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ON THE SPHERICAL DERIVATIVE OF

A MEROMORPHIC FUNCTION WITH A NEYANLINNA
DEFICIENT VALUE

SAIGRI TOPPILA

1. Introiluction anil results

I thank Professor D. Sheafor suggesting this subject to me'

Let f be a rr,terorhorphic function in the complex plane. We write

t {G)ls(f(,\):ffi
and

p(r, f): sup{e(/(z)): lzl : 7;'

We shall use the usual notations of the Nevanlinna theory. The following result

is proved in [11].

Theorem A. Let f be a transcendental meromorphic function in the plane

such that ö(-,fl>O. Thm

ri^wp$$$ = Ao(r+t)ö(-, f),
,ip(n '\t-t'r'

where Ao>O is an absolute constant, t is the order of f and

E(f) : {z: lf(z)l : 11.

In the other direction' we shall prove the following result.

Theorem 1. For anlt d,o<d=|. And t, 0<t<*, there exists a mero'

morphicfunction f of order t suchthat å(-,fl:d andthat

(1.1) limsuP #+= 60(1+/)ä (*, f).r*-' l'lr, I)

koskenoj
Typewritten text
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2. Some lemmas

Lemma 1. Let k be a positiae integer,

o(z\ - 
I

ö\-, l_28k,

and 
gp?) : g(2-Ptk z) for p : r, ..., k,

Jie): * eD, soe).
Then n(r, *,.fr,):8kz for r>2, 

P:r

(2.r) a(.fr@) - 72k

for all z in thefinite complex plane C, andif lzl>_4, then

(2-2) l.fok)l = l2lrluu.

Proof. It follows immediately from the definition of fr tltat the number of the
poles of fo is 8k2 and that all the poles lie on lzl=2.

Let lzl>4. We get

l"foQ)l = § qz-or* zpo- 1)-' = k(lzl2fk - r)-,p:1

= 2k l2l zl6k Ql4)'o = l2l ,luo ,
which proves (2.2).

Let s, l'<s=ft, be an integer. If
lzl > )G*Uz)/k

and p<.r, we get

(2.3) lsnk)l = ((2F+ttz)tk l2ele)8k- 1)-1 : (t612a1"-r _ 1) -' = (ts 1zs;"-r;-r.
If

lzl < )(s_r/2)lk
and p-s, we get

(2.4) lSrQ)-ll : l(z-r)ntrlao- 1l-, s ((2e;r-"+tt2-t)-L 
= (1S1Za;r-1-r.

Since

(2.5) c'pe):8kz-tgr(z)(soe)-t),
we get in both cases the estimate

(2.6) ls',O)l < sklzl-L(t+ 1/1s) (ts1z,;r"-,r;-, : #h(2s)-ts-rr.
From (2.6) we deduce that if lzl:2rt{z*» or lzl>2{*+u2ttk, then

tf{ G)l = #_ 2 Q,)-' = u,
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and using the maximum principle and the fact that

a("foQD = lf; @)1,

we conclude that

(2.7) e(fo@) =k
if lrl=2rtQr<) or lrl=2(t<+Ltz)tk.

Let ^s, 1 <s =k, be fixed and let

zF-Uz)tk = lrl < 2§+112)tk.

We write fok)-& (,2)*h(r). It follows from (2,3) and (2.4) that

p:L lP:s+l I

* ,å,lt-g,(z)l= 
r+Qlts) p^Q'l-, =817,

and from (2.6) we get

(2.s) lh'(z)l=# å(2,)-o=#
From (2.5) and (2.9) we deduce that if lg"(z)l=512, then

(2.10) e(foQ))= lgi (r)l +lh' (z)l = sk(sl2)(r+ s/z) 1JlsL = 72k,

and if lg"(z)l>512, it follows from (2.5), (2.8) and (2.9) that

e.tt) e(.foe))=p'r4l+ *ffipff
=- ff * ffi= ffi *' *l#l = ffi *' 2k(t+2t s) = 72k'

Combining Q.lO), (2.11) and (2.7),we get(2.1). Lemma I is proved.

Lemma 2. Let k=9 be aninteger, k=logA=k+|, and

f(z) : .fi-G- 
rl,t\*.

Then

(2.t2) limsup ffi=t ,

the order of f is (log A)-11og k,

(2.r3) lzl-zlf(z)l **
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as z+ 6 outside the union of the discs lz- A"i=A'12,

(2.t4) lzl'zlf(z)l * 0

as z+@ through the union of the discs lz-A'l=A"19, and

(2.t5) N(A,0, f): (t+o(1))k'+1(k-t1-z1otn

A§ n+6,

Proof. We have

(2.t6) N(A,,O, f): "i kelog(,1'lu1
p:L

: 
:Z: 

kp n tos A -tog A')' pkt : (ry+ - k0 + tu 
l;']?; "?rcs t

: (1+o(1))k"+r(k-t)-zlogA (n *-;,
which proves (2.15).

For n>2, we write

s,(z) : "il' 1t-r1n'1o' fi (-rlno)u'.
we have 

P:r P:L+r

(2.17) loglg,(A")l =be T' (A'11ry,n : N(An,o, f)p:r
and for nl2=E=3n12

(2.18) loglgn(A'eie)l = log 'ff 1l1nn1o' : N(A',g, f).p:L
Let A"l2-l=lzl=2A". We get

(z.ts) l49l: I z 1rn11z-tt1l= qzl-A,-,1-' "§ r<,+z å @o,
I g,Q) I 'i*" p:L p:n+r

= 
(,q'!z)k-, +2(klA)"+L = 

k-, _* 4k*,: 
1A"12-tr -1-1)lzl(1 -tln) 

- t:klA : O-ilA)AG-tlk)-T4AO-W)

= 
kn-, ( = 

l__ 4kr=) 
= 

7k"-t
lrl ((1-3ll)(1 -llk) ' A-k): 6lrl

Let lz-A"l=A'19. lt follows fromQ.lT) and (2.19) that

(2.20) loglg"(z)l : loglg*(z)lc"(A)l+log lg,(,a)l

= N(An,o, fl+lj" G«rltr,(g)awl

= N(Ao,0, f)+(Al9)(7k-1)(6(t-U9)A\-L = N(A,0, f)+(7I48)k -t,
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and we deduce from (2.16) and (2.20) that

(2.21) toglzzf(z)l = 3logA"-klog9'l N(A',0, f)+(7 148)ls'-t

< - k - L ((tog A- 1) log g - kz (k - l) -z tos A.) + (7 148 + o (1» k'- I

= -t<'-l(o+o1r;) (n *-;.
This proves (2.14).

Let A"l2=lzl=2A", lr-A"l=A'12 and lmz>o' Integrating along the

positive imaginary axis and the circle lwl:lzl, we get from (2.18) and Q.l9)

(2.22) loglg,(z)l =toglg,(iA\l-l i G:,@)lg,@))dwl
an

lrl
= N(A,o, f)-(7k-'tq(l I r-r drl+rl2)

An

= N(A",0, l)-Qk-'l6) 0og 2+nl2) >- N(A,0, f)-2.643k-r.
This implies together with (2.16) that

(2.23) loglz-zf(z)l= N(A",0, f)-2.643k-r-klog2-3logAn
>- kn-r (log A -klog2-2.643* o(1)) = k'-'((1-log 2) log A-2.643+ o (1))

= (ti9+o1t))k'-1 (n *-).

since l/(z-)l: lf(z)1, we deduce that Q.23) holds for all z satisfying the conditions

A"l2=lzl=2A" and lz-A"l>-A"12. Using the minimum principle, we get (2.13)

from Q.23).
It follows from (2.16) that

wwwl:ffi,
which shows that the order of f is at least (log A)-Llogk.

Let 2A"-L=r<2A". It follows from (2.13) that

m(2A",0,,f) : o(1) (n **),

and we deduce from the first main theorem of the Nevanlinna theory and (1.16) that

tog T (r, f) - (l + o (I)) loe I,{ (2A , 0, f)
- los, @

= W= (logl)-11 osk+o(t) (n *-),

which shows that the order of f is at most (1og A)-'log ft. We have shown that

the order of / is (logA)-Llogk.
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Let h(z):f(z) if lz-A'l=A"19 and h(z):llfQ) it z lies outside the union
of the discs lz-A'l<A"12. It follows from (2.13) and, (2.14) that

(2.24) s(f@)) = lh'(z)l: 
lcrna-' o_{:,#*l: o(z-,t)

as z* - outside the union of the annuli

Do: {z: Ap-l <.lz-A,l < ll-A"12}.

Let z(Dn. It follows from (2.19) that

l rl o (f QD = | 
zl 

I f ' (z) I f (z)l = | 
zl 

I e', k) I s 
" 

@)l -t I 
z I k 

l 
z - A 

1 
-,

= 7 k" -L I 6 + k' (A' + A' I g) (An I g - t)-L < k, -1 (7 I 6 +10k + o (1) (n * -).
This implies together with Q.24) that

Q.25) rp(r,fl = k'-1(716+10k+o(1)) (n *-)
for A'12-l-r<2A". For these values of r we get from (2.16)

N(r,0, f) = U(,1'lZ-1,0, f) = N(A,,O, fl-#r"f #=f
>- ko-7 (log A - (9 l8)log2-l o (l)) 1n - -;,

which together with (2.25) and the fact that 9=k<-log I implies that

JM_ _ 716+1010gA rn(1)
N(r,0,.1) : logA-(9/S) log2 ' "t't

='{ffi+o(l) < t2*o(t) (n *-1'

This together with (2.24) proves Q.12). Lemma 2 is proved.

Lemma 3. Let O=d<t and 0=/.=(log 9)19 be giuen. There exists a mero-
morphic function g of order )" such that ö(*, g):d and that

(2.26) timzup ffi=tzd.
Proof. We choose a positive integer /c>9 such that

(2.27) log.(k+ 1) 
= ). = wk+l k

and choose l>0 such that (log A)-rlogk:).. lt follows from (2.27) that

togA: ry>k
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and that

ros A : W= (f+1)t"q.k < k+1.--o-- 2 - log (kt l)

We choose f(z) as in Lemma 2 corresponding to these values of k and A.
If d:1, weset g:f, anddeducefromLemma2that g isanentirefunction

satisfying the assertions of Lcmma 3.

Let us suppose that O=d=l . We set

(2.29) b - 1.ld-1,

and we denote by [r] the integral part of a positive real number x. We set

(2.29) so: 1f[(bkpl8)u2], ho?):f",(8pA-t(z-A\),

where .fo is as in Lemma 1, and

h(z): 2 
^re).P=L

It follows from Lemma I that

(2.30) e(hr(r)) : 8pA-'p(f,,(8nAe(z-Ae)) = 576psea-p

for any z€C andthat
| 4, lu",(2.3t) ih,(z)l =lzfr;=rrl

if lz-Ael=-APl(2P).
Let n>9,A"12=lzl=A'+Ll2 and lr-A"l=A"lQn\ It follows ftom (2.29)

and (2.31) that
I z l2 (lh 

" 
(z)l + lh (z) - h, (z)l)

s A'2,+z(Z-u,^ + 'j 11o1,1,1u", a å "^, 1-Zrr))
a ,:, p=n+l )

s Azn + z (, 

=rZ,,r(A- 
"t 

z1a * 
oZ,,rexp 

F 2s o))

- (1-Lo(l))A2n+z(nA-sn+ Z .*p (-t rtrrt
- \' t 

p-nlz

= (l + o(l))A2n+2(nA-3n +exp (- k"r0) : o(1) (z *-).

This implies that

Q.32) lzzh(z)l * 0

as z+- outside the union of the discs lz-A'l-.A'l(2n), and, together with the
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maximum principle, that

Q.33) lz2llh(z)-h"(r)l = o(r) (n *-1
in lz-A'l=3A'l@n).

We set g(z):f(z)*h(z). Let n=9 and lz-A'l<3A'l(4n). We write

g(z) : h,(z)+ n,e)'

It follows from (2.33) and Lemma 2 that

Q34) lzzH"(z)l = o(1) (n *-1,

which implies that

(2.3s) lui Q)l : ltzni)-' .f H,(w)(w - z)-' dwl = o k-'D (n * -)
l* -uzl =t

in lz - A"t=SA' t (8n)' 

;,ä, = *ffiav + t'i e)i,

we get from (2-29), (2.30), Q.34), (2.35) andLemma 2

(2.36) l{s(sk» = (st|+og))ns,A-"lzl = (s76+o(1))ns, : o(s) : o(kn)

: o(t't(rl,o, fl) (n *-1
in lz-A"l=5A"1(8n).

As in the connection of (2.35), we deduce from (2.32) that

(2.37) lh'1211 : o(lzl-')

as zt6 outside the union of the discs lz-A'1<5A'f(8r). Since

pkk))=u6,1\@1,1*r1ae*th'(z).

it follows from Lemma 2, (2.32) and (2.37) that

lrls(s7» = (tz+o 1t;) N (lzl, o, f)
as z+@ outside the union of the discs lz-A'l<5A'l(8n). This to-eether with
(2.36) implies that

(2.38) rp(r, s) = (121o(1)) N(r,0,J') (r * -).
It follows from (2.29) that

(2.39) n(r, -, g;: (b+o(1))n(r,O,f)

as r+@ outside t}re union of the intervals lA"(l-llQn)),A"(l+tlQn))\ Let
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A'<r<An+r. It follows from (2.39) that

lN(r, -, g)-bN(r,0,.f)l:l j @«r, *, g)-bn(t,0, fl)t-Ldtl

,+r e'(r+-rltZPll

= o(N(r,0, fl)+ Ä o,rrlr,rro, 
ln(t, *, g)-bn(t,o, f)lt-ldt

= o(N (r,0, /)) +, (:ä k, ,,r#ffi)

= o (tr(r, o, f))+o(\' u,n) = o(N1r,0, /»+o(k'+r) (n *-),

which together with Lemma 2 implies that

(2.40) N(r, -, g): (å+o(l)af1r,0,7; (r *-;.
Let Ap(l-llil=r=A'(l+UD. From the first main theorem and (2.32)

it follows that

nt(t, *, h) : T(r, h)- N(r, *, h) = T(AeG*11il, h)- N(AeO-tlp\, *, h)

= N (Ae O * t I il, h) - N (AP (t - U d, h) + o 1t1,

and since N(t,h1:1r771,g) for all />0, we deduce from (2.40) and Lemma 2that

m(r, h) = (r+o1r1)lr(AeG+uD,o, f)-bN(Ae(t-t1fl,0, f)
( t+l/n\

= oltcotoeffi)+o(N(Ae,0, r) = o(r(r, g)) (p *-).

This together with (2.32) implies that

(2.41) nt(t, -, h) : o(T(r, d) (r * -;.
Since

and 
m(r, g) < m(r,.f)*m(r, h)+logz

m(r,l) = m(r, g)+m(r, h)+log2,

we deduce from (2.41) that

(2.+21 m(r, s): (t+o1t))m (r,f): (l+o1t;)r1r,p (r *-).
From (2.40) and Q.42) it follows that the functions f and g have the same

order, so it follows from Lemma 2 that the order of g is (log A)-r log k:)'.
From (2.40), (2.42) and Lemma 2 we get

ffi*:ffi+o(l)
: (1+b;-t1o(1) : d+o(l) (n *-),
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which implies that ä(-, g)=d. From (2.40) and (2.42) we deduce that

ry;f *o(1)> T##ci+o(l)
: d-fo(l) (r *-;,

which implies that ä(-, g)=d, and we get ä(-, E):d.
From (2.38), (2.40) and (2.42) it follows that

#**=ffiffi*o(l)=ffi+,ot
: t2d*o(l) (r *{.

This completes the proof of Lemma 3.

3. ProofofTheorem 1

Let d and I be as in Theorem l. If O<t<(log 9)19, then the function g ol
Lemma 3 satisfies the assertions of Theorem l.

Let us suppose that l>(log 9)/9. We choose a positive integer k such that

(3.1) k-l < ,?,' = U.
togS : ^'

).:tlk, and f(z):g(zk), where g is the function of Lemma 3 correspondin-e to
these values of d and i.

Since

(3.2) m(r,/): m(rk, g)

and

G.3) N(r,f): .f[(ro, s)

for all r=0, we deduce from Lemma 3 that ä(-,./):ä(-,g):d and that the
order of .f is H.:t.

Since

lie(f@): kl,!oe(se\)

for all z(C, we get from (3.2),(3.3) and Lemma 3

(3.4) ry,A : klySro,d 
=r2kd+o(r) (r*-;.\r"/ T(r, f) T(rk, g)

Since 1/5=(log9)/9<1, we get from (3.1)

k= s((ktose)le+1-(log e)le): s(1+(k-1)(tog e)le) - s(1+/),

which together with (3.4) proves (l.l). Theorem I is proved.
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