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AN EXTENSION THEOREM FOR MEROMORPHIC
FUNCTIONS OF SEVERAL VARIABLES

JUHANI RIIHENTAUS

1. Introduction

1.1. Shiffman [4, Lemma 3] has obtained the following result concerning remov-
able singularities of analytic functions of several complex variables.

Let G be a domain of C". Let ECG be closed in G and of zero (2n—2)-dimen-
sional Hausdorff measure. Then each function f analytic in G\ E has a unique
analytic extension to G.

Harvey—Polking [2, Remark after Theorem 1.1] announces that in view of
the fact that the envelope of meromorphy is the same as the envelope of holomorphy
the above result of Shiffman implies a similar result for meromorphic functions.

In [3, Theorem 3.5] Shiffman’s result is generalized in the following way.

Let G be a domain of C". Let EC G be closed in G and of o-finite (2n—1)-
dimensional Hausdorff measure. Let E,CE (not necessarily closed in G) be of
zero (2n—2)-dimensional Hausdorff measure. Let f: G\ E,—~C be a continuous
function such that f is analytic in G\ E. Then f has a unique analytic extension
to G.

The purpose of this paper is to give a generalization to the above result of
Harvey—Polking. Our generalization (Theorem 3.1 below) is analogous to the above
generalization of Shiffman’s result.

Our method of proof is to use our result above, Federer’s and Shiffman’s
measure theoretic results and Levi’s extension theorem.

1.2. We use mainly the same notation and terminology as in [3]. Moreover,
the following notation is used.

Besides C with its usual euclidean metric we also consider its one point com-
pactification C*=C u{e} with the spherical metric:
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1
g(a, =) = W’

when a, b€C. The metric g defines in C its usual euclidean topology.

Let D be a subset of C". A function f: D->C* is said to be spherically con-
tinuous if it is continuous when C* is equipped with the spherical metric g. Recall
that a function f: D—C is spherically continuous if and only if it is continuous.

For the theory of analytic and meromorphic functions of several complex vari-
ables we refer to [6]. However, for the sake of completeness we recall here the follow-
ing facts.

Let G be a domain of C". Let f be a function meromorphic in G. Then there is
N(f)cG closedin Gand I(f)c N(f) closed in G such that f'is analyticin G\N(f)
and has a spherically continuous extension to G\J( f). Moreover, N(f) is of g-finite
(2n—2)-dimensional Hausdorff measure and I(f) is of o-finite (2n—4)-dimensional
Hausdorff measure (see e.g. [5, pp. 13—15]).

2. Lemmas

We begin with the following result due to Federer [1] and Shiffman; see [4, Cor-
ollary 4 and Lemma 2].

2.1. Lemma. Let A be a Borel subset of C". Let o be an arbitrary non-negative
number and let k be an integer such that 0=k=n—1.

(1) If H*™ *(A)<o .., then H'(Anp~{x}) <o for H* *-almost all xcC"*.

(2) If H*™ *(A)=0, then Anp~t{x}=0 for H* *-almost all xcC" .

(3) If acC", a=0 and H***(A4)=0, then there is a complex (n—k)-plane P
through the point a such that H*(4A n P)=0.

We recall that for an arbitrary set BC C", H°(B) is the number of points
of B.

Next we give the properties of analytic and meromorphic functions we need in
Section 3. For the first lemma see [3, Theorem 3.5].

2.2. Lemma. Let G be a domain of C". Let ECG be closed in G and let
H* YE)<o_. Let E,CE be such that H™ *(E)=0. Let f: G\E,~C be a
continuous function such that f|G\E is analytic. Then there is a unique analytic func-
tion f*: G—~C such that

S *[G\E1 =f.

The next lemma is an adaptation of Lemma 2.2 in the case n=1.

2.3. Lemma. Let G be a domain of C. Let ECG be closed in G and let
HY(E)<o,_. Let f: GN\E—~C be an analytic function such that f has a spheri-
cally continuous extension f*: G—~C*. Then f* is meromorphic in G.
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Proof. If zy,€G and f*(zy)#o>, Lemma 2.2 implies that f* is analytic in a
neighborhood of z,. If f*(zg)=cc, it similarly follows that 1/f* is analytic in a
neighborhood of z,.

Our last lemma is Levi’s extension theorem for meromorphic functions. See e.g.
[2, Theorem 2.1 (b)].

2.4. Lemma. Let zy=(X,; o) €C" have a neighborhood D"(zy, r)=D"""(x,, s) X
B2(yy, t). Let t" be such that 0<t’<t. Let f: D" (x,, ) X(B2(3, O\B* (3o, '))~C
be an analytic function such that for H®*-almost all x€D"'(x,, s) the analytic
Sunction g.: B*(yo, )\B*(»o, t')~C,

g:(») =f(x; »),

has a meromorphic extension to B2(y,, t). Then f has a unique meromorphic extension
to D"(z,, r).

3. Singularities

The next theorem is the result of this paper. It is an analogue of [3, Theo-
rem 3.5 (Lemma 2.2 above)] for meromorphic functions. However, we formulate it
for analytic functions.

3.1. Theorem. Let G be a domain of C". Let ECG be closed in G and let
H* Y(E)<o,,. Let E,CE be such that H™ 2(E;)=0. Let f: GN\E,~C* be a
spherically continuous function such that fIGN\E is analytic. Then f|G\E has a
unique meromorphic extension to G.

Proof. Since H* '(E)<o_,, int E=0. Hence it is sufficient to show that each
point z,€E has a neighborhood U, in G such that f |U,\E has a meromorphic
extension to U, . Let z,€E be arbitrarily given.

We first consider the case z,€ E\E;. Suppose first that f(z,)#<. Using the
spherical continuity of f at the point z, and Lemma 2.2 we find a neighborhood
U,, of z in G such that f| U, \E has a unique analytic extension g*: U,C~.

If f(z))=-ce, it similarly follows that there is a neighborhood U, of zyin G
such that 1/f{U,\E has a unique analytic extension h: U, ~C. Therefore
h*=1/h: U, ~C* gives the desired meromorphic extension of fIU,\E to
U,,- Moreover, h* is spherically continuous.

To treat the case zo=1(xy; yo)€E,; we proceed as follows.

Denote

2€EENE,



148 JUHANI RITHENTAUS

where U, is as above. Then E/CG is closed in G. Since E;CE,, H" *(E])=0.
Define f*: G\\E,~C*,

g"(z) when zeU, forsome zj€ ENE; such that f(z;) #eo,
f*(@2) = h*(z2) when z€U, forsome zj€ ENE; such that f(zf)=co,
f(2) when z€G\|E.

Since int E=0, f* is well defined. Moreover, f* is meromorphic and spherically
continuous. Therefore there is a set N(f*)CG\E, closed in G\E, such that
H* *(N(f*)<o. and f*[(G\E)\N(f*) is analytic. Denote E; =E] U N(f*).
Then ECG is closed in G and H* *(E])<o_.. By Lemma 2.1 (3) there is a
complex plane P through the point z, such that H'(E; n P)=0. Rotating the coor-
dinate system, if necessary, we may assume P={x,}XC.

Since H(E{ n ({x,}XC))=0, there is t>0 such that {x,}}B*(y,,#)cG and
{xo} X S (9, )T GN\E; . Since {xo}X S (y,,) is compact in G\E, and E, is
closed in G, there are s=(ry, ..., r,_y), r;=0, j=1, ...,n—1, and t;, t,, O<t,<t<t,,
such that D""'(xo, 5) X B*(yy, £)CG and D" (x,, 5) X (B2 (¥, t)\B2(yy, 1))
G\E,. Hence f*|D""(xy, $)X(B?(¥o, 2)\B2(3y, 1,)) is analytic.

Denote

B, = {xEDn_l(xm SIH(({x} X B2(9o5 1)) O N(fY) < O'oo},
B, = {xEDn—l(xo’ S)I({x}sz(J’o, ) NE{ = ﬂ},
B=B,nNnB,.

By Lemma 2.1 (1) and (2), H**(D""*(x,, s)\B)=0. For each x¢B denote

E,(x) = {y€ B2(y,, )| (x; EN(fH}

Then E,(x)C B*(yq, t,) is closed in B(y,, t,) and H°(E,(x))<o.. For each x€B
define g.: B%(y,, t)—C™,
& =f*(x; ).

Then g, is spherically continuous and g.|B?(y,, t,)\E, (x) is analytic. By Lemma 2.3
g.. is meromorphic.

By Lemma 2.4 f*[D"'(xy, s)X(B?(yo, 1)\B2(yo, #;)) has a unique mero-
morphic extension to D"~'(x,, )X B2(y,, t5), which concludes the proof.

3.2. Corollary. Let G be a domain of C". Let ECG be closed in G and let
H*"*(E)=0. Let f be meromorphic in GN\E. Then f has a unique meromorphic
extension to G.

Proof. Since f is meromorphic in G\ E, there is a set N(f)CG\E closed
in G\E such that H**(N(f))<o. and fis analytic in (G\E)\N(f). Simi-
larly, there is a set I(f)CN(f) such that H™ *(I(f))=0 and f|(G\NE)\N(f)
has a spherically continuous extension to (G\ E)\J(f). Denote F=FE u N(f) and
F,=EUI(f). Then FCG is closed in G and H* '(F)<o_ . Similarly, F,cF
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and H* %(F,)=0. Moreover, the analytic function f|G\ F has a spherically con-
tinuous extension to G\ F;. Hence the assertion follows from Theorem 3.1.

3.3. Remark. The result of Theorem 3.1 is sharp in the following sense: If
we assume that H>*~%(E))=0, then the condition H* !(E)<oc_ cannot for any
a=>0 be replaced by the condition H?>~'**(E)=0. This can be seen from the
example given in [3, Remark 3.4].

3.4. Remark. The result of Theorem 3.1 is sharp also in the following sense:
If we assume that H* (E)<o_, then the condition H® %(E;)=0 cannot be
replaced by the condition H?~%(E;)<<. This can be seen from the following
example.

The function f: D™\(D""*X {0})~C,

f(2)=e,

is analytic. Here E=E;=D""'X {0} and thus H?*'"?(E;)<<. However, f has no
meromorphic extension to D".
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