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THE FINITE ELEMENT METHOD FOR THE
ELECTRIC FIELD OF' MAXWELL'S BOUNDARY

VALUE PROBLEM IN POLYGONAL DOMAINS OF' PLANE

JUKKA SARANEN

Let O be a bounded polygonal domain in the plane R2. The boundary .l-

is composed of a smooth pafi l, and of the vertices {ar}f . We study a finite ele-

ment approximation process for Maxwell's boundary value problem

-F, )"#0, Ä€R
(0. l)

Here ,E and F are fields over O and n denotes the outer unit normal in the

points of l-0. The above equation is satisfled by an electric fleld in a cylinder-type
infinite spatial domain where the fields are independent of one of the coordinates.

The study of the finite element approximation for Maxwell's boundary value problem

was begun by Saranen in ll2l with a discussion of a more general problem covering
the anisotropic inhomogeneous case in smooth domains. Neittaanmäki and Picard

[10] generalize the discussion to cover the pair {E, H) of the electric field E and

magnetic field 1L As regards the approximation of elliptic equations in the case

of nonsmooth domains with the difference method or with finite elements, see

Laasonen [5], Babu§ka [1] and Babu§ka-Rosenzweig [2]. In these papers a second

order elliptic equation was considered. A general review can be found in Strang-
Fix [16]. The plate equation is discussed in Melzer-Rannacher [9] and Stephan

t151. A useful tool in singular domains is a prior knowledge of the behavior of
the solution in a neighborhood of singular boundary points. A highly signiflcant

- and frequently used - work in this respect is the article of Kondrat'ev [4] on

general elliptic equations. However, the equation (0.1) represents a nonelliptic
system, and the asymptotic of the solution near the corners is not known. This
problem is considered flrst. Our trial subspaces consist of some piecewise linear

continuous flelds to which appropriate singular elements in the corners are added.

Thus, a convergence

(0.2) V-ttzllE - Ehll + llv x (r'-,EL)ll + lldiv (E - Eo)ll

= ch|l Fll+ llv x rll + lldiv Fllr+lla div r'll)

with c:c(,l) is achieved.
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1. Continuous problem

We put the problem (0.1) into the usual variational frame. All the functions
and fields are real valued. The notations used for testflelds, Sobolev spaces and
for square-integrable fields are 9(A)z:919)X9(A), I (O):g; 1Q), Hk(A)z:
HV(O)XHt(Q), L2(Q)2:L2(O)XL2(O). The space .L2(O)2 is endowed with the
scalar product

(EIF) :

with the corresponding norm Il.ll. Similarly the Sobolev-norms ll.ll1 are given
through the components. In H1(Q)2, H'(O) the curl and divergence are given

by YXE:0tEz-0rEr, div E:0rEr+02E2, E€H|(Q)2, yyg:(\2H, -?rH),
H€H|(O). These operations are defined in a weak sense ([6], [7], U8D as well; put

,R(0) - {E€Lr(Q)rl=rr € L2((2): (V xAW) _ (@lrJ for every A€9 ((2)},

and define YXE:Fr, E€R(A), div E:Fz, E€D(O). In ,R(O) the scalar product
(Z'lF),:(VX^E'lVXf)+(Elf) is also used, with the corresponding norm ll.ll,.
The space Ao1g7:g1qrt'tt" characterizes the boundary condition nXElro:O.
The imbedding Ä0(O)c,R(O) is obvious.

1.1. Definition. Let F<D(O). Thefield ,€R0(O)nD(O) is a solution of
the problem (0.1) if
(1.1) (Vx@lVx-E)-),@lE): (@lr)

for euery @€Ro((2).

The theory of existence for this problem is well developed. For example, the
Fredholm property has been proved for a large class of domains ([7], [17]). The
approximation of solution .E will be considered, when the right hand side F
satisfies the auxiliary conditions F€JR(O), div F!H[(A). The latter condition en-
ables an "elliptization" of the problem ([6], [7D. Denote B(a,r):{xllx-al-r},
U1Q):B(ai,r)aQ. In the following the radius r is taken so small that the sets

U,Qr) are disjoint. Write O(r):t211,1?=ruln. The notation C refers to
a generic constant independent on the fields under discussion. fn some cases em-
phasis will be laid on its dependence on .f,, r etc. as C(1) erc.

1.2. Lemma. If E is a solution of (0.1) such that div f'€Il.1(O) then

E(H'z(aO))z and

f z. F dx - 2ru,lF,)
a l':L

(r.2) llu ll z,e(r) = C(r,1)(ll Ell+ll rll +lldiv r,ilr,o).



For

(1.3)

with
yields
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Proof. The equation (1.1) implies divE€Hi@) with div-E:-A-LdivF.
@(,Ro(O) nD(O) we get

(v x olv xE) +(aiv oldiv E) - ),(olB)

: @lF)-).-l(div @ldiv r) : (@lc)

G:F+).-rY div FCLZ(Q)2. For smooth domains oo the equation (1.3)

the regularity E€H2(9r)2 with

co oo

E'(r, E) : ,4ro,(r)r,(d, E*(r, E) : årb"(r) 
w"(E)

E(r, a,(r)u"(E) ö,* b"(r)w*(E) d*

converges in L,(u(Ä)), with

ll Ell,, r, = C(.1) (llEll 0, oo + ll Gll s. s2o),

([8], [11]). The estimate (1.2) follows with a standard smoothing and utilizing the
equivalency of the nonns llEll, and llEll"*r:(llElli+lldiu Ell\t' in R0(Oo)n
D(oo) (71). tr

The behavior of the solution in a neighborhood of a corner ai will be dis-
cussed. The three dimensional case was considered in [13] and [14]. [t is sufficient
to choose aj:O. For some JR>0, 0<a<2n we have t/(Ä):{x€Ol lxl<A}:
{x:x(r,q)10<r<ft,0<q<u), where r, E are the usual polar coordinates. Let
usdevelopthefields E and ,E in t/(R) asfollows. Wewrite E(r,E):p"7r,<p)2,*
Ea(r, cp)er. Since E(LL(U(,R», the relation E'(r, E), Ee(r, <p)(L2((0, a;) trotas
for almost all 0<r=R. Let u,(E),w,(E) denote the orthonormal eigenfunctions
for the Dirichlet and the Neumann problem u"+),u:O in (0,a); a"(q):
/ 2l a sin (n(n I a) q), w,(E) : 1[21 u cos (n(tt I a) E), n= l, w o@) : U /i. The corre-
sponding eigenvalues are i,:(n(rla))2,n>-1,).r:Q. For almost all r the ex-
pansions

(1.4)

hold in L'((0, o()). Because of E(LL(U(R))' it can be verified that

(1.s)

(1.6)

(1.7)

llEll3, r1*y rlbolL dr * r (la.l'+ 
I bnlz) dr.

oo

v
Z-r

tl:O
E): ;

ll:L

ooRzr
-a,fl:L 

O

:i
The field F is similarly developed as

oo oo

F(r, E) : Z o,(r)r,(E) ö,+ Z §"(r)wn(E) ö*.
n:L n:A

The equation (0.1) is considered for a moment in the case where the fields have
no sources, div,E:divF:0. Because of ÅE: -VXVXE+VdivE the equa-
tion AE+).E:-F is distributionally satisfied. The vectorial Laplacian has the
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(distributional) representation

(1.8) 7B : (/E' -r-2 Et -2r-z \EE)e,

*(/Eo -7*z po a2r-20rE')ö,

in polar coordinates, and for the divergence we can calculate the expression

(1.9) div E : 0,E'ar-t 2'*r-L\,pEe.

The equation ÅE: -F-).8, ä€.Ro(O) nD(O) implies

(1.100 a'i +r-t a;-r-L(l a ).*)a,+2r-2 /\b,
= -(anl )"an), n(N,

(1.loii) bi + r-t u;- r-2(l + 1,)b,a2r-2y'T,a,

: -(p,+^b,), n€No : Nu{0}

(define qo:O). The condition div E:0 leads to

(1.11) a'n+r-Lan-r-'y')r,b*: O, n €N.

These equations are distributionally satisfied and the coefficients have the regularity

a,, bne Hl,"«0, A». For the rotation one obtains

(1.12) YxE:0,Ea-r-r0aE',
and therefore

Å-R
(1.13) llvXEllå, r,*t: f rlb'ol'ztlr* 2 f ,lb',-r-r{Ta,l'dr.

i ,:rö

We decompose the solution into a singular part and into another belonging to
H2(O)2. This is carried out by application of Kondrat'ev's method to the differential

equations (1.10) and (1.11). Thus we obtain an appropriate decomposition for
the coefficients a,,b*. The three dimensional case was handled similarly in [14].

Some notations will be needed in the following proof. Denote

L,u : -(u" +3r-, r,/ + r-' (l - ).,)u), n€ N,

(1.14) Snu : -(u" +r-ts'-r-z),,u), ,4€N,

,S6u : - (u" + r-r g' - r-2 u).

Let the spaces W:(R), R>0 be introduced with the norms Il'llr,,(rR) such that

1,rl?,.(R) : .2 i *-^l(*)' u61l'a,
v:0 o"

k
: ) llrd/z-'at,)(r)ll 2(rR),
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liall(R)::llzllo,ur*r, and that wX@l:{u€HL"(o, R)l llalla,(.R)=-}. Further, the
norns ll.llo,",r^,1(R, 

o

ll u ll f ,,, 1;1 (R) : 
"Zo^X- 

" ll rn tz -' uo) (r)ll2 (R)

will be used.

1.3. Theorem. Suppose that u*k(nl2). For the solution E€Ro(O)nD(O)
of (l.l) with F(R(o) nD(o), div F€ä.l(o) in u(R),0<-R0<R the decomposition

E - Z r-t+n(TEtd,) (a!,r,(E) a,+ ö?,w,(E) a*) * öflrö*+W
o-nL=2

with Wcn'(U1Ao))z and with the constants 6i such that

(r.16) llwllz,afi.o*ö3* z 11ap,+ta))
0-r!=z

= c (1) (ll Ell, + ll rll 3 + | 
divr lli)

holds.

Proof. We apply the usual decomposition F:Fo-lFt of the fleld ,F into
a sourcefree part F6 and into another FL€.YH;@); Fr:Ylir (divfl (71).

Here lo denotes the Laplacian with the homogeneous Dirichlet boundary con-
dition defined in D(/o): {u(Hi@)l/u(L,(9\. If the solution E:E|*E1 is

analogously decomposed, Er: -)"-'F, from (l.l) is obtained. Since div F<Hi@)
the equation /ou: - ),-r div ,F implies in t/(ÄJ

(1.1s)

(1.17) Lt : Z n1 ,,f'(n le) ,,r(E) * w ,
n7t

0<-< 2

where w(H'(U(ÅJ) and where

(1.1s) ,,,: 4= f ,'-'rn,'r 5n(4c,)dr.znft {
Further,
(1.19) llwll3,rr".r* Z y7, = C(,1) lldivrllflo

o-!L-z

[4, Lemma 3.2]. In the formula (1.18) z1 is an arbitrary function 4€9(-*,p1
such that q(r)=l in a neighborhood of r:0. The functions cr are the coeffi-
cients in the expansion u(r,E):Z7rc,(r)u,(E). It follows from (1.17) and (1.19)

thatthe part EL:Yu satisfiesthedecompositionof (1.15) with (1.16). Accordingly,
the case divE:div F:0 can be considered. The equations (1.10i) and (1.11)

imply
(1.20) L,an : dn* ).an, n(N.

Fix a number R1, .R6<År<J? and q(.9(R) with rt?)= 1,O<r<Ro, q(r):O,
r=Rr. The relations (1.6), (1.11) and (1.20) give qa"(W:(R1). Since L,(la,)(Wl(R)
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and since n(nla)*2 for every n, Lemma 2.1 can be applied (see also Satz 2.2

in [1a). This yields

(1.21) a,(r): af;(r)aof,v-r+"<"t"t
in (0, Ro) with al€ Wl@o)

(1.22) llalll,,1,14y(Ro) = CllL,fua,)llo,,(R,)
and with

(t.23) ,l: # i' r'-n(nto) Lohan)dr, T - ,

of,:Q, nvf a.>-2. From (1.22) we can conclude further

(t.24) llalllr,r,«r"r(RJ

= c(l)(llrtrza,ll (Rr) * ll r1 t2 a,ll(R ) *lla,llr, «*0, 
^,r)

= c (1) (llr, t 2«, 
| | (År) * ll r1 t 2 a,ll (R ) * fi l1 rt t 2 b,1 (n 1).

It is enough to consider the values n(nla)>2. For those indices

(1.25) lla,ll2,1,11"y(Ao)

= c ()") (ll rL t 2q, 
ll (RJ * ll r1 t 2 a,ll (R) -t ll a, 

I I r, «^0, .o)

is obtained from (1.24). This inequality holds in the same way for the pair .Rr, R
as for -Ro, Rr. Thus

(1.26) lla,llr,r^0,*,r = C()")1;1rz lla,llr,r,r.,,.l(Rr)

= c(1)(llrt/2a,ll (Ä) * llrl/ro,ll(Ä) f llrllrb,ll(iR)).

From (1.25) and (1.24) follows

(1.27) llalll,,r,tr,r(Äo)

= C())(llrttza,ll (,R) t llrr/'za,ll (Å) * llrl t'b,ll(R)).

The same bound can be found for o] from (1.23). For ihe indices n>l the coeffi-
cients ån are decomposed through formula (1.11) as

(1.28) b,: b2*olrt-n(*ta),
where

(1.2s) W: !-?@2)'+aY,),

(r.30) oi:hl*ff)*.
Utilizing (1.27) and (l.10iD we can verify

(1.31) Ilblllr,r,(,,r(Åo)

= cQ)(llrlt,a,ll (.iR) * ll r1lrB,ll (R) + ll 11 t2 a.ll(R)-lllr'2 b,ll (R)).
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The coemcient bo must be handled in a different way. The assumption
VxFCLz(a) will be used here. Indeed, this implies «1.13))

Choose s, 0 -.e<1. According to 14, Lemma 4.4),

R

[ ,W'rf dr = llv x tll, < oo.

0

! 
,- 1+ 

"lrt §ol2 dr = s -' ! ,t*Ze l@ §)'12 dr(1.32)

="(i i+2eltitzdr+ i ,w,ro,)

= c(ilvxrll,+llrll)

can be calculated with C:C(e). We estimate 1bo in the same way. Then

b'{ + r -r u'o - r -2 b o : - (§ o+ La o)

qbo(W!+r"(R), So(ryåJ( W!r+z"(R) is concluded from equation (l.10ii). Applying

[4, Lemma 2.1] again we obtain

(1.33) bs(r) : b\(r)+otr
in (0, R,) with

(1.34) llbSllr,r(.1?o)=cllb$11,,,_,,(Ro)=cllso(rybo)llo,r_,"(R)

< c(2)(llvxrll +llril +llEll).

The coefficient ofr has the form

(r.35) ',e:+ 
{ ss(qb)dr,

and it can be estimated with the bound in (1.3a). The field .E takes the represen-

tation

(1.36) E(r, E)

: Z r-r+n{ntu)(or,un(E)ö,*of;w,(E)er)*of;röq+W
o-na-z

in Zr(U(,Ro))2 with 
a

(t.37) W: 5 aflunö,* § U|*,a*.

The expansion (1.37) converges ,r'r',r,^rrl o."urr." aon:an,bl:bn,n(ttla)=2.
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is verified. We have through (1 .27), (1.31) and (1.34)
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Ttremainstoanalysetheconvergenceof (1.37)withrespectto the ll .llz,ulnoy norm.
Denote

(1.38) sr: j alu,e,+ )bf;w,c*.
The estimate

(r.3e) llbBIlå,,(iRJ +,2 Qlai,ll|,,.r.t,r(RJ+llblll3,,,r,,"r(RJ)

= c (),) (llEll,+ ll r ll, + il v x rll ).

Thus, the series (1.37) converges with respect to the norm il . ,,r1^oy, and for the

limit WCHI(U(ÄJ), the inequality

(1.40) llwllZ,,<"a= c( )Qlall,+llrll)
ls true. L_l

A global decomposition can now be given. Fix polar coordinates in the neigh-

borhood Uj(zR) of the corner a, andtake ((9(R) with ((r):1,O=r<Rof2,
((r):0, />Ä0. Define the singular fields

S,i,i(r) : lx - a rl-L+"("t*) ( (lx - a iD ui@ ) el,

s,fli(r) : lx- ail-t+n(ntdi) ((lx- a1)wr"(ro)e'r,

Sfl;(x) : lx_ aj(Qx - ajDa'r.

1.4. Theorem. Suppose that at+k(nl2). The solution ä€R0(O) nD(A) of
(1.1) with .E€R(O) nD(O), div r,6,FIol(o) has the decomposition

(1.41) E - ä\=?r-r(ul,is;, i+ö?,,isf,i)+ öä,isfl;'l +w
)j 

aj

with W€H'(Q)' and with the constqnts öi,i such that

(1.42) llwllz,r. å(u3,; 
* 4 ((a*, j)2+(ä,,,r),))

0 =n1=
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2. Finite element approximation

The solution E will be approximated by means of the bilinear form

(2.r) B 
^((0, 

E) : (V x @lV xE) * (div @ldiv E) - )'@lE).

According to (1.3), E satisfles the variational characterization

(2.2) B^(.0, E) - (@lG), @€Ro(o) nD(O)

with G:.F*,1-1Vdiv F. Lel (7),O<h=ho be a family of regular triangulations

of the domain O. By regularity we mean that there exist two constants co, cr>O

such that every triangle Tn(Ii, contains a circular disc with the radius csh and

is contained within another disc with the radius crå. As usual O: ,{Trlfoe ,7-o}.

Let 9o denote the set of knots of fi, lying on the boundary äO. Note especially,

that the vertices ai belong to 90. Define

(2.3)

Så:{@:(Qr,

Note that if E
Jh E belongs to

(2.4) §å : 
{U 

:

a)e C(A)'lQ,lrn linear, (n X@)(x) - 0, xCgnnro , Q(oi) - 0). tl

is a solution satisfying E€ H'(Q)', then the linear interpolate

,Så. The trial subspace which is to be used is deflned by

t dttrj, §,icR) .

å(r=,rr=r( n,i^s;, i* §n,i sf,i) + §o,isflr) +ol oe s'
d,j

Observe that §ftcR0(O)nD(O). Hence the method is conform. For arbitrary

smooth domains the situation is different, the use of Sfr leading to a non-conform-

ing method. In such a case it is natural to utilize the equivalency of the ll . llr and

ll.ll,,d-norms over ,Sfr ([12]). Here it is not necessary. The approximate solution

zh€Sh is defined through

(2.5) B^(t, Eo) : (tlG), ,/(^§0.

If ,t=0, then (2.5) has a unique solution. In the case ,t>0, when ,t is not an

eigenvalue of (2.2), it turns out that the equation (2.5) has a unique solution for
a sufficiently small å (for a similar situation see [2]). Let us first consider the

case /,=0. Owing to conformality one has the minimum characterization

(2.6) B 
^(E 

- E*) - f.,åt 
B 

^(E 
-rl,)

(see [16]). Here we have denoted B^(tt):3^(rl,rl/). For a solution E:S*W,
where S is the singular term, we use the "generalized interpolate" JbE:S+JbW.

---i7Co)'t.fers to continuous fields over O,
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Because of W(HZ(A)2

(2.7) B^(E-Eh) = B^(E-ihE): B{W-thwy = Chzllwll\,a

= C Q") h' (ll Fll 3+ ll div rll i)

is obtained from (1.42). We shall now consider Nitsche's trick. As is known, the
essential point there is to solve the equation Z<R0(O) nD(O)

(2.8) B^(o,Z): (alE-Eh), o(Ä0(O) aD@).

Here this causes additional diffculties since our decomposition (1.41) was proved
only for solutions Z of the type

(2.e) (Yxolvxz)-1@lz) : (Qln, o(R0(o) aD(a)

(or equivalently O€Ro(O), since Ä01O)nD({2) is dense in Rr(O)) with
Z(R0(A)aD(Q), F?D(O) nR(o), divF€ä01(O). However, because Z is a solu-
tion of (2.8) it satisfies the regularity div Ze H]@) (tlOl). Hence Z satisfies
(2.9) with F:E- Eh *Y div Z(L2(O)2. Moreover, div F:div (E- Eo)*y div Z:
-),divZ€Ht@). Thus the decomposition (1.41) is applicable to Z:

(2.10) Z: S1*W1,

where

(2.11) llw,ll, = c@(llzll+llE- Ehll+llvx(E-,Eo)tl +lldiv zll,)

= c ()') (llE -Eå ll + ll V x (z' - Eo) ll + ll aiu (E - Eo)ll).

The last inequality follows from (2.8) and from (%+,q divZ:-div(E-Et).
With an arbitrary field r/€§r the inequality

(2.12) llE-pt11z : B{E- Eh,Z-rlD <- BÅE-Eh)ttzB^(Z-{Dttz

holds. We choose ,lr:ioz:,Sr+/o Wr. Then

(2.13) B7(Z-711|rz = chllWrllr.

Using (2.7), (2.11)-(2)3) we obtain

(2.14) llE- nny, = C(),)h2(llBll +llrll,+lldiv rllr) llE- Ehll,*o

= C()')h3(llF ll,* lldiv .FllJ'z.

Thus inequality (0.2) is proved.
The case l.>0, when ,[ is not an eigenvalue of Q..2), can be handled by means

of an inversion with a compact operator as in [2]. However, since in the estimates
Q.7) and. (2.14) more regularity than Lz from the right side was needed, the suffi-
ciency of the same conditions for the right side is not obvious. In fact the require-
ment Ådiv F(LZ(A) comes here into use. Let us formulate our result:
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2.1. Theorem. Assume that QcRz is a polygonal domain of the plane such

that a,lk(nl2) for euery j. f.f E(R0(A)nD(O) is a solution of (l.l) with
f€i?(O) nD(Q), div F(H|(O), Ådiv F(LL(a) such that 1(+O) is no eigerusalue

of (2.2), then the approximation Eo(.So defined by (2.5) giues the error estinwte
(0.2). The assumption Ä,div F(LZ(A) is not necessary if )"<0. Accordingly, the

estimates (2.7), (2.14) are ualid instead of (0.2).

Proof. Only the case ,1=0,,1 being not an eigenvalue, needs an argumentation.
Take a number p<0. I*t Kr: L2(Q)z*jR0(O)nD(O) be the solution operator
of the equation

(2.15) Bp(O, E) : (@lG), @€Äo(O) nD(O)

with E: KpG€Ro(O) n D(O). Equivalently

(t -(t+ p) Ku) E - KuG, z'€ R0((2) a D(o).

Since K, is compact in L2(Q)2 ([17]), one verifies that the restriction of K, to
lR0(O)nD(O) is compact, too (comparell2l). Equation (2.5) in turn is equivalent
with

(t - (1+ p) Kl) Eh : KlG, Eh € Ao (rz) 
^ 

D(o),

(2.16)

(2.17)

(2. 18)

(2.te)

(2.2t)

where Kj denotes the solution operator of (2.5) with ),: p. Let us consider the
approximation error with respect the ll . 11,17 norm. First, the inequality

ll(Ku- Kll G11,+d = chllGll,*o

holds for Gcnlol nD(O). Indeed, take G:G in (2.15) and denote E:KuG,
Eo:KlG. Then (2.15) implies div Ecn!@) and (- Åo+lpD div ,E:div 6. Thus

lldiv Ell, = g lldiv Gtt .

On the other hand, (2.12) leaCs to

(2.20) (vx@lv xE)+lp l(@l E) - @ln, @€Ä, (o)

with F:d+vaiv E, div,F:div G+Åodiv.E:lpldiv E<Ht@), Fen(o)nD(o).
According to (2.7), (2.19)

llE-Eol;+ds chQlEll + llFll,+lldivF;JJ = chllGIl,*0.

If llKll,*a,,*o denotes the operator norn for operators K: (.RnD, ll .ll,*r)-
(Ä n D, ll . ll,*r), then

(2.22) llKr- KlUr*d,,+a = ch

follows from (2.18). Owing to compactness, the inverse (I-Q,+lt)K)-' in
R0(O)nD(O) exists, since ,t is no eigenvalue of (2.2). Accordingly, the inverse
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of l-(l*p)ifj also exists if å is sufficiently small. Hence (2.5) is uniquely solv-
able for small å. Moreover, a Neumann expansion gives the estimate

(2.23) ll(r-1t,+ p1r,;-r-(r-(,?.+ p)K!)-'l!,*a,,+a= ch.

We can now calculate

(2.24) llE- Eull"*a= ll[(r-(,t+ p)Ku)-' -(r-()"+ p) xl)-tfK,Gll,+a

+ ll(r - (t + u) Kl)-, (K 
u - K!) Gll, * a

< ch ll K u Gll, * o -t cll(K u 
* K!) Gll, + a

< chllGll, a a * cll(Ku- K!) Gll, * I

= ch(llFll+ lldiv rllJ+cll(r- K!)Gll,*a.

For the estimation of the second term we make use of the assumption / div FCLZ(A)
This garantees that 6:Fta)"-rYdiv.F(rR(O)oD(O). Hence inequality (2.18) is

applicable with G:G. We are led from (2.24) to

llE-Ehll,*o = ch(llFll,*lldiv -Ell1+lll div rll).

The error estimate with respect of the .Lr-norm can be derived similary. !
2.2. Remark. If the polygon is convex, it is possible to prove that the norms

ll.ll,*, and ll.ll, are equivalent over A0(O)nD(O) (see [14] for a similar state-

ment in Rs). For such a polygon the term llVx(E-E\ ll+lldiv (E-Eo)ll in (0.2)

can be replaced with llV(E-E)ll.

References

[U Basu§ra, I.: Finite element method for domains with corners. - Computing 6, 1970,264-273.
[2] Basu§rÄ., I., and M. B. RossNzwrrc: A finite element scheme for domains with corners. -

Numer. Math. 20, 1972, 1---21.

[3] Brns, L., and M. Scnrcnrrn: Elliptic equations. - Partial differential equations edited by
L. Bers, F. John, and M. Schechter, Lectures in Applied Mathematics III, Inter-
science Publishers, New York-London-Sydney, 1.964, 13 l-199.

[4] KoNour'rv, V. A.: Boundary problems for elliptic equations in domains with conical or
angular points. - Trans. Moscow Math. Soc. 16, 1967,227-313.

[5] La,asoNrN, P.: On the discretization error of the Dirichlet problem in a plane region with
corners. - Ann. Acad. Sci. Fenn. Ser. A I 408,1967, l-16.

[6] LEts, R.: Zur Theorie elektromagnetischer Schwingungen in anisotropen inhomogenen Medien. -
Math. Z. 106, 1968, 213-224.

[7] Lus, R.: Zur Theorie der zeitunabhängigen Maxwellschen Gleichungen. - Ber. Ges. Math.
Datenverarb., Bonn 50, 1971,

[8] Mrrna, M, L,: Zv asymptotischen Verteilung der Eigenwerte des Maxwellschen Randwert-
problems. - Dissertation, Bonn, 1978.

[9] Mmzrn, H., and R. RauNlcnrn: Spannungskonzentrationen in Eckpunkten der vertikal
belasteten Kirchhoffschen Platte. - Sonderforschungsbereich 72, Approximation und
Optimierung, Bonn, preprint no. 270, 1979.



The finite element method for the electric field of Maxwell's boundary value problem 75

[10] NmrulNMÄKr, P., and R. Prceno: Error estimates for the finite element approximation to

a Maxwell-type boundary value problem. - Numer. Funct. Anal. Optimization
(to appear).

[ll] Prcln», R.: Zur Theorie der zeitunabhängigen Maxwellschen Gleichungen mit der Rand-

bedingung n(VxE):n(VXfl):0 im homogenen, anisotropen Medium. - Bonn.

Math. Schr. 65, 1973, l-76.
[12] Sln,cNrN, J.: Uber die Approximation der Lösungen der Maxwellschen Randwertaufgabe

mit der Methode der finiten Elemente. - Appl. Analysis 10, 1980, 15-30.

[13] SnnnNrN, J.: Uber das Verhalten der Lösungen der Maxwellschen Randwertaufgabe in Ge-

bieten mit Kegelspitzen. - Math. Methods Appl. Sci. 2, 1980,235---250.

[14] SaneNEN, J.: Uber das Verhalten der Lösungen der Maxwellschen Randwertaufgabe in einigen

nichtglatten Gebieten. - Ann. Acad. Sci. Fenn. Ser. A.I. 6, 1981, 15-28.
[15] SrrrHaN, E.: Conform and mixed finite element schemes for the Dirichlet problem for the

bilaplacian in the plane domains with corners. - Math. Methods Appl. Sci. 1,1979,
354-382.

[16] Srn,rNc, G., and G. J. Frx: An analysis of the finite element method. - Prentice-Hall, Inc..
Englewood Cliffs, N.J., 1973.

[17] Wrcr, N.: Maxwell's boundary value problem on Riemannian manifolds with nonsmooth

boundaries. - J. Math. Anal. Appl. 46, 1974,410-437.

[18] Wrrcox, C. H.: The steady-state diffraction of electromagnetic radiation by an obstacle in
an inhomogeneous anisotropic conducting medium. - Arch. Rational Mech. Anal.
14, 1963,326-336.

University of Jyväskylä
Department of Mathematics
Sammonkatu 6

SF-40100 Jyväskylä l0
Finland

Received 19 March 1980


