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ON INTEGRABLE AUTOMORPHIC FORMS
AND P-SEQUENCES OF ADDITIVE
AUTOMORPHIC FUNCTIONS

RAUNO AULASKARI

1. Let @D and D be the unit circle and the open unit disk, respectively. Denote
the hyperbolic distance by d(z, z,) (21, z,€ D) and the hyperbolic disk {z|d(z, zo)<r}
by U(zy, r). A sequence of points (z,) in D tending to 9D is said to be a
sequence of P-points for a meromorphic function f if for each r=0, and every
subsequence of points (z,) of (z,), f assumes every value, except perhaps two, in-
finitely often in the set (J;_, U(z, ).

Let W’ be an automorphic form with respect to a Fuchsian group I' acting
in D. We suppose that all residues of W’ vanish. Then W’ has

(1.1) W(z):fW'(t)dz, Z€D,

as an integral function and it satisfies the equality

T(z)
(1.2) W(T()= [ W@)dt=W()+Ar, T,

0

where A7 is called the period of W with respect to 7. The integral function W will
be called an additive automorphic function with respect to I'.

For I' the fundamental domain Fj is fixed to be the set of points in D each of
which is exterior to the isometric disks of all transformations of I'. The fundamental
domain F, is called thick if there exist positive constants I", I’ such that for each
sequence of points (z,)  F, there is a sequence of points (z,) for which d(z,, z,)=r
and U(z,,r')CF, for each n=1,2, ....

An additive automorphic function W is said to be of the second kind if there
exists a sequence of points (z,) in the closure F, such that the sequence of func-
tions

(13) &=

“1C: zzg ]
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tends uniformly to a constant limit in some neighbourhood of {=0. An additive
automorphic function W is said to be of the first kind if it is not of the
second kind [1].

An automorphic form W’ with respect to I' is called integrable if

-
(1.4) [[r= 7 @1 o <=,
Fo

where do, is the euclidean area element.

In a previous paper [2], the author showed the relationship between the integral
functions of integrable automorphic forms and Bloch functions in the case where
the fundamental domain is thick, as stated in the following theorem.

1.1 Theorem. Let W’ be an integrable automorphic form with respect to I’
and the fundamental domain F, thick. Then W is a Bloch function in D.

1.2. Remark. Concerning Theorem 1.1 one can allow parabolic vertices to
appear in F, and demand F, to te thick outside parabolic vertices. This is due to the
fact that W cannot have singularities at parabolic vertices because of the finiteness
of the integral [ [, (1/(1—|z))[W’(z)|do..

1.3. Remark. Niebur and Sheingorn in [5, Theorem 2] have proved a result
which corresponds to Theorem 1.1 supposing that the lower bound for the traces
of the hyperbolic transformations in I' is greater than 2 (cf. also [4, Theorem IJ).

2. In this section we continue to consider an additive automorphic function
W satisfying the assumption (1.4) of the above theorem. In the case where the fun-
damental domain F, is thick we show W to be of the second kind. Further, we
investigate by this theorem the behaviour of W’ near the boundary 0D and, in a
special case, angular limits on ¢D.

2.1. Theorem. If W’ is an integrable automorphic form with respect to I' and
the fundamental domain F, thick, then W is of the second kind.

Proof. Let (z,) be a sequence of points converging to ¢D for which there exists
a positive real number r such that U(z,,r)CF, for each n=1,2,.... We form
the functions
{+z,
@ &=

142,

) —W(z,).

By [2, Theorem 3.1] {g,} forms a normal family in D. Hence we can find a sub-
sequence (g) of (g,) such that lim,_ _ g (0)=g({) uniformly on every compact
part of D. We show first that g’({,)=0 for each {,€U(0, r/2). Denote

2, = Co+2z)/(1+Z,5y).
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Since d(z, z;)=d(0, {s)<r/2, we have U(z,, r/2)CF,. By [2, (3.2)]

22) 18601 = T (AP G
1 1 ,
= 1—5(zk,z,;)2'CU(z[_r//2)‘1_W1W (2)l do,

where 6(z, z;) =z —z;|/|1 —Z;z;| and C is independent of k. Since d(z, z})<r/2,
the expression 1/(1—5(z,, z;)?) is bounded for each k=1, 2, .... The boundedness
of the integral [ [, (1/(1—|z|%)|W’(2)|do, implies that

[ Wa=1zp)|w@)ldo, ~0 for k — .

U(zy, r/2)

Hence [g’({o)|=lim, ., 1g;({p)|=0. Thus g({)=0 in U(0,r/2) and as an analytic
function in the whole unit disk D. This implies, since g(0)=lim,_ _ g,(0)=0, that
g(0)=0 in D. Therefore W is of the second kind.

Using Theorem 2.1 we obtain knowledge of the boundary behaviour of the
automorphic form W”.

2.2. Theorem. Let W’ be an integrable automorphic form with respect to I’
and the fundamental domain F, thick. Then for each sequence of points (z,)CGr=
{zld(z, Fy)<R} converging to the boundary 0D it holds

23) lim (1= 12,7 ()] =0,

Proof. Suppose, on the contrary, that there is a sequence of points (z,) in Gg
converging to 0D such that inf (1—|z,|®)|W’(z,)|=a=0. Choose a sequence of
points (w,) in Fj such that for some positive constants R’, r it holds d(z,, w,)<R’

and U(w,,r)CF, for each n=1,2,.... We form the functions
_ {+w, )_ .
24 &0 =W ({2 ) - m

and let (g;) be a subsequence of (g,) such that lim,_ . g())=g({) uniformly on
every compact part of D. By the proof of Theorem 2.1 g’({)=0 in D. Let {,=
(zx—wR)/(1 =Wy zy). Since d(0,()=d(w,, z;)<R’, we may suppose that there exists
lim,_ _ {,={,€D. Hence

(2.5 Jim (1—[z3) W7 (20

= lim (1-16/9)]gi(C)] = 0.

This is a contradiction, and thus the theorem is proved.
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Under certain circumstances we can show the existence of an angular limit
for W at a point for which the corresponding radius belongs to a fundamental
domain.

2.3. Theorem. Let W’ be an integrable automorphic form with respect to I,
the fundamental domain F, thick and (z,) a sequence of points converging in a Stolz
angle to the boundary point & for which the radius 0(C Fou{&}. If d(z,, z,+1) =
M<ce and lim,_ . W(z,)=c, then W has the angular limit ¢ at .

Proof. Suppose, on the contrary, that W does not have the angular limit ¢ at £.
Then there is a sequence of points (w,)Ca (a Stolz angle at &) converging to &
such that lim,__ W(w,)=dc. By the assumptions we can choose subsequences
of (z,) and (w,) and endow them with new indexes in such a way that there are
points (z;) < F, for which max {d(z;, z,), d(z;,, w)}=M’< > and form the functions

{+zi

2.6) @ = (2.

Let (g,,) be a subsequence of (g,) such that lim, . g,(0)=g() uniformly on every
compact part of D. By the proof of Theorem 2.1 g is constant in D. Let (%=
(zw—z,)/(1—20z,) and (h=(w,—z,)/(1—Z,w,). We can suppose, without loss
of generality, that the limits lim,,_ . (i =(* and lim,,_ ., {;={" exist in D. Con-
sequently,

g(() = lim g,(G) = lim W(z,) = ¢
and

g(@) = lim g, () = lim W(w,) =d,

which ir a contradiction. The theorem follows.

3. In what follows we shall consider the images of sequences of P-points for
an additive automorphic function W under the transformations of I' in different
cases.

3.1. Let W be a non-normal additive automorphic function with respect to I
and (z,) a sequence of P-points for W. Choose the transformations T,€I" such
that T,(z,)=z,€F, for each n=1,2,.... If the period set {4, }={W(z,)—W(z,)}
is bounded, we show that the image sequence (z,) of (z,) is also a sequence of P-points
for W.

By the properties of sequences of P-points we can find a sequence of points
(w,) such that lim,_ _ d(z,, w,)=0 and lim,__ (1—|w,[D|W (w,) /(1 +|W(w,)[?)= <.
Let T,(w,)=w,. Now

(3.1) (A=) pe
= (1w e )

T+ W)+ A
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for n—oce. This implies that (w/) is a sequence of P-points for W. Since d(z,, w;)=
d(z,, w,) =0 for n—o, (z})=(T,(z,) is also a sequence of P-points for W.

3.2. Remark. Since (z]) is a sequence of P-points for a meromorphic func-
tion Win D, lim,_ _ |z,|=1.

n—>co

3.3. If the period set {4, }={W(z,)—W(z,)} is arbitrary, then Remark 3.2
holds provided W is an analytic function in D. In order to prove this we suppose,
on the contrary, that |z;|<r<1 for some subsequence (z) of (z,). We may assume
that lim,_  z,=z,cD. Form the functions g, ({)=W(S.(0)=W((+z)/(1+ZL))
defined in D. Then lim,__ g.(0)=W(({+z¢)/(1+Z0))=g(() uniformly in U(O, r)
for any positive number r. Here g is a bounded analytic function in U(0, r). Let
h(Q=W(T;7*(Sk(©))=8()—4y, . We can find a subsequence (h,) of (%) such
that either 1) lim,,  4,() is a bounded analytic function or 2) lim,,_ ., 4, ()=
in U(0, r). Both results contradict the definition of P-points for W.

3.4. Remark. The assertion in 3.3 does not hold if we allow W to be mero-
morphic in D. We give a simple example. Let ¥ be an additive automorphic func-
tion with respect to I" for which the fundamental domain Fy is compact in D. Sup-
pose that W has poles in D and at least one non-zero period. Then, by [3, Theo-
rem 2.1], W is not normal and one can find a sequence of P-points (z,) for W. If
T,(z)=z,€F,, T,€I, then lim,__, |z,]#1.

3.5. Remark. In the cases of Remark 3.2 and 3.3 it follows that the funda-
mental domain F, cannot be compact in D. Thus if, in 3.3, F; is compact, then (z,)
is not a sequence of P-points. Hence W is normal in D. On the other hand, it is
known that W is even a Bloch function in D if W(F) is bounded in the complex
plane (cf. [6, Theorem 3]).

3.6. Remark. The conclusion of 3.1 does not hold even for an analytic func-
tion W if the period set {4 Tn} is unbounded. This we can see by the following example.

Consider the function f: f(w)=log w+i log (w—1) on the universal covering
surface of the domain C—{0, 1}. Since the corresponding additive automorphic
function W in D has the periods 2ni, 2n for which Im (27i/2n)=150, W is not
normal (cf. [3, 6.1']). Let (z,) be any sequence of P-points for W in D. Suppose
that (7,(z,))=(z;)CF,. By 3.3 at least some subsequence (z;) of (z,) converges
to a parabolic vertex p of Fy. On the other hand, W has the angular limit o at p.
Thus (z,) is not a sequence of P-points for W and the assertion is proved.

An additive automorphic function W is called F;-normal if for each sequence
of points (z,) in the closure F, the sequence of functions

C+Zn]

(2 w0 =W (2

forms a normal family in D.
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Concluding the consideration of sequences of P-points we suppose W to be
Fy-normal, of the first kind and to possess a sequence of P-points. By these assump-
tions, in the next theorem, one obtains a condition between the sequence of P-points
and poles of W.

3.7. Theorem. Let W be an F,-normal but non-normal additive automorphic
Junction of the first kind with respect to I'. If (z,) is a sequence of P-points for W
and (w,) the sequence of poles of W in D, then d((z,), (w,,)):infn,m d(z,, w,)=0.

Proof. Let T,(z,)=z,&F,, T,cI. Note that d((z,), (w,)=d((z}), (w,)). Sup-
pose, on the contrary, that d((z;), (w,))=r>0. Form the functions

{+z; ]
3.3 O=w [——_— .
3.3) a0 =W 155
Since W is Fy-normal and of the first kind, one can find a subsequence (g) of (g,)
converging uniformly to a non-constant meromorphic function g on every compact
part of D. By the Hurwitz theorem g is a bounded analytic function in U(0, r/2).
If we consider the functions

(34 @ = 1 (1%?‘*)]
—w(E2) -4, = 004,

some subsequence denoted by (4,) converges uniformly either to an analytic func-
tion or the constant < on every compact part of U(0, r/2). This contradicts the
definition of a sequence of P-points for W. The assertion follows.

In [2] we proved the following theorem, where d*(w,, w,) denotes the spherical
distance.

Theorem. Let W be an analytic F,-normal additive automorphic function of
the first kind and r any positive number. Then there exists a positive number m, such that

d*W(z),w)=m, in D-— @ U(z,(w), ),

where z,(w), n=1,2, ..., denote the w-points of W.

The above theorem does not hold if we suppose W to be only an F,-normal
additive automorphic function of the first kind, that is, we omit the condition of
analyticity. This we show by a simple example.

Let W be an additive automorphic function with respect to I' for which the
fundamental domain F, is compact in D. We denote {z,,(«)m=1,2,...} for
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the set of poles for W and suppose that the period A;#0 for some hyperbolic
transformation T€r. It follows trivially that W is F,-normal and of the first kind.
Since F, is compact, inf, , d(z, (=), 2y (e2))=s=0. Let r be any positive number
such that r<s/2. Denote inf {d*(W(z), <)lz€D—U,_, U(z,, (=), r)}=M. Choose
a point z,€dU(z;(=0), ). Then W(zo)=w7# . Now

1
(3.5 M= d" W (TG, =) = e

as n--es. As a non-megative constant M =0 and thus the assertion is proved.
However, the theorem holds in the following modified form where Gp=
{Zid(Z, F0)<‘R}

3.8. Theorem. Let W be an F,-normal additive automorphic function of the
first kind, {z,(w)} the set of w-points for W in D and R, r any positive numbers. Then
there exists m,>0 such that

(3.6) W, w)=m, in Ge— U Uz, 7)

Proof. Suppose, on the contrary, that there exist positive numbers R, r and a
sequence of points (z,)CGr—J;=, U(z,(w), r) such that lim,_ W(z,)=w. Form
the functions

6 a0 =

=

By the assumption there is a subsequence (g) of (g, such that lim,_ . g()=g()
uniformly on every compact part of D. Further, g is a non-constant meromorphic
function in D. Now g(0)=lim,_  g.(0)=lim,_ . W(z)=w. By the Hurwitz theo-
rem there is a sequence of points ({;) in U(0, r/2) such that g ({y=w for k=k,.
Denote z,=((+z)/(1+ZL). Then W(z)=g.(() and W has thus the w-point at
z; for k=k,. However, it holds

(3.8) innfd(z,;, z,(W)) = r/2.

This is a contradiction and the theorem is proved.

References

[1] AuLaskarl, R.: Additive automorphic functions of the first kind. - Publ. Univ. Joensuu Ser.
B Ino 16, 1978, 1—12.

[2] AuLaskarl, R.: On F,-normality and additive automorphic functions of the first kind. - Ann.
Acad. Sci. Fenn. Ser. A I Math. 5, 1980, 327—339.



212 RAUNO AULASKARI

[3] AuLAskARL, R.: On normal additive automorphic functions. - Ann. Acad. Sci. Fenn. Ser. A
I Math. Dissertationes 23, 1978, 1—53.

[4] LEHNER, J.: On the boundedness of integrable automorphic forms. - Illinois J. Math. 18, 1974,
575—584.

[5] NIEBUR, D., and M. SHEINGORN: Characterization of Fuchsian groups whose integrable forms
are bounded. - Ann. of Math. 106, 1977, 239—258.

[6] POoMMERENKE, CH.: On inclusion relations for spaces of automorphic forms. - Lecture Notes
in Mathematics 505, Springer-Verlag, Berlin—Heidelberg—New York, 1976, 92—100.

University of Joensuu
Department of Mathematics and Physics
SF-80100 Joensuu 10

Finland
Received 8 December 1980



