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QUASICONFORMAL MAPPINGS WITH FREE
BOUNDARY COMPONENTS

RICHARD FEHLMANN

1. Introduction

Let I' denote a closed subset of the boundary of D ={w||w|<1} and Ta compact

subset of D, such that D— T is a domain. We consider a quasiconformal mapping F,

| z=F(w), which maps D—T into D, such that D is mapped onto itself. The class of
| all such mappings which agree with F on I' is denoted by Q. We do not indicate the
dependence on T and T, since these sets are fixed throughout this paper (except in §6).

If F has minimal maximal dilatation in the class Qp, we call F absolutely extremal.

We use the notation ‘““absolutely extremal” to indicate that the image domains of

competing mappings G€Qy are not fixed. So F is absolutely extremal, if

K[F]=K,:= GlélgFK[G],

where K[G] denotes the maximal dilatation of G.

its complex dilatation
_f:(0 _ FW

%(z) = ==

£ F,m’

problem too:
%= Br.ry:={0|@ holomorphic in D, ¢dz* real on 6D—F(I),

loll = 4 [l (2)dxdy <=o}.

By normality we conclude that Q) contains at least one absolutely extremal
mapping. If there is only one such mapping, it is called uniquely absolutely extremal.
To derive necessary and sufficient conditions for a mapping to be absolutely
extremal, we use the method of E. Reich [5] in connection with a similar problem. We
consider the inverse mapping f=F~1, w=f(z), which is defined in F(D—T), and

The following Banach space of holomorphic functions plays a basic role in this

First we derive a general necessary condition which leads to the possibility of
the existence of a so-called “substantial” boundary point [4]. After this we derive a
second necessary condition in the case when there is no such boundary point: Then
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338 RICHARD FEHLMANN

there is a quadratic differential ¢€% such that f is a Teichmiiller mapping with
complex dilatation x=kop/|¢|(ko=(K,—1)/(Ky+1)) and F(D—T) is a domain
which is the unit disk slit along some subarcs of vertical trajectories and connected
subsets of the vertical critical graph of ¢ (this is defined to be the union of all vertical
critical trajectories and zeroes of ¢). These subarcs then correspond to the set 7.
We restrict ourself to the case where at most denumerably many components of
D —F(D—T) are points. With this slight restriction the necessary conditions turn out
to be sufficient for F to be absolutely extremal. Moreover F then is uniquely abso-
lutely extremal.

2. The general necessary condition for absolute extremality
If F is as above, then the complex dilatation » of f=F~! is a measurable func-
tion in F(D—T). We extend % by setting
#(z)=0 for zéD—F(D-T)
to get a measurable function in D. We prove the

Theorem 1. If F is absolutely extremal in Qp, then

) ”%1%%1| [f odxay| = |]...

Proof. We apply a technique employed by Krushkal [3] and elaborated by Reich
RIE
Let ko=ll%[... If ky=0 nothing has to be shown. We assume k,=0. If €))
does not hold, then
s dxdy| = kq.
o [ o] = <y

llell=1

By the Hahn—Banach and Riesz representation theorems there exist a complex
valued measurable function a(z) with

f f xpdxdy = f f apdxdy, for every @c4,
D D

and |o|. =a.

We form v(z)=x(z)—a(z), z€D. For O<t<1/|v|.., let g denote the quasi-
conformal selfmapping of D with complex dilatation v and with g(1)=1, g(i)=i,
g(—=1)=—1. Then we put h=fog~! and have

h ®(2)—tv(z) g,(z
@ Loy = 2000 5@
hy 1=19(2)%(2) g.(2)
By the Fundamental variational lemma ([5], p. 107) there exists a (1 +c))(1—¢)
quasiconformal mapping g* of D onto itself whose boundary values agree with those
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of g at F(I') such that
2yl
L=ty +2vl%

c=

We put f=hog*=foglog*. Then fis defined in g*~logoF(D—T) and maps
this domain onto D— T with boundary values of f on F(I'). Therefore f~* belongs
to Qr. We want to show that

K[f] < K[F] for =0, sufficiently small.

This would contradict the absolute extremality of F.
Let

= {ZéF(D—T)! (2)] = ko;a}’

ky+a
T ()] = ko

V, = {ze F(D—T)|

Since ky=0, it is immediately clear from (2) that there exist J,>0, #,=0, such that
(O] = ko—6y8, if 0=t=1, (cg().
Expanding (2) we obtain for (€g(V,) and (=g(z),

(O] = lx(z>1—t—1‘|7'fz(f+'2Re (0(2)%(2)) + 0 (2)~.

Here O(t?) is uniform with respect to z in V,. We have v%=|%|2—a% and therefore
Re vie=|x|2— o 2] = || (|%| — a) =|| (ks —a)/2, hence

ko—
2

1—x|?
|

Therefore there exist 6,=>0, ?,=>0 such that

a>0.

Re vz 5(1—1%12)]‘0% = (1—k2)

(O] = ko—021, 0=t=t,, (cg(Vy).

We consider the effect of g*, using ¢=0(¢?), and obtain

K[/1<K[f1= K,
for t=0, sufficiently small.
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3. The existence of a substantial boundary point

Let {€I'. Then the local dilatation H; of Flyp in { with respect to I' is defined by

H{ =inf {K[G]|G:U()) =X~ U(F()), Glrnvew = Flrave),

where the inf is taken over all such mappings G and all open neighbourhoods U({)
of { and U(F({)) of F(¢) in D. For this definition and notation we refer to [4, 8, 1].
If K0=H£ , then ( is called a substantial boundary point. Since the function { —»H{
is upper semicontinuous, there always exists a point (€I’ with Hg) =Max Hj.

We assume now that F fulfills the general necessary condition (1). It is possible
that there is a sequence ¢,€2 lg,||=1 such that ¢, tends to zero locally uniformly
in D and

[ 5 @adxdy| = Iy 1 +oo.
D

We recall that x=f,|f, in F(D—T) and »=0 in D—F(D—T). Let f* be the
quasiconformal selfmapping of D with complex dilatation » in D and f*(1)=1,
f*@) =i, f*(—1)=—1. By [1] we conclude that /* has a substantial boundary point
on F(I') and is hence extremal for its boundary values on F(I'). Since fand f* have
the same complex dilatation in F(D—T), there is a conformal mapping h in D—T
such that hof=f* in F(D—T). But because K[f]=K[f*] and because local dila-
tations are conformally invariant, this point is a substantial boundary point for £
too, and we conclude that F has a substantial boundary point on I', i.e. K[F]=
Max, . H;. We remark, that this forces F to be absolutely extremal, since K,=
Maxr H{ clearly holds, hence K,=K[F]. Therefore the general necessary con-
dition (1) together with the existence of a degenerating sequence ¢, as above is a suf-
ficient condition for F to be absolutely extremal.

4. A second necessary condition in the case without substantial boundary point
We consider the case where K,>Max,r H; and F is absolutely extremal,

hence the condition (1) is fulfilled. Since there is no substantial boundary point,
every sequence ¢,£4%, |@,ll=1 with

s{)‘f%go"dxdy e ”;{”co = ko, n —oo,

contains a subsequence which tends to a function @¢%, 0<|¢||=1. It is known
that then

4 [ xpdxdy = kollol.
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Therefore we conclude that x=k,p/|¢| a.e. in D. Since k>0 we conclude that
the measure of D— F(D—T) is zero (because » =0 there) and that F is a Teichmiiller
mapping.

But as can be seen by an example these conditions are not sufficient. We derive
a second necessary condition: We claim that every component A of DN\ F(D—T)
is a subarc of a vertical trajectory of ¢ or a connected subset of the vertical critical
graph of ¢. To prove this we may assume that A contains at least two points. We
consider again the quasiconformal mapping f*: D—~D with complex dilatation
*=ko@/lp] in D and f*(1)=1, f*@)=i, f*(—1)=—1. The mapping f*oF is
conformalin D—T. Let us consider the class of mappings from D— A onto D —f*(A)
with the boundary values of f* on F(I'). The mapping f* must be extremal in this
class, otherwise we could replace F*:=f*"! by a quasiconformal mapping G*:
D—f*(A)~D—A with K[G*]<K, and boundary values as f*~1. The mapping
G*of*oF would contradict the absolute extremality of F.

Therefore f* is extremal in this class of mappings between these two ring domains.
We have already seen that the lack of a substantial boundary point on I’ for F im-
plies a lack of a substantial boundary point on F(I') for f*. We conclude by [1, 2]
that ¢ is real along A, i.e. by transformation of the ring domains D— A and D—f*(A)
onto annuli, the induced quadratic differential must be real along the interior bound-
ary component. But &= f Vo dz is conformal in neighbourhoods of points zy€ A
where ¢(zy)#0, therefore A must consist of horizontal and vertical arcs of ¢ includ-
ing zeroes. We show that horizontal arcs do not occur by using the following lemma.

Lemma. Let R be the square {x+iy|—1/2<x<1/2, O<y<l}, s its hori-
zontal side {y=0} and Ax denote the affine stretch Agx(x+iy)=Kx-+iy, K=1.
Then there is a quasiconformal mapping F, defined in Ax(R), such that Fy(4x(R))CR,
F, agrees with A" on 5 Ax(R)— Ak (s), and the maximal dilatation of F, is less than K.

Proof. We consider the right half R+*=Rn{x+iy|x=0} of the square R.
We choose I'=0A4x(R)n{x+iy| x=K/2 or y=1}. Let F, be an extremal mapping
from Ag(R*) onto R* which agrees with A" on I'. If F, has a substantial boundary
point with respect to I', then its maximal dilatation is less than K. Otherwise, if there
is no substantial boundary point, then F, is uniquely determined and it is a Teich-
miiller mapping with associated quadratic differential of finite norm, which is real
along 8Ax(R*)—TI. Therefore Ag'# F, since the quadratic differential —1 of Ax*
has a pole of first order at the corner (0,0). We conclude that the maximal dilatation
of F, is less than K.

Next we consider Fy(0). This point must be on the interior of the vertical side
{iv[0=y<1} of R*, since otherwise the ratio of the moduli of the rectangles
Ax(R*)(0, K/2, K/2+1, i) and R*(F,(0), 1/2, 1/2+7,7) would be larger or equal to
K. By reflection we extend F, to a mapping from Ag(R) onto the slit rectangle
R—{iy|0<y<Im F,(0)}, and this lemma is proved.
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We assume now that A contains a horizontal arc of ¢. Since f* is locally equal to
a conformal mapping @ followed by an affine stretch Ak, and again by a conformal
mapping Y1, we can choose a ¢@-rectangle R*, which is mapped by &= / Vo dz
onto a square R={x+iy|—1/2<x<1/2, 0<y<1} such that a horizontal arc of ¢
on A is mapped onto —1/2<x<1/2. We apply the Lemma on R and 4 k,- Therefore
we can replace F*=f*"1 in f*(R*) by ® 1o F,0¥, ie. we define

= {F* in f*(D—A—R"),
T P10 F, 0% in fA(RY.

Because F* and @710 Fyo ¥ agree on those three sides of /*(R*) which are contain-
ed in f*(D—A), F* is well-defined in *(D— A), Ky-quasiconformal and not a Teich-
miiller mapping since its dilatation is not constant. In the class Qp the mapping
F*of*oF is absolutely extremal but not a Teichmiiller mapping.” This contradicts
the first conclusion of §4, that an absolutely extremal mapping without substantial
boundary point must be a Teichmiiller mapping. We have proved the

Theorem 2. [f Ky>Max;cr HCF , then an absolutely extremal mapping F is
a Teichmiiller mapping and the holomorphic quadratic differential ¢ of the inverse
mapping f=F"1 isin B=%Bpry. The set D—F(D—T) has area-measure zero and
each component of it is a subarc of a vertical trajectory of ¢ or a connected subset of
the vertical critical graph of ¢.

5. Sufficient conditions

We have already seen that condition (1) together with the existence of a degener-
ating sequence ¢, as described in §3 is a sufficient condition for F to be absolutely
extremal. Now we want to show that with a slight restriction the necessary conditions
of Theorem 2 are sufficient for absolute extremality.

2

Theorem 3. With F given as above, let f=F ' be a Teichmiiller mapping
with associated quadratic differential ¢¢ B= By, and let the following conditions be

Sulfilled:

a) D—F(D—T) has area-measure zero,
b) the components of D—F(D—T) are subarcs of vertical trajectories of ¢ or
connected subsets of the vertical critical graph of ¢,
¢) at most denumerably many components of D—F(D—T) are points. Then F
is uniquely absolutely extremal.

1) In the set of positive measure which is mapped by F onto F(D —7)7 R*, the maximal di-
latation is less than K.
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This theorem is a consequence of the Main Inequality of Reich and Strebel [7],
stated in the following form:

Main Inequality. Let @€%By and L be a compact set in D, such that D—L is a
domain and each component A of L is a subarc of avertical trajectory of ¢ or a connected
subset of the vertical critical graph of ¢. Furthermore, suppose that the set of all verti-
cal trajectories of ¢ in D — L which meet L has area-measure zero. Then a quasiconfor-
mal mapping g with complex dilatation » which maps D—L into D, dD onto itself and
keeps the points of T' pointwise fixed fulfills the inequality

2

©) lol = f [0l l '(”' —— - dxdy.

Proof. We consider non-critical vertical trajectories § of ¢. If f is contained in
D—L, we have the length-inequality (see [9])

) [le@dzl = [ lo(2)[2|dz).
B a(B)

As in the proof of the Main Inequality in [7], we consider each vertical strip S of
¢ in D. By our assumption all vertical trajectories § of ¢ up to a set of area-measure
zero fulfill the length-inequality (4). Therefore the length-area method applied to
each strip and then summed up yields

| —x( )!w(Z)

(ffle@asip= 1 ip@lasir- [[lo@) ——T;(%(f)' dxdy.

g(D-L)

Using g(D—L)<=D and the fact that L necessarily has area-measure zero gives
(3). (The intersection of L with each strip must have ¢-area zero!).

Proof of Theorem 3

Let G be a mapping in QF. We apply inequality (3) for g=G o F~1=G of,
where I is replaced by F(I'). The mapping G of is defined in F(D—T) and keeps
F(I') pointwise fixed, and L=D—F(D—T). By assumption c), there are at most
denumerably many vertical trajectories § which meet components of L which are
points, so these trajectories cover only a set of area-measure zero. L has area-measure
zero by assumption a), so the vertical trajectories  which meet components of L
which are vertical subarcs of positive length can only cover a horizontal length-
measure zero in each strip. Therefore these trajectories cover only a set of area-meas-
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ure zero too, and we may apply the Main Inequality:

(5) loll = f f Iqoll ll"l’i‘ Elo, F, Gldxdy.

w9 [I1—7DPE) o NP
062 00 [9 () [u /<z><o<z>u<p<~>i]
EoTE

and w=f(2), %,=G/G,,, 2=F,/F,,, »=f,/f.. Then we use »x=k@/|p| and E=K[G]
and get

Here Efop, F, Gl(z) =

K[F] = K|[G],
e., I’ is absolutely extremal.
By the procedure of [6] one concludes from (5) that if K[G]=K][F], then

%, =% ae. in D-—T,

and therefore G of is conformal.

Because G of keeps F(I') pointwise fixed, we conclude at once: If I does not
only consist of single points, then G of is the identity. So then F is uniquely abso-
lutely extremal. We can see this also in the general case where I" contains at least three
points.? We assume F and G to be absolutely extremal mappings and necessarily
f=F~1 and g=G"! to be Teichmiiller mappings with quadratic differentials ¢ and
¥ in 4. So the conformal mapping G of consists of two Teichmiiller mappings, and
there is a quadratic differential ¢, of finite norm in D —7, such that

We consider a component A of D— F(D—T), which necessarily is a subarc of
a vertical trajectory or a connected subset of the vertical graph of . We map D\ f(A4)
conformally onto an annulus (without loss of generality a punctured disk can be
excluded), and in the conformal image of D—T we get an induced quadratic dif-
ferential ¢,. Along one boundary circle of this annulus @, is real and the zeroes of
¢ and the @-length of the subarcs of A determine the zeroes of @, on this circle. But
the same can be done with the corresponding component of D—G(D—T) and the
quadratic differentials ¥ and ¢,. Therefore, corresponding slits of DN\ F(D—T)
and D—G(D—T) have the same length in the metric of the quadratic differentials
and the same configuration. Hence the conformal mapping G of can be extended
homeomorphically in all of D. Therefore it must be the identity.

2) We exclude the conformal case where non-uniqueness may occur,
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6. An application: H=Max H,

We consider the special case, where I'=0D, T={w||w|=r} forsome r, 0=r<1,
and the boundary homeomorphism of 6D onto itself is called h. The local dilatations
of h are denoted by H,. If Max,¢,p H, is finite, it is known that % is quasisymmetric,
i.e. quasiconformally extendable in D [1]. Then the dilatation H of & is defined in [8]
by

H = inf {K[G]|G:U(0D) >~ U’ (dD), Glop = h}

where the inf is taken over all such mappings G and all open neighborhoods U(5D)
and U’(6D) of 6D in D. The class of all extensions of 4 in D— T which map D—T
into D is denoted by Q,, in view of the dependence on r. For the same reason we call
the absolutely extremal mapping in this class F, and its maximal dilatation K.
Evidently we then have H=Ilim,., K,.

The function r— K, is strictly monotonic decreasing as long as K,>Max;¢p H;.
This can be seen by the preceding result: For each number r, O<r<1, where
K,=>Max H,, F,is a uniquely determined Teichmiiller mapping, and the associated
quadratic differential ¢, of its inverse mapping f,=F, ' is defined in all of D. More-
over DN\ F,(D,) (D,={w|r<|w|<1}) consists of a subarc of a vertical trajectory
of ¢, or of a connected subset of the vertical critical graph of ¢,.

We remark that the Main Inequality (5) holds for F=F,, o=¢, and G, if G
is an extension of /1 and if it is defined in a domain which contains D,. We prove the

Theorem 4. The dilatation H of a quasisymmetric mapping h: 3D-6D is
equal to Maxyc,p Hy.

Proof. We may assume K,>Max,¢,p H;, O<r<I1. Let ¢, and y, denote the
quadratic differentials associated with the Teichmiiller mapping f,: F,(D,)~D,,
which are normalised by ‘

lod = [[le.@ldxdy =1, Wlo, = J:f We(w)|dudo = K, (w = u-+iv),

Then we have locally
fo=¥ oAk 0,
where @,(2)=[Vo,(2)dz, ¥,(w)=[V,(w)dw and Ag (E+im=K,S+in.
For every measurable subset EC F,(D,) we have

(6) K, [[l,(2)|dxdy = f( [ Wy (w)| dudv.
E JAE)

We extend the functions v, in T by putting
Y,w) =0 weD—D,.

Then i, are measurable functions in D with finite L;-norm [y, | = [ [, 1, ()| dude,
ie. Y,€L,(D). If r—1, then 1, tend to zero locally uniformly in D and their
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L,-norms |y,| =K, are bounded (K,—H!), hence the assumptions of Lemma 4.1
of [1] are fulfilled.

Let I denote an open interval on 6D with endpoints wy, w, and arg w;<arg w<
argw, for wecl. We then write /=W;w., and define

Sp:= {weD|arg w, < arg w < arg wy}.

For a given sequence r,—~1 we put

0(1):= T [ [ |y, (w)] dudv
SI

and finally
0():= inf {0(1)|{€1, I an open interval on 9D}

for every (€6D.
By Lemma 4.1 of [1] we can choose for given numbers ¢=0, />0 a subdivison
{wi, ..., wy} of 6D and a sequence r,~1 such that

N —————— -
2 0(w)<e and |wi_jw] <1
i=1

(Here |W;—p¥;| denotes the arc length of W;—1wi.)

We apply the method for the proof of Theorem 4.1 in [1]. Let H’=Max;c,p H;.
There is an /=0 such that the restriction of / to an arbitrary interval on 6D with
length less than / can be extended H’-quasiconformally in a neighbourhood in D of
this interval. We apply Lemma 4.1 of {1] on ¢ and / and Corollary 4.1 of [1] on &, /
and the sequence V¥, . Therefore we can cut off some neighborhoods G;(i=N)
of subintervals in #W;_1w; by Jordan arcs y;, such that h can be extended H’-quasi-
conformally in the G;, and for D,=D—{JY_, G; we have

o) Tim [ f W, (0)|dudo = .
Da

The construction in [1] yields a quasiconformal extension h, of i in {iw <1} which is
H’-quasiconformal in | J;G; and H-quasiconformal in a neighborhood U(éD) of
8D, where H does not depend on ¢ (only on Max; yp H,!).

We apply the Main Inequality (5) for F=F,, p=¢, and G=h,. Then

[
l ol 1

1—x K.~

and Elg,, F,, h](2)=D, (/,(2)), where D, denotes the dilatation of .. If r is close
to one, the image of f, is contained in U (5D) Hence D, is bounded by A, and in
Gi:=f"(G;) we have D, =H’. Therefore, (5) yields

K, =H ff lo,(2) dxdy+ H ff lp, (=) dxdy.

UNLG] D~U{; G
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Because f,(F,(D,)—U;_, G/)=D,—J}_, Gi;, we have by (6) and the fact that
D —F,(D,) has measure zero,

K [[ lo@ldxdy= " [] W,00ldudv

D"U?’:IG; Dr_Ui=IGi

Since D,—Y, GicD, and [[ux, cle,(2)|dxdy=|e, =1, it follows that
, H
K. =H A { [ 1, ()| dude.

Putting r=r, and letting r, tend to one we get because of (7)

~

H = H’—l—% s.

Since H does not depend on ¢, we conclude that H=H’. H' was arbitrarily close to

Max;¢yp H;, and so
H = Max H,

teob S
which finishes the proof.
I wish to express my gratitude to Edgar Reich and Kurt Strebel for offering the
opportunities for many inspiring discussions.
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