi lul t 2 (u I k)L t 2 

" 
- it (to s o - to g (o + k) )lr - k + r

T 1 T'k+l
*, r4T; { 

(Olz)u-'r'(u+k)ttz+(112)Q:+k1-rrzurr\e-it(rozu-tos'(o+k)') dt)

: - i(Jt* Jz+ JB- JL- Ju- J).

This proves the lemma.

Lemma 3. If JL and J, are as defined in Lemma2, then,

Ja: O(l), Jz: O(loglogT).
Proof. Trivial.

Lemma 4. If J5 and Ju are as defined in Lemma2, then

Js : O(l), Ja: O(l)'

Proof. The result follows, using Lemma 4.3 (p.61) of Titchmarsh [3].

Lemma 5. If L is as defined in Lemma2, then Jr:O(l).

Proof.In,tr, log Q-k+l)-log (7+1) can be replaced by -klQ+ l) with

a small error. Hence

J r : Z. 
(T-k+l)tt2(T+ l)rtz' ei'a(r +r) 

+o(l).
k=I'ttl , tu

Since the partial sums of Zkeitktc+L) are bounded, the result follows from

Abel's partial summation formula.
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Lemma 6. If Js is as defined in Lemma2, then

Ja: O(l).

Proof. We apply Theorem 5.9 (p. 90) of Titchmarsh [3] to get a good bound
for the sums

Z e-ittos'(T -k+t)
x=k=Y

where Y=X; and Ttt2lodlT<X=Tll00, and use Abel's partial summation
formula to prove that

t (T - k + l)tlz (T + l)tlz e-it (tos'(r -k+L) -tos(r +t))
.4-t.frtzlogtT<k=Tlt0D IK

is O(1). We observe that

z
T/100<k=T

g - k + l)rtz (T + l)ttz e-it(loe (r-k+ r) - log (r+ 1))

tk

is O(l). This proves the lemma.

The theorem follows from Lemmas 2 to 6.
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