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ON MAXIMIZING A HOMOGENEOUS FIJNCTIONAL
IN THE CLASS OF BOIJNDED LINTVALENT FUNCTIONS

HENRYKA SIEJKA and OLLI TAMMI

1. Introduction

In [4] the functional Reä:Re (or-ot is estimated in arand å in the class
S(å) of bounded univalent functions /:

f(z) : b(z*a222*...), lzl < l,
lf(z)l<1,0<b=1.

The inequality obtained is sharp and holds for all values of å and a, (ct. (9)lY .1.2,

Qs)N.1.3 and (46)/v.1.a of [a]).
By adding to both sides of the estimate a real functional of az, we find new

combinations of a, and a, for which the;harp inequality remains valid. Therefore,
when maximizing the upper bounds in a2 we obtain the sharp upper bound for our
functionals in å. The maximizing a, must lie in the sharpness region of the inequality
used. Because the original inequalities for Re ä are connected with the totality
of boundary functions of the coeffi.cient body (ar, ar), we are sure that also the
new functional formed reaches its maximum in the range of values of the upper
bound available.

In [1] and l4lthe above method of direct estimation was applied to Re (a*).a).
In the present paper we shall show that the upper bounds to be obtained for
Re (ar+ La) lead to results which are not yet too complicated to handle by this
method.

The maxima found hold, of course, also for lar-f).af,1. The results agree with
those obtained by variational method by the first author [2]. In 

^S 
the corresponding

results are derived by Szwankowski [3]. The analysis of the extremal functions in
[4] allows completing the sharp estimation for all values of .1.
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2. The equality functions 2:2

Let us start from the condition (9)/V.1.2 of l4l:

(1) Re (a, -q,Z)= 1 -b2* 
(le a,z)'z 

.' logb

For any p- t-\*ip2€C, h*0, oz:U+iv, we obtain

(1)' Re (a, + (tt- 1) oZ) -(1 - b') =Re 
(pa 7) + (§e at)'

' logb

:- - *[,u,Y+*,u)'-{ul+p3+#) ,'] .

This allows a sharp estimation in two cases. Assume first that

Itr=o,r) 
lrr 

+pz+ffi<o*[r,.#J'* pi=#.
Under the assumptions 1)

Re (a, +(p- 1) oZ) = 1-b2.(2)

Equality holds here only if U:V:O. The equality conditions of (1) are given by
(11)-(12)N.1.2 of [4] which in the case U:0 imply that

and, because V:0,

In the disc

cos9=0

1

/ sin Sdu - 0.

D -'{urc[ut,*#= o}

the estimation (2) thus holds and the extremal domains are the same at every point
of D: two-radial-slit domains with slits symmetrically located along the imagi-
nary axis.

Assume next that
t pr= o,

2)l
lu?+ 

uz+ffi: o <+ p€oD.



On maximizing a homogeneous functional in the class of bounded univalent functions 275

Under these assumptions the estimation (2) remains valid, and the extremal

functions consist of a one-parametric family for which

(3)

with

v--bu, Fz:{*/,
U as a parameter.

Let us use the normalizations

(4)

From the Löwner-expression
Fz>0, U=0.

V=0

(5)

(6)

Re (ar+(pr- 1) oZ): Fr(U'-Vz)-2PrUV-, j u cos 2S du

we then see that in the maximum case

and in the UV-plane we are in the second quadrant. The equality conditions of
(1), given in (11)-(12) lY.l.2 of [4], imply that in the case (4) and (6), a2Ql (Figure l).

Figure 1.

At the two points A, BQLD there are connected the extremal domains whose

qr€A' and B' of I (Figure l). From Theorem llY.l.z of [4] we see that fot ar:rya

iV(A' we have

(U :2ologb, o([0, oq],
I(7) l, : -, ttz rl6ga = z(trl -c-o urccos o -{Fi'+, u.."orf).
IPt

Here o6 is the equality value of the above inequality. For ar:U+iV(B' we have

correspondingly

(8) U>2blogb, Y:-\f ry.
&r

The types of the extremal domains are schematically presented in Figure 2.

\
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Figure 2.

*2(o-b)2.
Keep the normalization (4), which implies (6) in the maximum case. Thus

U :2(ologo-o*b).
defines (Figure 3) a bijective connection

o(.\b, U * l-zb llog bl,

3. The equality functions 1:2

Next, consider the condition (25)/Y.1.3 of [4]:

[Re 
(ar-a!) < I - bz -2lU I o *2(o - b)2,

(e) 
lr,o* 

o-o+u+$: o, o€[b, rl.
This gives

Re (cr-a!) = I - b2 + 4o (o log o - o * b) +2(o - b)z
and

(10) Re (as * (p - l) a!) - (l - b,) = ttr(U, - Vr) - 2prU V * 4o (o log o - o * b)

(1 1)

This

-2(r -b)l)u.

,tr C.:

Figure 3.
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By aid of (ll) we may express the right side of (10) in o andVi

(12) Re(ae*fu-l)a;)-(l -b'\ =- 4pr(ologo-o*b)z

*4o(o logo-o*b)*2(o -b)2- prYz -4pr(o logo -o*b)V.
If p.<Q, the free extremal point defined by 0l0V:A does not give the maximum.
Therefore, we have to restrict the use of (12) in the cases where

(13) Lh> 0.

Write the part depending of Z in the form

-u,ltr+z {råg,,so-o+»1.

Thus, in the maximum case

r.4) V: -2#(ologo-o*D: -#r.
This implies
(15) Re(ar*(p.-l)a|)-Q-b')=4pr(ologo-o*b)z

* 4o (otos o - o + b) + zto - U), + a # @bs o - o * b)z

: 4 ltll' g log o - o * b)z * 4oz log o -2oz *2bz
Pt

and

fi : t Y"'o [o 
ros, *(#-r) "*rJ

Let us parametrize the points of the p-plane by requiring that

(16) #:ft : constan t *b,-*)' +u7: #.
If

»,:{uccltut,-ff =o},
then (16) implies that p€0D0.

Consider the equation

(17) []:ologo+(h-l)o*ä:0.
The existence of a real rcot o:o(h)=e-å requires that (Figure 3)

b-e-h<0<+O<h<-logä.

Because in this case ll2h>-llQlogå) we see that the arc åD1 lies in -D.
The limit case å: -logb gives the circle \D:\D-bca.

Further, the existence of o(h) requires that h-l*å=O imply

(18) r-b=h=-logb.
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The order of the limits l-å and -loeb is valid forthe whole interval å€(0, ll'
On the limits we have

o(I -b\ : 1, o(-log b) : b'

At the point o(å)= e'h the derivative 0l0o changes the sign from positive

to negative, i.e. the right side of (15) is maximized at o(h). Because o(h):6 tu1-

isfies the condition (17) the maximum assumes the form

I
4 ; (- ho\'z + ao (- (h - t) o - b) - 2oz a 2bz : 2(o - b2).

This implies that
) = 2(o-_b)';

(te)

In the extremal

so that

Qq U-

On the arc (0D)* lying in the upper p-half-plane h, and thus o'(å), is a constant

wliich implies that Uin (20) is a constant. Z increases with the ratio prl1.t1. The
extremal point (t/, Z) must lie in the sharpness region II (Figure 1) of the inequality
(9) defined by (28)/V.1.3 of [4]. The upper boundary arc of II is thus

(2r) {u 
: 
?:":"'=-o!u) 

(- -2ho)'
lv : z(1tt-o'-o arccos o).

For the points tt((\D)* we thus have the limitation

Y - 2 P' ho = 2Urc-6 arecos o)
Ft

and hence

(22)

This means that the end

l/G - o arc cos o

[R. (or+ (tt - t) oZ)- (1 - bz

Jolog o+(h-r)o+b - 0,

[r: ffieu-b,-loeb].
case we have

U - 2(o log o-o+b)

-2ho=-2ffio, v- -#u-2-ry-ho -2#o.

11,)
at

--.-t4

point

Fz:

ho

It of the are (\Do) * in

ntltt, p|i+ pZ-+ :

the upper half-piane satisfies

0,

and so

(23;)
Int[\_@fr, Fz:T@fr
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tt-(t,, Fz)*(å,0) .

This means that the sharpness region of (19) lying in the ring

Observe that if h*l-b then o--1, m*0 and

coss- {l' b

lofu,

Dbb- D -tog b

becomes narrower with increasing h and touches \Dr-u at the point on the pr-axis.

The sharpness conditions of (9) are given bV Q7)N.1.2 of [4]. For U=0 the

extremizing .9 satisfies the conditions

<Lt4a,
6 = u = 7.

This determines U of (11). Thus, the sharpness conditions of (9) are in agreement

with the extremal conditions (19)-(20) and the estimation (19) is sharp in the region

of p defined bv Q2)-(23).
Figure 4 illustrates the regions I and II in the case b:0.5 . The upper

boundary arc llis obtained from the equality case of(7) and that ofåII from (21).

In Table I some points F:(Ft, p2) corresponding to 0II ate determined in

the case å:0.5. This is done by solving o:o(h)<le-t', 17 from (19) for
h€ll*b, -logbl. The number m obtained from (22) determines then Qtr, pr)

according to (23). The corresponding graphs are in the lower part of Figure 4.

Table 1.

0.5
a.s2
0. s4
0.56
0.s8
0.6
0.62
0.64
0.65

0.66
0.67
0.68
0.69
0.693
0.693'r47

1

0.959 977

0.919'805
a.879'290
0.83 8'1 63

0.796'03 3

0.7 s2'28t
0.705'818
0.680'945
0.654'3 3 8

0.62s'011
0.590'67s
0.541'860
0.508'677
0.5

2.

1 .922'635
1.848'389
1.774'133
I .696'637
1.612'228
1 .51 6'27 6

I .402'ls}
1.335'043
1.258'307
1.167'798
1.054'458
0.8 82'540
0.7 6L'7 16

0.730'031

0.

0.029'1 3 3

0.080'003
0,143'341
0.216'067
0.296'255
0.382'77 t
0.47 4'167
0.521'126
0.568'497
0.615'817
0.662'414
a.707'225
0.72A'379
0.72r'29s
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Figure 4.
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From (5) we see by conjugation
(-.9, U, -V), where

t)t --2l.r, sdu,

that the triple (S, U, V) changes to

1

Y--2 { sin,9du.

With the normalization pr<0, the maximum belongs to the case U<0, V<0,
i.e. we are led to the third quadrant in the UV-plane and in the lower pr-half-plane.

The rotation g+9*z changes the signs of U and Z. Thus the first and fourth
quadrants of the UV-plane give the previous maxima for Re (ar+fu-l)al).

In Figure 5 the sharpness regions of the p-plane are numbered according to
the corresponding numbers in the UV-half-plane with U=0.

We consider separately

Figure 5.

4. The special case p€R

the case $z:0. Then (5) Yields

-1) aZ) : ttJU'-vz)- , ju cos 23 du.(24) Re (a, * (pr

10. Pr=o
In this case

1

' Frflz -2 { u cos 23 dtt

bound is the value of our functional

(2s) Re (a* *(pr- 1) oZ) =

with the equality for V -0. This upper in the
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subclass

i
s"(å)c.S(å)

I

I
\ i

2{

the

')=
ride

in

_b1

ts

in which all coeffi.cients are real, because in S* (å)

ae* jtr- l) a7: FtUz -2 u cos 2S clu,

az: -2 cos S du,(26)

The estimation (9) leads

(27) Re (a, * (pr- 1) oZ) - 0

(28)

a cos 23 du.

present case to the upper bound

4pr(o log o - o * b)'+ 4oz log o -2oz +zbz

we have

c,aB: aä-

For the derivative of the right

ltr

If pr>(l-b)-', i.e. h- 1+å=0, tben 0l0o>0 (Figure 3). This implies that the
maximum of the right side of Q7) is reached for o:1. The extremal function/
is the right radial-slit-mapping having cos 9=1. The equality conditions of (9)

and the conditions (20) under which the right side of (10) or (27) is maximized
thus agree in the present case also. Hence the following estimation, obtainable from
(27), is sharp:

(2e)

Using the notation

we may rewrite (20) in
reappear:

Re(cr*,ta) = 3 -8b+5å,+ 1(2(l - u)),, L€R.
If

(30) -# =p,=fi,
we can check from (27) that tho estimation (19) and the type I :2 of extremal domains
hold on the interval (30).

In the remaining case

O * ttt= --Llog ä

we write the initial condition (1)' in the form

Re (au *Qtt- 1) o?) = b2 - | + 4pr(1 - b)'.

^- 
Il.-t= =b ,,L-b'

form where the coeffi.cients as and oz of the radial-slit-mapping

Re(au *ett-r) oz)-(1 - b')= ttr(r'-tttt/z+# =(rr* #)u'
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From this we read out immediately that the estimation (2) together with the extremal

domain 2:2, having two symmetric radial slits, are extended to the diameter of
the disc D.

2o. p, : -lprl < o

From (24) we obtain now

(31) Re(ar-(lp,l +t)a!)= lp,lY'-2 I ucoszSau,

with the equality for U:0. The right side is maximized for

sinS:l and sin,9=-1,

which define the radial-slit-mappings having the slit along the positive and nega'

tive real axis, respectively. These are obtained from the right radial-slit-mapping

f(r) : b(ztqrzz*...); az: -2(l-b), aa: 3-8b*5b2,

by applying the notation

rlf@ z) : b (z I raz zz a 12 a, zz + ...)

with z:i and z:i-l. The inequality (31) yields the estimate

(32) Re(ar-(lprl+t)al)=r-b2* lp.l(l-b)'.

The choice r:j gives the coefficients

az: -2(l-b)i, c, : -(3-8b+5bz)

for which the sharpness of (32) can be checked.

Observe that for 6<0 the functional is not maximized in the class ^Sa(å).
From (26) we see that in S^(å),

(33)

1

as-(lt rl + t; a?: _lttrlai-2 { a cos 2S ctu

1 -b2-lprla.-- jucosz Sdu=I_,b2.

Equality here requires that
cos9=0.

Because we are in the class ,SR(å) the extremal domain is a two'radial'slit mapping

with symmetric slits along the positive and negative imaginary axis.
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5. The equality functions l:L

The regions I and II of Figure I are completely covered by the points a, defined

by the sharpness conditions (3) and (20). Thus, only the region III connected with
the boundary functions 1: I remains. As in [4] (V.3.4) we may check, by using
variation of 9, that the only maximizing radial-slit-mappings are those where cos I = I
and cos S=0, i.e. they are connected with the corners of III lying on the U- and

V -axis correspondingly.
Let us now apply the variation mentioned in the expression (5). The result

follows by aid of formal differentiation Ol{(llDS) which yields

(34) QtrU - FzV) sin ,9 * (pr'f/ + F, U) cos ,9 - - u sin 2S.

The solution of this condition is a boundary function of the type 1:1. For these

Theorem 5lY.l.4 of [4] is available. This implies that for the generating function .9

of the boundary function

(3 5)

(37)

(3 8)

C, sin.9+C, cos I - u sin}S

(cf. (39)/V.l.a of tal). We may now proceed as in V.3 of [4], when maximizing
Re (ar* Aaz). Comparison of (34) and (35) yields the connection between the extremal
points (U,V) and (pr, pr):

on

(36) u -

Theorem 5/V.1.4 of 141 defines the

and (D are the parameters used for

FrCr* pzCz

T lpl'

bijective connection Qrr, F)+(a, c»), where q,

the bound ary functions 1 : 1 :

, lttCr* FzCz _ n= n 
:ur

, lttcz- FzCt _ n.T- l-"' lpl'

prros # *cr(cot a-.cot 0)+a-0))

f* (tan a-tan a)--a+.,)+ G loe #

1,,:
l*:

^ sin a- b sin ar
Z- COSflCOSc),

srn (n - @)

^ cos d'- b cos o
i- Sln,7SlI1 C0.

sm (o( - @)

The corresponding bijective
was considered in detail by

connection, i.e. the uniqueness
the first author in l2l.

of the solution (a, at),
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The sharp upper bound of the functional is written by aid of Theorem 8ly.l.4
of [4] in the form

(39) Re (as*(r- t) ai) = t - b2+ Crcr(tan a-tan r) -+(#-#;

6. Some extremal domains in the class S(U2)

In [4] the boundary functions of (ar, ar) are determined by integration of the
corresponding Löwner's differential equation. In the cases 2:2 and l:2 the result
can be expressed in terms of U and Z, whereas in the case 1:1 the parameters a
and «-r determine the solution. Thus, in the present case we will pick up some extremal
points (U,V), (Fr, ttr\ for determining the corresponding extremal domains. Let
us fix å:1/2.

We start from a defined bounda (Figure 1):

0.686.548.(40)

Keep the ratio

l\:0.5, Fz:

._ llz _,t :.!2 : 1.373.095

frxed and choose some points (U,V) lying on the line segment A' (Figure 1). The
extremal domains all belong to the same point (40). The number oo determining
the limit point (7) on the upper boundary of åI is the root of

1[1 - oz - o-arccos o - 1tfr + o*" 
"or f + l o log b : o,

which in the present case is

oo: 0'419'79A'
Thus we end up to the points

al' ,,., a4

of Table 2 and Figure 4. From a4 we proceed first in the direction of the pr -axis

and then in the direction of the p, -axis through the points

a5, ..,, a10
of Table 2 and Figure 4.

Next, start from the point

!8, t, : 1.258'307, ttz: 0.568'497

lying on the boundary of II' (Table l). This defines the ratio

t - Fz : 0.45 1.795
Ft
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f - ----]
\t
\,/ \"'-----/

,"t \t\
\.i\i\/\------'

--./,,--.---)/\/'' \/\i .__l\r\\\\ ./.\

/'\/\i .-1
\---/

Figure 6.

O,t,UoU
0U
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determining a line segment through the origin of the trr-plane. This meets the bound'
ary 0D of II' at the second point

Ir
b4,lt": 

-(l +r'') logå 
: l'198'133'

It
P: - 6 aolt t t: o'541'3I l'

Between b4 and å8 we pick up the points (Table 2)

' b5, ',',b7'

The corresponding points (U,V) are determined by (20), and they lie on the line

segment (Figure 4) 
v : _t(J,

on which we further choose the points (Table 2)

bl, b2, b3.

Finally, we proceed in the p-plane along two line segments, through the points

(Table 2 and Figure 4): 
bg, ...,br3.

The extremal domains corresponding to the points al, ..., c10 and bl, ..., bl3
are computer-drawn in Figure 6.
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