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ON THE ORDER OF QUASIREGULAR MAPPINGS

S. RICKMAN and M. VUORINEN

1. Introduction

A continuous mapping f: G—R" of a domain G in the Euclidean n-space R”",
n=2, is called quasiregular (qr) if f belongs to the local Sobolev space W,l,,l.,c(G)
and for some K, 1=K-<-oo,

(1.1 ()" = KJ,(x) a.e.

holds. Here |f’(x)| is the operator norm of the formal derivative f”(x) and J,(x)
is the Jacobian determinant at x. Quasiregular mappings constitute a class of func-
tions which is a natural generalization of the class of analytic functions in the complex
plane. Quasimeromorphic (qm) mappings are maps into R"=R"U{} and corre-
spond in this theory to classical meromorphic functions. For some basic parts of the
theory of qr and qm mappings the reader is referred to [5], [6], and [18].

For a nonconstant gm mapping f: R"~R" we define the order p, and lower
order A, of f by

. log A(r)
(1.2) Uy = llrrnjllp “Togr

. logA(r)
(1.3) Ap = IIEEL,Hng,.'

Here A(r) is the average of the counting function n(r, ) with respect to the spheri-
cal n-measure in R", n(r, y) being the number of points of f~1(y) in the ball B(r),
B(ry={x€R"||x|<r}, with multiplicity regarded.

If G is a domain in R" and f: G—~R" qr, we write

M) = sup ().
For a nonconstant qr map f: R"—~R" the order of f can be defined by means of
M(r) as well, namely,

loglog M (r)

py = limsup (n—1) Tog7

holds and similarly for the lower order. This will be proved in Section 2.
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In Theorem 3.3 we shall give a counterpart of the Phragmén—Lindelof theorem
for qr mappings. In a special case it says that if f: R, ~R" is a nonconstant qr
mapping of the half space R’ ={x€R"|x,=>0} with

lim sup [f(x)] = 1
for all y€oR".\{e}. then either |f|<1 or

lim inf 28108 M)

roo logr

=cn, K)=0

where K is the number in (1.1). Another result is the following. Let f: R"->R"
be nonconstant qr. If the lower order A,<c(n, K)/(n—1), then lim sup,.m(r)=-<°
where

m(r) = inf ().

This is included in Theorem 3.5 and it is related to a result of Wiman [16, p. 121].

We have formulated our Phragmén—Lindelof theorem for a qr mapping of an
unbounded domain GCR" such that R™\G is thick enough at . A sufficient
condition for the thickness will be given in terms of the n-capacity. By modifying a
construction of an entire analytic function due to Toppila [15] we shall show that the
thickness condition is in a sense best possible when n=2.

The proofs in Section 3 are based on a two-constant theorem for qr mappings
from [11], which in turn is based on estimates on solutions of quasilinear partial dif-
ferential equations due to Maz’ja [7]. Results related to those in Section 3 have been
proved also in [1], [3], [8] and by K. Astala and S. Granlund.

2. Equivalent definitions for the order

Let f: R"~R" be a nonconstant and K-quasimeromorphic mapping [6]. The
counting function n(r, y) is defined for r=0, y€R", by

n(r’y): Z’ l(x’f)

x€f~1y)NB(r)

where #(x, f) is the local topological index; see [5, p. 6]. For r, 1=0 we let v(r, )=
v;(r, 1) be the average of n(r, y) over the sphere S()=0B(t), i.e.

v(r, t) =

1
[ n@, tyydren=1(3)
(Dn—l S
where #"! is the normalized (n—1)-dimensional Hausdorff measure, S the unit
sphere, and ®,_,=2#""'(S). The following lemma is in a slightly weaker form in
[10, 4.1]. The present form is due to M. Pesonen and the proof can be found in [9]
and [13].
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2.1. Lemma. For r,s,t=0 and 6=1

K |log (¢/s)|"~*
(log)"—t

From 2.1 we get by integration (see [10, 4.8])

v(Or, 1) = v(r, s)—

Kz Kt
Togay— = 40 ="0n 0 Goggpr
where >0 depends only on n and 7. From (2.2) one gets the following lemma
(see [10, 4.19] and [12, 2.4]).

(2.2) v(r/0, H)— rt=0, 0=>1,

2.3. Lemma. There exists a set EC[1, «[ of finite logarithmic measure, i.c.,

dr

= =,

r

E

such that

v D _

B !

Sor all t=0.

Assume now that ¢ fR". For given r>0 and 0>1 set =M (6r) and s=1
in 2.1. This gives

_ _ Kllog"?
and hence
(2.4) llog M(0r)"~1 = (log Qog O i 1y,

Let us look at the case where there exists a limit lim, ... f(x). Then f extends to
a qm mapf: R">R", f (e)=-oo, and this case corresponds to a rational function
in the classical theory. For any #=>0 there exists r,(r)>0 such that v(r, t) is for
r=ry(t) the topological degree of fwhich is i(e, f). By ideas from [4, 6.1] we can
deduce that (for details, see [14, 5.4])

[log M (r)]" 1
~ (logry" Tt
We will need in the general case also an inequality in the direction opposite to

(2.4). We will give that in the following form where the factor (log r)"~! appears
like in (2.5).

2.5) K~v(r, N+o(1) = = Kv(r, ) 4o(l) (5 —o).

2.6. Lemma. There exist 0,=0,n,K)>1 and c¢;=c,(n, K)>0 such that
Jor some ry=>1
(log M(r)"*

v(Or, ) = ¢, Togry 1

if r=r,.
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Proof. We may assume that o is an essential singularity. We will combine ideas
from [10, 5.4] and [11, 3.2]. Let #>1 and let I be the family of paths in B(2r) which
join B(1) and f~Y(R"™\\B(M)) where M =M (r). We may assume M=1. Then,
by an n-dimensional version of [2, Theorem 4],

d,

(27) M(F) = (lo—gr)nTl, r =Ty,

for some r,=1 where d,>0 is a constant which depends only on n. We first assume
M()=1. Set

3 .
Toganpy =M

o(y) = 0 elsewhere.

o(y) =

Then g is admissible for the family fT and from the proof of [5, 3.2] we get that
(2.8) /
MI) =K jn(zr Ve dm(y) = 3K Afsi( n(Q2r, 12)d A" (2)) de
(logM)y J = T
Let r=r,. The inequalities (2.7) and (2.8) imply that there exists y, 1=|y|=M",
such that
(logM)"™*

2.9) n@2r,y) = ¢ ———— Togry 1

where ¢;=c;(n, K)=0. We separate two cases:

Case 1. For each x€f~1(y)nB(2r) the x-component of f~B(M™®) is
contained in B(4r).

Let x¢f~%(»)nB(2r) and let D be the x-component of f~B(M??). Then
D is a normal domain ([5,2.5]) and

i(Z>f): 2 i(x’f)

ZGI;'(C)QD xef-1ymNnD

for all {€S. By summing over all such components D we obtain for all (€S

2100 n@4r,0) = ;’ZE > iz fH=2 > i(x, f) =n(Qr, ).

f-uoOnb D xef-1y»ND

Case 2. Thereexists x€/~*(»)nB(2r) such that the x-component of f~1B(M?/?)
intersects R™\ B(4r).
Let I'; be the family of paths in B(4r) which join f~1B(M?3) and f~1(R™\\B(M)).
Then
M) =b=b(n) =0,

and in place of (2.8) we now obtain

3"Kw, _ v(4r, )
M) = gty fa a
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These imply that there exists #,€[M¥3, M] such that

b(log M)~
3 1Kw,_y

v(@dr, ) =

Let 2C=b/(3" 'Kw,_,). For 0,>4 Lemma 2.1 implies

2.11) v(Oyr, 1) = [2c- ] (log M)*~1.

K
Toz @Ay
We choose 0;>4 so that K(log (0,/4))'""=C. The lemma follows then from (2.9),
(2.10), and (2.11).
Let then M;=M(1)>1. Let g be the map y—y/M, and apply the above to
the map h=gof. If the constants for & are 0, and c¢;, then

o (log (M/My))y
v(6,7, My) = v, (0,7, 1) = cl‘_m—l—"a = ry.
Since by 2.1

K (log My)"~*

v(20,7, 1) = v(0,r, M,)— Tog 2y

and since v(0,r, My)—e as r—o [l0, p. 455], we obtain

¢ (log M)"?

V(261r, 1) = 5 —(TOgT)n:-]—,

=T,

for some r,=r;. The lemma is proved.
After these preparations we are now ready to express the order and lower order
in terms of the maximum norm function M(r) as follows.

2.12. Theorem. Let f: R">R" be a nonconstant qr mapping. Then

L .y loglog M)
(2.13) Uy = hrrrL sup (n—1) Tog ,

. loglog M(r)
(2.14) lp = llillglf (n—1) Tog .

Proof. We shall prove (2.13). For (2.14) the proof is similar. Let the right hand
side of (2.13) be a and let ;< be a sequence of positive numbers such that
(n—1Dlog log M(r)/log r;—~a. Let ¢>0. By Lemma 2.6 there exists ¢>2 such that

_ log v(0yri, D
- logr;

— r= Q.
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Let E be the set given by Lemma 2.3. For any given k=g there exists by 2.3 r,=
and s€[0,r;, 20,7, ]\E such that v(s, 1)=A4(s)(1+¢). Then

e = logv(s, 1) - log A(s)+¢

logr; ~ logs—log(26,)°

This gives a=u,. Similarly we get a=p, by using (2.4) in place of 2.6. The theorem
is proved.

3. Phragmén—Lindel6f type theorems

Let (4, C) be a condenser in R", i.e. ACR" is open and CcA compact. The
capacity or n-capacity of (A4,C) is defined by

cap (4, C) = inf f|Vu!”dm
A
where u runs through the set of functions in Cqy (4) with u(x)=1 for x€C.

The following lemma is a two-constant theorem [11, 4.22]. Its proof is based on
estimates from [7].

3.1. Lemma. Let f: G-~R" be a nonconstant K-qr mapping, O<m<M,
and let U=B(z,r) and
€)) lf(x)] = M for xeGnU,

#)) lim sup [f(x)] = m for y€0GnT.
Then there are constants 2x€]0, 1/2[, C€10, 1] depending only on n and K such that

if O<i=lg, then
log|f(x)| = Bylogm+ (1—f,) log M

Jfor x€(GN\f71(0))nB(z, ir) where Py€[0, 1],
s = C(cap(B(z, r), (R"™\G) N B(z, /r)))'"~Vlog /i
If EcR" is closed, x¢R", and if r=0, we set
cap (E, r, x) = cap (B(x, 2r), En B(x, 1)),
cap (E, r) = cap (£, r, 0).
By a result by Martio and Sarvas (cf. [19, 1.7]) we have for ¢=2r

cap (B(t), EnB(r)) = [—19%;%’;)] cap (E, r).

In particular, we get a lower bound for the number f, in 3.1:
(3.2) By = C (log 2)(cap (R™\G, Ar, z))/®~D),
Our analogue of the Phragmén—Lindelof theorem [16, p. 115] is the following.
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3.3. Theorem. Let f: G—~R" be a nonconstant K-qr mapping with
lim sup [f(x)] = 1

Jor all yedG\{==}. If there exist numbers 6=0 and r,=1 such that
cap (R"™\G, r)=d for r=ry, then either |f(x)|<1 for x€G or

lim infk-g——lw =c(n, K, 9J)
oo logr
where c(n, K, 6) is apositive constant depending only on the dimension n, the maximal

dilatation K, and the number 6.

Proof. Suppose that |f(xy)|=1 for some x,£G. Since a nonconstant gr mapp-
ing is open, there is r;>max {ry, |xo|} such that M (r))=|f(x,)|. Let A=21x€]0, 1/2[
and C>0 be the numbers in Lemma 3.1 and write f=C (log2) 6"V, Fix r>r,/).
Lemma 3.1 and (3.2) yield
logM(r) = Blogl+(1—PRlogM ) = (1—p)log M(r)

log M().2 r) = flogl+(1—p)log M(Ar) = (1—p)*log M(r)

log M(7*r) = (1—B) log M().

Let p=max {k€N: ’r=r). Then p=(logr,—logr)/log/—1. In combina-
tion with the estimates above we get
log M(r) = (1—p)? log M (¥)
and further

loglog M(ry) - [log (rl/r)__ll log(1—p)  loglog M(r)
logr ~ U logi logr logr

On letting - we get the desired bound with ¢(n, K, 6)=(log (1 —p))/log 7.>0.

3.4. Remarks. (1) To illustrate the meaning of the condition cap (R"\G, r)=§
in the theorem above we indicate a standard way of establishing adequate lower
bounds. If EcR" is closed and E,CB(r)nE is closed and connected, with
d(E,)=1r, it follows from {17, 10.12] (cf. [19, 1.10]) that
447
4—1

cap (E, r) = cap (E,, ) = ¢, log

where ¢,>0 is a constant depending only on n.

(2) Wallin [20, Theorem 4.4] has constructed a compact set E in the unit ball
of zero Hausdorff dimension with cap (E, 1)>0. Applying dilations one can hence
construct a closed set F of zero Hausdorff dimension with cap (F,r)=6 =0
for r=1 ({19, 2.5)). '

For an entire qr mapping we get the following result by a similar proof.
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3.5. Theorem. Let f: R"->R" be a nonconstant K-qr mapping. If ECR"
is a closed set such that there are numbers =0 and ry=1 with cap (E,r)=5 for
r=ry, and

(3.6) sup [f(x)] <o,

then the lower order J,;=d(n, K, &) where d(n, K,3)=0 is a constant depending
only on n, K, and 6. In particular, if 7,<d(n, K, §), then

lim sup m(r) = o
oo
where

m() = inf [0,

Wiman [16, p. 121] has shown that an entire analytic function of order less than
1/2 satisfies lim sup, .. ..m(r)=<c. It is not known to the authors if results like Theo-
rem 3.5 have been previously proved for analytic functions. Note that, in view of
Remark 3.4 (2), the set £ in 3.5 can be rather small.

K. Astala and S. Granlund have obtained related results in forms where
7 has a lower bound d which depends also on y=limsup,...d6(r), 6(r)=
J/"’l(S(i')mG)/(w,,_lr"_l) and d, e when y\0. Here G=R"\ E. The results
in [1] and [8] are also in this direction.

Theorem 3.5 implies immediately that A,=d(n, K)=0 if f: R"->R" is non-
constant and has an asymptotic value in R". It is an open question whether the lower
bound tends to < when the number of asymptotic values tends to oe.

4. An example

In this final section we shall give an example which shows that Theorem 3.5 is
best possible in the sense described in Example 4.8 below. The example is obtained
with minor modifications from a construction due to Toppila [15] as we shall now
show.

For what follows fix an increasing function /: ]0, o[ —~]0, o[ with lim,_. /i (#)=c-.
Consider the entire function

.1 F@) = I (1=zlay

where a;, m;>0 are appropriately chosen sequences. the numbers m; being integers.
The choice is made as follows. Let a;=m,=9=¢> Suppose that k=2 and the
numbers aj, ..., a1, My, ..., M, _; have been chosen. Choose a, such that

k—1
(4.2 > m; < h(ay),
i=1
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and

k—1 2 a,
4.3) (1—!-]_;1' mj) Qg =< Togta,”

Now choose an integer m, such that

k—1

> ij loga, = Vm, —1.
j=1

4.4 Vm, = (
Conditions (4.3) and (4.4) have been slightly modified from the corresponding

conditions in [15, pp. 5—6] for the proof of the second part of the following lemma.

4.5. Lemma. Let f be defined by the formulae (4.1)—(4.4). Then f enjoys the
Jfollowing properties:
1) log M(r) = O(h(r)*log®r) (r —<o).

?2) f(2) ~0 as z > and z€ U B, B, = B(a,, a,/4).

Proof. The proof of (1) can be done, with obvious changes, in the same manner
as in [15, pp. 6—7], where the reader can find the details. The proof of (2) is much
shorter and based on ideas from [15]. We shall give here only the proof of (2).

To prove (2), we obtain for z€B,

(4.6) log |/(2) = é m;log |l —z/a,| =
j"g mylog (L |z)a)-+m, log (1/4)+ _ kg: (5 (4a)

It follows from (4.3) and (4.4) that (cf. [15, p. 6])

1 (1 Jj—1 ]21 , 1
m. . —_— . .
1l < a —}—i;; m;| log?a; < i
and a;>400 a;_,. Hence

4.7 > my(5a,/(4ay)) < 2.
J=k+1
The estimates (4.6) and (4.7) together with log (1+|z|/a;)=log (2z]) yield
k—1
log|f(2)] = [2; mj) log (5a,/2)+my log (1/4)+2 = my(log (1/4) + e (k)).
=
Here &(k)~0 as k—o by (4.4). The proof is complete.

4.8. Example. Let f: R*—~R? be a nonconstant entire analytic function of
order zero with positive zeros a,<a,<..., lim a;=co, such that if B,=B(q,, @,/4),
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then for some k=1,
4.9 /(<1 for xe€ Uk B,.
K=k,

Choosing h(r)=log (1+r) in Lemma 4.5 we see that such functions exist. Let
E=Jx=,Bi- By Remark 3.4 (1) there is T=0 such that cap (E, a,)=71 for k=k,.
By (4.9)

lim sup | /()] = 1

for all y€E. Since u, =0, we see that the condition cap (E,r)=06>0, for large
r=0, in Theorem 3.5 cannot be replaced by the corresponding condition for a se-
quence of numbers 7, e when n=2. On the other hand, it would be enough to
assume cap (E, s,)=0=0 for a sequence (s;) with, say, s;.,<2s, for all k.

References

[1] BoTvinNIK, V. A, and V. M. MikLiukov: A theorem of Phragmén—Lindel6f type for
n-dimensional mappings with bounded distortion. - Sibirsk. Mat. Z. 21, 1980, 232—
235, 240 (Russian).

[2] GesgrING, F. W.: Symmetrization of rings in space. - Trans. Amer. Math. Soc. 101, 1961,
499—519.

[3] GRANLUND, S., P. LinDQvisT, and O. MARrTIO: F-harmonic measure in space. - To appear.

[4] MarTIO, O.: A capacity inequality for quasiregular mappings. - Ann. Acad. Sci. Fenn. Ser.
A 1 Math. 474, 1970, 1—18.

[5] MaRTIO, O., S. RiIcKMAN, and J. VAiSALA: Definitions for quasiregular mappings. - Ann.
Acad. Sci. Fenn. Ser. A T Math. 448, 1969, 1—40.

[6] MarTIO, O., S. RickMAN, and J. VAisALA: Distortion and singularities of quasiregular mapp-
ings. - Ann. Acad. Sci. Fenn. Ser. A 1 Math. 465, 1970, 1—13.

[7]1 Maz’sa, V. G.: The continuity at a boundary point of the solutions of quasilinear elliptic
equations. - Vestnik Leningrad. Univ. 25, no. 13, 1970, 42—55 (Russian).

[8] MIxLIUKOV, V. M.: Asymptotic properties of subsolutions of quasilinear equations of ellip-
tic type and mappings with bounded distortion. - Mat. Sb. (N.S.) 111 (153).
1980, no. 1, 42—66, 159 (Russian).

[9] PEsONEN, M.: A path family approach to Ahlfors’s value distribution theory. - Ann. Acad.
Sci. Fenn. Ser. A I Math. Dissertationes 39, 1982, 1—32.

[10] RICKMAN, S.: On the value distribution of quasimeromorphic maps. - Ann. Acad. Sci. Fenn.
Ser. A 1 Math. 2, 1976, 447—466.

[11] RICKMAN, S.: On the number of omitted values of entire quasiregular mappings. - J. Analyse
Math. 37, 1980, 100—117.

[12] RiCKMAN, S.: A defect relation for quasimeromorphic mappings. - Ann. of Math. (2) 114,
1981, 165—191.

[13] RickMAN, S.: Value distribution of quasiregular mappings. - Proceedings of the Nordic
Summer School in Mathematics, Joensuu, 1981. Lecture Notes in Mathematics,
Springer-Verlag, Berlin—Heidelberg—New York (to appear).

[14] SreBRO, U.: Quasiregular mappings. - Proceedings of Seminars held at Maryland University
1973/1974. Lecture Notes in Mathematics 505, Springer-Verlag, Berlin—Heidelberg
—New York, 1976, 148—163.



On the order of quasiregular mappings 231

[15] TorppIiLA, S.: Some remarks on exceptional values at Julia lines. - Ann. Acad. Sci. Fenn. Ser.
A I Math. 456, 1970, 1—20.

[16] Tsus, M.: Potential theory in modern function theory. - Chelsea Publishing Co, New York,
1975.

[17] VAISALA, J.: Lectures on n-dimensional quasiconformal mappings. - Lecture Notes in Mathe-
matics 229, Springer-Verlag, Berlin—Heidelberg—New York, 1971.

[18] VArsALA, J.: A survey of quasiregular maps in R". - Proceedings of the International Congress
of Mathematicians, Helsinki, Finland, August 15—23, 1978, Helsinki, 1980,
685—691.

19] VUORINEN, M.: On the existence of angular limits of n-dimensional quasiconformal mapp-
ings. - Ark. Mat. 18, 1980, 157—180.

[20] WALLIN, H.: Metrical characterizations of conformal capacity zero. - J. Math. Anal. Appl.
58, 1977, 298—311.

University of Helsinki
Department of Mathematics
SF-00100 Helsinki 10
Finland

Received 14 January 1982



