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ON OPTIMIZED INEQUALITIES IN CONNECTION
WITH COEFFICIENT BODIES
OF BOUNDED UNIVALENT FUNCTIONS

OLLI TAMMI

I. The first coefficient body

1. Introduction. We shall consider the class S(b) of functions f which are
bounded and univalent in the unit disc U and satisfy the normalization conditions
If@|=<1, f(0)=0, f’(0)=>0. Then

9] f(z) = bz+byz2+ ...,

where 0<b=1. We set b,/b=a,, n=2,..., and a,=1.

The first coefficient body (a,, a;) for S(b)-functions is characterized with the
aid of the variational method in [1]. In [3] the resulting differential equation is used
in showing that the question of finding boundary functions f leads to the problem:

) max Re (6 +2x,a,), 6 =as—aj,

where x, is a complex parameter.

In [2] this question is studied in that subclass of S(b) which consists of Lowner-
functions. Thus, the inequalities obtained are directly applicable to the entire class
S(b), but the uniqueness of extremum functions is left open by this method. If the
resulting inequalities are optimized with respect to the free parameters they char-
acterize the coefficient body (a,, a;) completely.

In the present paper we shall continue operating with Lowner-functions. We
want to compare the optimized inequality mentioned above with an inequality
obtained in an entirely different manner, namely by maximizing a proper functional
under the side condition a,=constant. It appears that both methods lead to the
same result. This remains to hold also for the next coefficient body (a,, a5, a,). Thus,
the parallelism found seems to be independent of the index. Checking this by aid
of direct calculations would be laborious.
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2. The sharp inequality for Re (6 +2x,a,).

Let
u—x(u) =™, uclb, 1],

be the generating function of Lowner-functions; % is supposed to be piecewise con-
tinuous. For the first coefficients we have

1 1
a2=—2fxdu, 5=a3—a§=—2fux2du.
b b

We consider the combination

1
3) 0+2x08y =—2 [ (un®+2x0%) du
b

and vary this by replacing § by 3 so that
J@w) = () +en(u).
Here 7 is of the same type as 3 and ¢ is a small real number. Because
) % = x+iexn+0(e2)
we have for (3)

1
8 4+2x,d, = 042x,a,—4ei f (U +x,%)n du+ 0 (%).
b

The freedom of 5 allows to extract from this the following necessary condition for
» to be extremal with respect to the problem (2):

5) Im (ux®+x,%) = 0.

Let us write this in two equivalent forms:

(6) u(®—x" )+ xx—Xex" 1 =0,

@) usin29—C;sin3—Cycos3 =0, C=—x5= C;+iC,.

Observe that integration of (5) over [b, 1] shows that in the extremum case
®) Im (6 + x,a,) = 0.

From this onwards we shall keep a, constant in the inequality found:

1
99 Red=2C,Reay,—2C,Ima,+4 f [—% c0s 29,+C; cos 3,—C, sin .90] du
b
=M(C,,Cy) =M.

Here 3, is the extremum function determined by (7):

39 = 99(u, Cy, Cy).



On optimized inequalities in connection with coefficient bodies of bounded univalent functions 47

3. Optimization with respect to x,. We now optimize the inequality (9) with
respect to x, or with respect to the two parameters C; and C, by requiring that

STM—2R6a2+4f{[usm28 —C,sin 9, — C2C0830] +00890}du—0
1

aM——ZIma+4f1{[ sin 29, — C, sin 9, — C, cos 9] 220 1n9}du
aC, 2 . u 0o~y 0 2 COS ¥y (9C —Ssimv,

Hence, according to (7) the optimizing conditions for the extremal 3, assume the form
1 1
10) Rea,=—2 [ cos§ydu, Ima,=—2 [ sin9,du.
b b
The inequality (9), under these conditions, assumes the form
1
11 Red =—2 [ ucos29,du
b

showing that equality is reached for the extremal 9,.
We may express the result in closed integrated form by aid of the parameters

12 o =—9(b), a=-39,(1).
Condition (7) determines the inverse connection in explicit form (9,=9):

u=u(®= 20059 2sin 9’

which allows the following integrations
1 —a —a
Rea, =—2 f cos S du = C, f cot?23d9—C, f tan 3 d9
b -0 %

= Cy(cota—cotw+o— w)+Cllog cosx

13)
1 —a —a
Ima2=-2‘/sin3du=C2 f cot3d3—C; f tan% 3d9
b - —w

sina
= C,log Sin

+ C,(tano—tan 0 — o+ w).

Condition (7) implies two more connections

(14) bsin20—C;sinw+Cycosw =0, sin 2e— C; sina+ Cycos o = 0.
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These conditions determine C; and C, in « and w which further are determined
by a,. The inequality (11) assumes in these quantities the form

B2t (2 10 SOS Y 9 sin «
(15) Red = 1—-b%2+Cilog Py C:? no

Cy . _, .
—7(sm oa—sin"2w)

— C;Cy(cot w—cot a) —2C;Co (0 —0r).

Clearly, all the results can still be generalized by the rotation 7f(z7*2), [t|=1,
i.e. instead of a, and § we may put t"'a, and 1726 in the above conditions. The
parameter t has a geometrical meaning in connection with the extremum domain [3].

4. Maximizing Re § with the side condition a,=c. In Lowner’s class we may
specialize » as a step-function
x=x,=e% x€Xx,_1,x); v=L1L..,N; xo=b, xy=1

This gives us

N N
0= _12' (x%_xe—l)%?w as = _212' (xv_xv—l)Kv‘

Consider the problem of maximizing Re § with the side condition a,=c=constant.
This implies introducing the functional F with a Lagrange multiplier 4:

16
(16) N N
F=Re{6+24(a;—c)} = Re {—2’ (2—x2_)x2+2A (—22 (xv—xv_l)%v—c]},
where

N
c==2 > (x,—x,-D%,.
1

Thus the necessary extremum conditions for » are

oF
99,

The limit process N—< hence gives to the necessary conditions the form

==2i[(x2 —x2_) (e — 57D +2(x,—x, 1) (e, — A 1)] = 0.

1
17 u(t—x%")+An—Ix"1 =0, —Zf »xdu = c,
b

i.e. we are led to the previous conditions (6) and (10).
As was seen, the problem

max Red, a, = constant,

is solved by the same necessary conditions which were met with in connection with
the sharp estimate Re (§+2x,a,) having an optimized parameter x,. We want
to show that a similar situation remains to hold for the next coefficient body, too.
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II. The second coefficient body

1. The sharp optimized inequality. The Léwner-coefficients satisfy the following
identity

1
18) Oy +228,+pay =—2 [ [42+(u—2?)x] du.
b
Here

13
0y = a;—2a,a5+ ﬁag,
3 1 1
6, = aa—zaﬁ =2 f x(f zdu—ux] du,
b u

1
A =320, « =f wdv—ux—2A.
u

In the special case p=A? this identity was introduced by 0. Jokinen who pointed
out that the second Power inequality is a direct consequence of it.
Let us keep A and u free complex parameters and consider the problem

1
(19) max Re (6,426, + ua,) = max [—2 f Re {42+ (u—1%) %} du] .
b

Again, we derive the necessary extremum condition for x» by using step functions.
Thus, we consider the functional

1 N
G = [ [+ (i) du = 3 143+(—29%)4,,

where
Av =Xy—Xy-15 Av = kyzd‘,.
Because
0 oG 0 . 0
33k Re G = Re 3\9k N ask = l%kg;zk—,
we have
a N 2 s x 2 2
9, 12’ A4, = id, (Z%k —21 aﬂ%”A”+akxk—2xkak%k) .
y=

Hence, the following necessary extremum conditions hold:

L Re-? St
0) 7 Regg 2 1A= 1] 4,

k
= —Im {2xk > a”%#Au+a,%%k—2x,‘akx§+(,u-—12)xk} = 0.
u=1
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The limit process gives the integral form for the necessary condition:

@1 Im {2% [ ax du+a2x—2ua%2+(p—,12)x} =0,
b
where
1
o =/ xdv—ux— A.

u

Inserting the expression of «, the result assumes the form
2 1

22) Im{%(fxdu)—4u%2f xdvo—2x fuxzdv
b

b u

1
+3us®—2xn f %du+4}tux2+y%} =0.
b

Integration of this over [b, 1] yields in the extremum case
(23) Im (36,4440, +puay) = 0.

We may, of course, use also the variation (4) of s, which gives us a variational
formula (8= [%xndv—uxn):

[ 1B+ @—i# du— [ [4*+(u—1?)x] du

b b

1
= ie [ [2apu+a2un+(u—212)n] du+0(e)
b

1 1 u
= ig f [2% f omdu—i—2xf ozxdv—Zozu%2+a2%+(u—/12)u] ndu+ 0 (?).
b b 1
Hence, the factor of  gives again the necessary condition (21) for that » which is
an extremal for the problem (19).
Observe that in the conditions (18) we differentiate with respect to 9, in the sum.

In the integral form this means differentiation with respect to § for a fixed u. Thus,
we may write the necessary condition (21) in the equivalent form

(9 2 2 2 —_
(24 3_9! Re {42+ (u—2A)»}du = 0.
The problem (19) introduces the following sharp inequality:
1
(25) Re §, = —2Re (46,)—Re (nay) —2 f Re {42+ (u—2?}, du
b

= My, Ao, Ma, o) = M;
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where
A=Atiks, p=ptips.
Here { }, is determined by x=x, obtained as solution of (19) or of the equivalent
form (24). In M we consider §, and a, to be given fixed numbers and 3,, determined
by (24), to be a function
8o = (s Ay, A9y py, Ho)-

The inequality (25) is now optimized with respect to the parameters. First we

determine by using (24)

1
M oM _ 5 5, O ST 9%
R i R 2390] Re {dt+ (u—2) o du 5

. o
9 F)
_bf [-&-A2—21x+(3—;:A2—21x)]du

=_51—51—bf1 [ 2= 20t 42— 23]

Here

3 2 j— 1/2 — ( : ]
37A =2 =24 (— %12 —2A% = —2x B/%dv—ux

and thus, according to (18),
oM
0l
where &) is determined by x,. Hence, the optimizing condition AM/01,=0
implies that

=—2Red;+2Redl,

(26) Red, = Re 8.
Similarly
1
oM oM 1. . D ) . 99,
3#1 = 3” =] 2((12 ag)——Z?)—g(-)—b/ RC{A +(,u_/1)%}0dua—l't1'

1
—f(x—l-a?)du =—Rea,+ Real,
b

i.e. the condition 9M/du,=0 implies that

27 Rea, = Red).

Corresponding calculations show that the conditions dM/0A,=0 and OM/du,=0
yield

(28) Imé; = Imé?

and

29) Ima, = Imal.
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Altogether, we are led to the optimizing conditions (26)—(29) which are similar to
those in (10).

2. Maximizing Re §, with the side conditions J, =c;, a;=c,. The above results
clearly suggest repeating the procedure of Section I.4. We have to find a necessary
condition for » maximizing Re §, with the side conditions &;=c;=constant and
a,=c,=constant. Again, let us introduce the functional

(30) H = Re {0,+2A(0;—cy) +p(as—co)}
= Re {0,+248, + pa,}— Re (2A¢; + pcy).

Because the second part of this expression is a constant, we obtain the same neces-
sary extremum condition (21) as in the previous problem of Section I.4. The side
conditions are actually those of (26)—(29).

Hence we have checked that also in the present case the proper optimized
inequality and the corresponding extremum problem with side conditions do agree.

In Section I.3 the equality case, corresponding to the boundary function of
the coefficient body, was parametrized by using integrated equations and two para-
meters « and . In the present case integration in closed form is no more possible.
However, also here the problem can be considered to be parametrized in « and u.
The generating function » belonging to these parameters is determined by (22)
and the side conditions (26)—(29). The corresponding optimized inequality

Red, = Red)

gives the range of §,. Observe finally that as before, we can add a normalizing para-
meter 7 by aid of the rotation zf(z71z).

References

[1] CuARZYNsKI, Z., and W. JaNowskl: Domaine de variation des coefficients 4, et 45 des fonc-
tions univalentes et bornées. - Bull. Soc. Sci. Lettres £.6dz, 10 no. 4, 1959, 1—29.

[2] HaariO, H., and O. JOKINEN: On the use of Lowner’s functions for finding inequalities for
the first coefficient body of bounded univalent functions. - Reports of the Dept.
of Mathematics, University of Helsinki, Ser. A No. 14, 1977, 1—13.

[3] Tammy, O.: Extremum problems for bounded univalent functions. - Lecture Notes in Math-
ematics 646, Springer-Verlag, Berlin—Heidelberg—New York, 1978.

University of Helsinki
Department of Mathematics
SF-00100 Helsinki 10
Finland

Received 17 March 1978



