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ESTIMATES OF HARMONIC MEASURES

LENNART CARLESON

1. The theory of analytic functions of one complex variable can be based on
essentially three different principles: (1) the Cauchy integral and the related power
series expansions, (2) the geometric idea of conformal mapping and (3) the use of
harmonic functions and the study of log|f(z)]. In the development during the
last fifty years the last aspect has been predominant and the work of R. Nevanlinna
together with that of many other Scandinavian mathematicians has been of funda-
mental importance. To combine the aspects (2) and (3) one must be able to handle
harmonic functions in terms of geometric conditions and this is how harmonic
measures enter. I shall here give a short summary of the most important methods
and mention some open probiems. During the last decades the first method has
been revived through the d-equation and we now have methods where all three aspects
can be made to work together.

Assume that 9 is a domain in the plane. We divide its boundary into two sub-
sets, d9=FEuT, and we are interested in estimating the harmonic function in 2,
w(z; E; 2) which =1 on E and =0 on I', at some fixed interior point z, of 2.
This point z, is always assumed not to be close to 02. I shall schematically classify
the situation in the following sections.

2. 2 simply connected; E an arc

This case is the most well-known and there are three essentially equivalent
methods

(A) the Ahlfors distortion theorem [1]
(B) Beurling’s method of extremal length
(C) Carleman’s differential inequality [4].

Since Beurling’s method is the least known and the most flexible, I shall indicate
the result.

We assume that f is some fixed arc “close” to z, and that the geometry of &
is well-behaved in this part of 2. Consider the family of all curves {y} joining p
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to E in 2 and all well-behaved non-negative functions ¢ in 2 such that

[e@ldzl =1, yefy).
Y

We define
SRy — 2
ME; B2 = lrelffgfg(z) dx dy.

Then
w(z; E; 9) <X exp {—nl?}

where < indicates that the two sides are equal disregarding constants which can
be found in terms of the local geometry around z,.

Upper estimates of @ are obtained using particular choices of ¢. In the case
of a domain where segments 0,, x,<x<x,, parallel to the y-axis separate z, from
E, we can choose

17 de)t
Q(X,y)'—" |6_ac|[x'[ |Tt|] s Xog =X = Xp, (x’ y)Eex
0 otherwise

and obtain Ahlfors’ distortion theorem.
To get lower estimates we observe that A(f, E)-4(d,0)=1, if 6 and o are
the arcs 02\(BUE) and estimate A(J,0) from above by special choices of g.

3. E isolated from ' =09 —E

We assume that I' contains some well-behaved part. A typical case is when E
is located inside a curve I
We assume first that the complement of E has a Green’s function

g(2) = f[loglz—tldu(D)+V.
E

C(E)=V ! is the capacity of E (observe that there are other normalizations).
Then
w(z; E5 2) X C(E)

with the same conventions as before. Since
. 1
Vv =inf [[log—— du(z) du(0)
noge [z—{|
for all u=0, u(E)=1, we have good possibilities to make geometric estimates.

— If g(2) does not exist C(E)=w(zy; E; 2)=0.
In Nevanlinna’s book [9] all this is set down in detail.



Estimates of harmonic measures 27

4. I a smooth curve, E close to I'

This is a very important case for studies of entire functions and behavior of
analytic functions close to the boundary. The first results are by Nevanlinna 7
and Beurling [3] and the very useful lemma of Hall [6]. A rather complete solu-
tion can be formulated as follows. Even if the result has not been recorded, this
type of estimate was known to Beurling and the methods are standard in H P-theory.
Nevanlinna’s estimate [7] was based on the same idea.

To simplify the presentation we consider the upper half-plane and assume that
Ec(0, 1)X(0,1/2) and choose z,=i. Denote by Q dyadic cubes obtained from
0,=(0,1)X(0,1) and having one side on y=0. (&) is the family of positive
measures on Q, which satisfy

(A) u(Q) =s(Q) for all such Q,

where s(Q) is the side-length of Q. Let us furthermore denote by Q" the upper half
of O and set E(Q")=EnQ’. We then also assume

C(EQ@))

®) 1= cE@yra-ce@mce) @
We then have for 2 =upper half plane #\E
4.1 w(i; E; 2) < sup pu(H).
), ®)

Let us first observe that the Green’s function for y=0 with pole at {={+in
satisfies

n n

lo +0(), |z={ =+

B O, 12—l =7

G(z; = yn "
T’ lz—{l 5‘2‘-

We shall in the sequel relate measures x and v to each other by the relation

dv(Q) =du(Q)-n7"
We then have the estimate for z€Q’

: - 1@
(4.2) lMﬂ=fﬂLOm@=Cmu“@.
Conversely, if z€Q and p satisfies (A), then
(4.3) [ Godv©=Consty [ &)
RO =g 2soya 127 C°

F tdt
= Const. y f —;— = Const.
s/4 r
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Let us assume that £ is located in y=2"%"1 We first consider squares Q
of side 27%. If C(E(Q"))=0, let v be the distribution of mass C(E(Q’)) on E(Q’)
so that

EW@Q)

An easy computation shows that on E(Q")

CEQ)
c@)

Hence the maximal total mass that we can distribute on £(Q’) with a Green’s poten-
tial =1 is

[GE D0 = 1- +C(EQ)).

C(EQ)
= CE@) +(1-CE@CQ)

We define v,=Const. v; so that supgq, u,,=1. We do this for every Q
of side 27* and define vV=3'v, for these Q’s. From (4.3) follows that u,(z)=
Const.

Having defined v and ¥ for squares of sides 277, j=m+1, we consider
E(Q’) for a square of side 2.

If

u,m+v(z) =1 on E(Q)

we put vV =y"m=0 on E(Q’). If not, we define

4.9 vim(() = Const. vp({) on E(Q)

where the constant ¢ is chosen so that infgy) %, +ch(2)=1- We go through
the squares of size 2~™ and have defined v™ by (4.4). We set v=v® and pu=u®.

It is clear from the construction that u#,=1 on E. Since u‘,Qxl on E(Q)
it is easy to see that u,um.n(z1)/t,msn(25)<X1 for z;, z, on Q' for a square Q of
size 27™ (this is essentially Harnack’s inequality). It then follows from the con-
struction that

u,(z) = Const., for all z,

and by (4.2)

1(Q) = Const. s(Q), for all Q.
We conclude

o (2) X u,(2)
and
o(@) X u,() X [ndv(n) = p(#).

Conversely, let y, satisfy (A) and (B). We replace p,|Q” by B,-n -dv,, where
B, is a constant so that

1(Q) = BQ f ndvg.

E(@)
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The changed measure uj satisfies by condition (B)
[ G(z; 0 dvg(¢) = Const.
E@Q)
Since p also satisfies (A) it follows from (4.3) that
w(z) = [G(z; 0 dvi({) = Const. on E.
By the maximum principle
Ko (D) = u(9) XfG(Z; ) dvg(0) = u'(i) = Const. w(i).

This proves the result.

To obtain the Beurling—Nevanlinna projection theorem (in a weak form) we
choose for every y=0 for which this is possible some (x,y)€E and define
duy(x, y)=dy. The corresponding set of y’s is denoted E*. Then

4.5) w(i; E; 2) > Const. mE*.
For Hall’s lemma we consider instead r=0 so that, for some 0, re®¢ E and

define duy(re®)=dr. If again the corresponding set of r’s is denoted E*, (4.5)
holds.

5. 09 a curve; EC 09
If 09 is rectifiable it follows by conformal mapping that (i; E, 2) and length
£ (E) vanish simultaneously. An upper bound

Const.
lo _._1_
£2@®)

w(E) <

can be given with a uniform constant in terms of the general geometry. No lower
bound of such nature can exist.

If 02 is a general Jordan curve, our knowledge is very unsatisfactory (see [5]).
Lavrentiev has shown that it is possible that w(E)=0 and /(E)=0. Conversely
if ECu2, where 9, are discs with radius #, it follows from the Beurling—Nevan-
linna projection theorem in §4 that

w(Eng,) = Const. r¥/2,

Hence if >'rY? can be made arbitrarily small, ie. 4,,(E)=0, then w(£)=0.
It can be shown that there exist a>1/2 so that A, (E)=0 implies w(E)=0. To
prove this for all <1 would be an important progress that would also imply
that if ¢ is a conformal mapping of any domain 2 onto the unit disc then

4f|qo’["dxdy< o, p<4.



30 LENNART CARLESON

6. E a linear set

A natural method to deal with harmonic measure is to try to find an iterative
scheme of linear inequalities which derive from the Poisson formula for some explicit
situation. This seems to have been first used by Benedicks [2]. I shall here describe
in detail a situation where the method works.

Let x,, —eo<v<-eo, x,=0, be a sequence of points on the real axis, 0<x, ,—
x,<C. Assume also C "'=a,=C, and that the intervals

o, = {x|x—x,] =a,}

are disjoint. Let 9 be the complement of F=uUw,. We wish to estimate w(z; w,; 2)
for z real.

Let 7, be the complementary intervals of F in natural order. Suppose m,=
max; o(x) is taken at {,€/,. Let K,(x;7) be the Poisson kernel for the plane
\J,. Then, if I,n@,=0,

m, = () = [K,&; Do) dt
= 3 [K@Eino@di+ [K(E;0)di

i#v [

[IA

2 m; va(é\.; 1) dt+0(v-2).
IJ'

J#v
If we set
ay = [K(&;0dt, v+j
1;

and a,;=0 for the two excluded intervals /,, the matrix (a,;) has the following
two properties:

6.1 Say=q<]
J
where ¢ only depends on C;
K
(v—j)’
Both inequalities are immediate consequences of the assumptions on the intervals
and the explicit form for K.

(6.2) 0<a,

1A

K = K(C).

Lemma. Under the assumptions (6.1) and (6.2)

Const.
6.3 O=m,= Da,;m;+ OVI;S < Const.
J
implies

Const.
o




Estimates of harmonic measures 31

Proof. If we write (6.3) in matrix notation it takes the form (x=m)
0=x=Ax+c

where x;=Const., ¢;=Const. ;% Hence
n—1
x = A"x+ 3 Ake
0

Since Max; (4"x);=4¢"—0 it is sufficient to prove the following: There exists &=0,
only depending on ¢ and C, so that if

0<x;=Min(e,j? =0
then

I+gq
2

Let #=¢ Y2 There exists 6=6(q,C) so that if |i|=(1+0)# then (6.4)
holds. This is an immediate consequence of (6.1). Take i=A¢ with A=1+6.
Then

(6.4) Vi=(4x); =

A

K
vi=e D ag+ 2 —ait+ 2 53
PR Y imftes JB Y ifRes (i)
lil=# lil>#
The second sum 1is

— i 2‘13“ for 6 <8(q).
The third sum has an estimate
Const. i~2.#~1 = Const. i ~2g"/2,

The first sum, finally, is bounded by

(A+1)F d 3/2
X Const. ¢ 1—
Const. - & f = = ) 1 - 6 qg 5
ans X i2g— .

if ¢ is sufficiently small, since i2e=1+9.

In a similar way one can also estimate harmonic measure for compact sets.
Let me mention the following results. The proofs will appear elsewhere.

Let E be a compact set so that for every x,€E

m(En(xy—39, xo+0)) = ¢d for all =0

for some fixed ¢=0. Let dist. (0, E)=1, and let w(x) denote harmonic measure
at 0 for the part of E located in (0, x). Then

(a) w(x)<Const. x~°, 8=0(c)>0.

(b) w is absolutely continuous and

fa)’ exp {xw 2} dx < . a =a(c)> 0.
E

A natural conjecture is that w’€L? for some p=1.
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