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HEAT BALLS AND FULKS MEASURES

HEINZ BAUER

Introduction

Euclidean spheres in R? play an important role in classical potential theory,
the theory of the Laplace equation. They enter into the picture as soon as one treats
the Poisson formula which is the key to the definition of superharmonic functions.
For the Laplace equation, the fundamental solution N with pole at the origin is in
every dimension p=1 a function of the euclidean norm of the point x¢ R”. Hence
spheres with center at the origin can be considered as the level surfaces of N.

The potential theory of the heat equation

oh
A~ =0

in RP*'=RP?X R is now well developed. In particular, there are formulas analogous
to the Poisson formula. However, there is one crucial contrast to the Laplace case:
In principle, (p+ 1)-dimensional balls could be used since all boundary points turn
out to be regular. However, the proof of this fact demands already quite a bit of
potential-theoretic machinery. So, for the definition of supercaloric functions — the
analogue of superharmonic functions —, one usually uses either rectangular domains
parallel to the coordinate axes where the inconvenience of having irregular boundary
points is not serious or truncated rotational cones having a base parallel to the
hyperplane R?X {0} and a vertex situated in positive time direction above this base.
In both approaches the formula analogous to the Poisson formula is not easy to
obtain since integral equations have to be solved. In any case, the final Poisson-type
formula contains functions which cannot be written down explicitly.

In view of these difficulties it seems natural to proceed by analogy with the
case of the Laplace equation: One considers

_ [(—4nn)~PlelM% when t <0
Wx, 1) = {0 when =0

— which is the fundamental solution of the adjoint heat equation with pole at the
origin 0 — and one studies the level surfaces

(%) Wx,t)=d
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where d is a positive constant. This idea, due to Fulks [10], will be fundamental for
us. In [10] Fulks considers the smooth convex surface B, defined by () with inclu-
sion of the limit point 0. It is the boundary of the relatively compact domain Q,

in R?+! defined by
Wi(x,t)=d.

We shall call Q, a heat ball and B, the corresponding heat sphere. In contrast to the
case of the Laplace equation, the pole 0 of W lies on the heat sphere B,. The heat
ball Q, is an egg-shaped domain which has R? X {0} as tangent hyperplane through
0 and which lies in the half-space of all points (x, ) with negative time coordinate .
In [10] Fulks defines explicitly a continuous function Q,=0 on B; which is strictly
positive with the exception of one point. The measure p, which has Q, as density
with respect to the surface measure of B, is a probability measure. This Fulks measure
U, is connected with the solutions of the heat equation in a similar way as the normal-
ized surface measure o, of the sphere |x|=r in R? is connected with harmonic
functions, however with one important difference: For the Laplace equation the
usual mean value property says that integration of a harmonic function with respect
to o, yields the value of the function at the origin, hence at the center of the euclidean
ball ||x||<r. For solutions of the heat equation integration with respect to u, yields
the value of the solution again at the origin 0 which is now a point of the heat sphere.
According to [10], solutions of the heat equation can be characterized by mean value
formulas where one integrates with respect to measures which are obtained from
U, by translations. Also these translated measures will be called Fulks measures.
Furthermore, Watson [18], [19] uses these measures for the definition and study of
supertemperatures which correspond to superharmonic functions for the Laplace
equation. However, no attempt seems to have been made to identify these super-
temperatures with the supercaloric (or superparabolic) functions which are defined
by means of the above mentioned rectangular domains or truncated cones, and hence
in agreement with the general definition of superharmonic functions in the theory
of harmonic spaces.

By making essential use of the harmonic space theory for the heat equation,
we intend to show as the main result of this paper that every Fulks measure p,
allows a simple potential-theoretic interpretation: u, is obtained from the unit mass
at 0 by sweeping this mass out to the complement of Q,, i.e.,

(% %) ta = €52

In the proof we use a result of Boboc and Cornea [6] about cluster values of harmonic
measures, a result which has been improved recently by Luke§ and Maly [16]. Our
main result has several consequences which are interesting in themselves: The result
implies that the origin 0 is an irregular boundary point of the heat ball Q; and that
supertemperatures coincide with supercaloric functions. Furthermore, our result
leads to a probabilistic interpretation of the Fulks measures: p, is the distribution
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of the first hit of the heat sphere B, (at times 7=0) by the Brownian heat transfer
starting at 0, where the Brownian heat transfer in R?*' is the well-known space-time
modification of p-dimensional Brownian motion. So, altogether, the measures p,
find a very satisfactory and natural potential-theoretic characterization.

In order to make our presentation as smoothly accessible as possible, the paper
is organized as follows: After the introduction of the Fulks measures we state our
Main Theorem, namely the characterization of u;. Then we immediately give appli-
cations. Finally, the proof of the Main Theorem is presented in the third and last
paragraph of this paper.

In our presentation the harmonic space associated to the heat equation and the
corresponding potential theory is used constantly and without further explanations.
Standard references are [1], [3] and [7].

The main results of this paper have been announced in C.R. Acad. Sci. Paris,
Sér. A.

1. Definition of the Fulks measures

We shall be concerned with the heat equation

oh
(1.1) Ah__(')T =0
in R?P*'=RP’XR for p=1,2,.... The points of R°** will be denoted correspond-
ingly by (x, )=(xy, ..., x,, 1) where x=(xy, ..., x,)€R” and t€R. In particular,
the Laplace operator refers to the first p coordinates:

a=30, 2

i=1 -&? *
The euclidean norm of a point x=(x, ..., x,)€ R? will be denoted by
x| = (x34... +x3)42

Solutions of (1.1), more precisely functions /#: U—~R defined on an open subset
U of R”*! which are of class C?2 with respect to the space variable x and of class C*!
with respect to the time variable ¢ and which satisfy (1.1), will be called caloric func-
tions or temperatures.

We denote by W the fundamental solution of (1.1) with pole at the origin 0=
0,0, i.e.,

1 " = llx|l2/4¢

1.2) W(x, i) = (47:) ¢ when £=0
0 when ¢=0.

Reflection at 0 yields the function W from the introduction:

1.3) W(x, t) = W(—x, —1).
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By translation we obtain for every point zy=(x,, f,)€ R°** the function

1.9 W,,(x, 1) = W(xo—x, ty—1)

which is the fundamental solution of the adjoint heat equation
oh

(1.5) Ah +a—t— =0

with pole at z,. In particular, W=W,.
Given z,€ R’*! and a real number ¢>0 we denote by Q(z,, ¢) the set of all
points (x, )€ R?*! satisfying
1 p/2
(1.6) W, (x, t) > (%) .
This set Q(z,, ¢) is a relatively compact domain, in fact a convex body. Its bound-
ary
B(z,, ¢) = 02(z, c)

is a smooth surface given by the equation

1)
w w060 = ()
with inclusion of the point z,. More precisely, let us define for ¢>0 the (continuous)
function F_:[0,c]—R by
¢ 1/2

— — h <t=
(1.8) F() = [ 2ptlogc] when O0<t=c
0 when ¢=0;

then the surface B(z,, ¢) is given by the equation
1.7) [x—=x0l = F.(t,2—t) with 0=¢t—t=c.

From this it can be concluded that B(z,, ¢) is a (p-dimensional) C?-manifold and
that B(zy, c)\{zo} is even a C=-manifold’). The domains Q(z,, c¢) will be called
heat balls in R?**; correspondingly, the manifolds B(z,, c) will be called heat spheres.

1) Denote by ¥, the inverse of the strictly decreasing function @,: [0, e [ >]e 2/ 1]
where @y(r)=1" for >0 and =1 for 7=0, and denote by ¥, the inverse of the strictly increasing
function @,:]e”?, + oo[-]e~V ¢, + <[ where @,(r)=1". Then one obtains two charts for neigh-
borhoods of the points z, and z,=(x,, f,—c), respectively. In fact, it is easy to see that the
equations

_ lx—x,l2
@ t=ty—c¥, (e 2pe ]

and

_ Iix—x,02
®) t=r1,—c¥, [e 2pe ]
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In what follows o=0p, will denote the surface measure of the heat sphere
B(z,, ¢). We define a function @=0 on (R”X]0, +<[)u {0} by means of

(1.9) O, 1) = {qxll2[4||x|]212-1-(llxllz—Zpt)z]"”2 zﬂzﬁ (tx,>t;)= o
Furthermore, for z,=(x,, t,)¢ R°** we define a function

(1.10) Gz, (%, 1) = Q(xo—X, ly—1)

on (RPX]— o, t[)U{zo}. Its restriction to B(z,, c)

(1.11) Qzoc = Gz, B(20, €)

turns out to be a continuous function which is strictly positive on B(z,, ¢) with the
only exception of the point z,=(x,, #,—c) where g, (z1)=0. By taking ¢, . asa
density with respect to ¢ we finally obtain the main object of our investigation.

1.1 Definition. The positive Radon measure

r/2
(112) ) Hzpe = (4—7'66'} 9z4,cTB(z0,c)

on B(z,, c) is called the Fulks measure for the heat ball Q(z,, c).

According to Fulks [10], p, . isa probability measure. In fact, this follows from
the following fundamental result of [10]:

(F) Every caloric function / defined in a domain D of R?** satisfies the following
mean value property:
(1.13) S hdpy,e=h(z)

whenever z,¢D and Q(z,, c)CD.

in both cases with

c
Ix—Xxoll < VZp :,

Us = B(2o, Om{(x, £):t> to—%}

describe the neighborhoods

and
c
Ul = B(ZO, C)n{(xy t): t=< tO_—}
e
of z, and z,, respectively. The right-hand side of (a) is a C2-function, the right-hand side of (b)

is a C=-function of x. The value t=1,— c/e yields the “‘equator” of B(z,, ¢) which corresponds
to the maximum of F,:
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In [10] Fulks also shows the converse: A continuous function 4#: D—~R on a
domain D of R?*' with the above mean value property is caloric. However, (F)
as well as its converse will not be needed in the sequel. They will follow from our

" Main Result and its Addendum (see Corollary 2.3 and 2.6, Remark 2). Let us also
remark that the Fulks measures have been rediscovered by Kuptsov [15] in an ana-
lytical presentation which, however, is less convenient for our purposes.

2. The main result and its consequences

We shall now give a potential-theoretic characterization of the Fulks measure
M, Which will be considered as a Radon measure on R?** concentrated on B(z,, c).
Potential-theoretic notions for the heat equation should always be understood in
the sense of harmonic spaces. More precisely, R”*! is considered as the harmonic
space with respect to the harmonic sheaf given by the caloric functions. It is a well-
known fact [1] that this space is strongly harmonic or B-harmonic in the terminology
of Constantinescu and Cornea [7].

We shall start with a simple observation:

2.1 Proposition. All points z#z, of the heat sphere B(z,,c) are regular
boundary points of the heat ball Q(z,y, c) (for arbitrary z,€ R°*' and ¢=0).

Proof. This can be seen in many ways. A simple procedure is the following:
The boundary point z, =(x,, t,—c) with the same space coordinate as z, is regular
since, obviously,

v(x, ) = [x—x|*+2p(t—1to+c)

is a caloric barrier for z,. For all remaining boundary points z=(&, 1) in
B(zy, c)\{z0, z1} there exists a closed euclidean (p+ 1)-dimensional ball K such that
KnQ(zy, ¢)={z} and such that ¢ is not the space coordinate X of the center (%, )
of K. It then follows from Friedman [9], p. 69, property (b), that z is regular. In fact
for a=0 sufficiently large,

v(x, 1) = R(z)"*—R(x,1)™%,
where

R(x, 1) = [[x—X[*+(1—1)3,

is a barrier for z (see also Effros and Kazdan [8], Lemma 2)3).
Our main result is now the following:

2.2 Main Theorem. For all z,éR**' and c=0, the Fulks measure Hezyye
is the unit mass at z, swept out to the complement of Q=Q(z,, c), i.e.

@.1) ey o = €C°.

#) Itis an easy and well known consequence of the Hopf maximum principle that 4v— dv/dt<0
for a C**-function in a domain DC R?** implies that v is supercaloric on D.
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The proof will be given in the next paragraph. It will lead also to the following
addendum:

2.2 Addendum. In every heat ball Q=Q(zy,c) there exists a sequence
(zi) of points in Q such that the corresponding sequence (,ugc ) of harmonic measures
converges vaguely to the Fulks measure Hzpe-

Let us remark that this Addendum can also be deduced from our Main
Theorem and a lemma of Ko6hn and Sieveking [13] (see also [16], p. 356).
The Addendum 2.2’ leads directly to the mean value property (F) of Fulks:

2.3 Corollary 1. Let h be a function which is caloric in an open set
UcCR?*Y. Then the equality

[ 1 dpz, e = h(z)
holds for all heat balls Q(z,, c) for which Q(zy, c)CU.

Proof. Suppose that (z,) is a sequence in Q=Q(z,, ¢) with the properties
stated in the Addendum. Then

S/ hdp? = h(z) for all keN.

From this the result follows for k— 4 since A is continuous on U.
An immediate consequence of the Main Theorem and Proposition 2.1 is

2.4 Corollary 2. z, is the only irregular boundary point of Q(z, c).

This result can be proved in several other ways. E.g. it follows from Proposition
2.1 and Watson [18], Theorem 9, p. 399. Another proof is indicated in the Remark
following our Proposition 3.1.

We shall proeced now to more important consequences of the Main Theorem.
As pointed out before, we consider RP*+! as a harmonic space with respect to the
sheaf of caloric functions. The hyperharmonic (respectively superharmonic) func-
tions for this harmonic space will be called hypercaloric (respectively supercaloric)
functions. Consequently (see [1], p. 127), a hypercaloric function u on an open set
UcRP+! satisfies the inequality

2.2 f udp? = u(2)

for every point z€U and every relatively compact, open neighborhood VcVc U
of z. Here u!=¢f" denotes again the harmonic measure. In particular, the approach
of Gehring [11] — if extended to lower semicontinuous functions with values in
]—oo, + ] — leads to an equivalent definition of hypercaloric functions. This is
an immediate consequence of Kéhn [12], p. 5 (Satz 3).

In contrast to the class of hypercaloric functions there is an analogous class
of functions introduced by Watson [18] in his thesis and used in subsequent investi-
gations, in particular in [19]. The definition makes essential use of the Fulks measures:
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A function u: U—~]—eo, 4+ o] defined on an open subset U of RP*! is called a
hypertemperature on U if, besides being lower semicontinuous, it satisfies the ine-
quality

(2.3) [ udps, e = u(z)

for all choices of points z,¢ U and real numbers ¢=>0 for which the heat ball
Q(z,, c) is contained together with its boundary B(z,, ¢) in U. We claim

2.5 Theorem. An extended real-valued function u defined on an open subset
U of RP*' is a hypertemperature on U if and only if it is hypercaloric on U.

Proof. Suppose that u is a hypertemperature on U and that V is a regular set
such that VcVcU. It suffices to prove that for every function f€%(9V), i.e.
continuous real-valued function on the boundary oV of V, satisfying f(z)=u(z)
for z€@V one has

(2.4) [fdpk = u(z) forall zev.

But since z—H7 (z)=[fdu} solves the Dirichlet problem for the boundary func-
tion f (according to the definition of a regular set), H}’ is a temperature on V and,

consequently, the function
v(2) = u()—Hf () (z€V)

is a hypertemperature on V. For such functions the boundary minimum principle
is valid (see [18], p. 397 ®)): So v=0 follows from

lim infv(z') = lim infu(z")— lim HY (') = u(2)—f(2) =0
vev Zev vev
(z€dV). This proves (2.4). — Conversely, assume that u is hypercaloric on U and
that Q(z,, c)cU for some z,cU and ¢=>0. Since the closure @ of Q=Q(z,,c)

is compact, u is bounded from below on Q:u(z)>y for all z€Q and some y€R.
Consequently, there exists a relatively compact open set U, such that

2.5 QcU,cU,cU
and
(2.6) u(z) =y for all zeU,.

Let us assume for a moment that u is even bounded on U,. Then, according to
the extension theorem of [1], p. 159, there exists for a given open set V satisfying
QcVcVcU, a potential p€¥(R?*) which is even caloric on V as well as a
potential # on RP+' such that

2.7 #(z) = u(z2)+p(z) for all zeV.

3) In order to be in formal agreement with [18], Theorem 8, it suffices to replace u on V by
inf (u, «) where a€R is an upper bound for f.
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It follows from our Main Theorem that, whenever w is a hypercaloric function =0
on R?*1, we have

(2.8) [ w Atz e = w(zo)-
(In fact, RE=w on R?*' and
RE(zy) = fw deE,
according to the definition of the balayée RE and the swept-out measure s for
an arbitrary set ECRP*', in particular for E=CQ.) The inequality (2.8) can be
applied to @ which yields
(2.8) [@du,,. = i@(z).
Since p is caloric on ¥ we also have

[ pdpz, e = p(z0)
according to Corollary 2.3. Since the Fulks measure lives on B(z,, ¢)CV, it then
follows from (2.7) and (2.8") that

[adp,, .= [udp,,+p(z) = @(z).
Consequently, we have

(2.9) [udu, = u(z).

If u is not bounded from above, we pass from u to the function wu,=inf (4, n) which
is hypercaloric for every n€ N. We then have proved

fun duzo,c =] un(zo)
for all n€ N and hence, by passing to the limit for n—+ oo,
/ udﬂzo,c = u(ZO)'

This, however, proves that u is a hypertemperature on U.

2.6 Remarks. 1) An immediate consequence of Theorem 2.5 is the result
that the supercaloric functions on an open set U coincide with the supertemperatures
in the sense of Watson [18]. This follows immediately from [18], Lemma 5, by observ-
ing that finiteness of a function on a dense subset of an open set in RP** implies
condition (;) of [18].

2) Another consequence of Theorem 2.5 are the results of Fulks [10] mentioned
at the end of our first paragraph: A function 4 defined on an open set UC RP+! is
caloric if and only if the mean value property (1.13) holds for all heat balls Q(z,, ¢)
for which Q(z,, c)c U.

We close this paragraph with a probabilistic interpretation of the Fulks measures.
For this purpose we denote by (X;),=o or, more precisely by (2, Z, (P?),go+1
(X));=0) the well-known diffusion process with R” +1 as state space which is associ-
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ated to the heat equation (see Meyer [17], pp. 63—64). Hence (X)),=, is projected
on the p-dimensional Brownian motion by the first canonical projection of R?*'=
RPX R and on the deterministic movement with constant velocity —1 by the second
canonical projection. We will call (X,),=, the Brownian heat transfer.

2.7 Proposition. For every heat ball Q=Q(z,,c) the Fulks measure Hzy,e
is the distribution of the first hit of the complement of Q by the Brownian heat trans-
fer starting at z,. More precisely,

Hzye = PP(X1,)
where Te,, denotes the first hitting time of the complement of Q.

Proof. It is well known that the excessive functions of the Brownian heat trans-
fer (or, more precisely, of its transition semigroup) coincide with the hypercaloric
functions =0 defined on RP*'. (A proof of this fact can be found in Bliedtner [5],
p. 96, where the situation is even more general.) The arguments in the proof of [2],
Theorem 7.1, can then be repeated. As a result one obtains the identification of the
balayée R4 with the function

(2.10) Pu(z) = Ez(l{TA<+°°}uoXTA) (zeR?*Y)
for all hypercaloric functions #=0 on R?** and all Borel sets 4 R?*'. For A=CQ
the result then follows since the kernel Pc,u(z) is just the integral of u with respect
to the hitting distribution ©=P7(X. T‘éﬂ) appearing in the Proposition?). So we
have, according to our Main Theorem,

‘/-ud/“lzo,c = -R;:Q(ZO) = /udT

for all hypercaloric functions #=0 on RP*™. This implies 7= Hzy,c (see [1], p. 113)
and proves our result.

3. Proof of the Main Theorem

Let us put Q= Q(ZO, C), B=B(Zo, C), q:qu and
Ho = Hzpe (20 = (X05 to), ¢ = 0).
For ¢’€]0, ¢[ the domains Q(z,, ¢’) increase with ¢’ and have Q as their union:

3.1 U Q(z, ¢") = Q(z, ©).

0=<c’'<c

Consequently, for a given point (x, 1)€ Q the number ¢’€]0, ¢[ can be chosen in
such a way that (x, ¢) lies in Q(z,, ¢’); it suffices to choocse

3.2) ti—t<c¢ <ec.

%) One has to use the obvious fact that Teo< + e holds PZo-almost surely.
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Since ¢’ will be fixed for a while, we put Q' =Q(zy,¢’) and B’=B(zy,c’). We
then have

3.3) ON\{z} C Q.
Finally we introduce for an arbitrary set 4 RP+!
34 A, = AN(RP X]— oo, 1).

We intend to study the generalized solution H,=H{ in Q fora given boundary
function f¢%(B). At the beginning we imitate the original proof of the property
(F) in Fulks [10]. The domain €] is contained with its boundary in Q according to
(3.3). The boundary splits into three disjoint sets:

3.5 0Q; = Bl (H)VIj(?)

where

(3.6) (@) = {& D: 1€ —xoll < For(to—10)}
and

3.7 L) = {(& D: I1E—x|l = Fo(to—0)}

(and where F,. is defined in (1.7)). Since u=H is a caloric function on 2 and hence
caloric in a neighborhood of @/, an application of the Gauss divergence theorem °)
yields as in [10]:

(3.8) fM’(t) [25:1 (uvgi—vuéi) ni+ uvnp+1:| do'/ = 0.
Here ¢’ is the surface measure of the smooth manifold
M’ ()=0Q\1o(?)

and ny,...,n,,, are the components of the outer normal field. Furthermore, v is
a solution of the adjoint heat equation in an open neighborhood of Q;. We apply
this formula (as in [10]) to two special functions v: to the constant function 1 and to
the function k=W, of (1.4). We then obtain

3.9) fM,m [0, ugni+un,,]do’ =0
and

(3.10) f oo [ 2bo (ke —kug)n;+ukn,, 1] do” = 0,
respectively. We also observe that

(3.11) nm=..=n,=0, n,., =1 on I'(),
3.12) k=d onbB

%) For an appropriate form of this theorem including “‘singular’” boundary points (in the sense
of differential geometry) like those in I§(¢) see Konig [14].
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and
(3.13) =20 Jkeni=d'q on B\({z},

where
1 p/2
d= (4nc') )
We then obtain, in view of (3.5),
(3.14) fm) udi? = fB; [P, ugn;—un,,,]do’
and
3.15) fm) ukdr? =d' [ [ 51, ugni—un,.;]do’ +d’ fB; uq do’,

where A? is the Lebesgue measure on R”X{t} (so that integration with respect to
A? refers to the space variable). From these two equalities we finally deduce

(3.16) f p Uk—d) P =d' f L ugdo’.

Obviously, the restriction of u=H, to €, extends to Q, continuously by means of
/- This follows from Proposition 2.1 since z,¢Q,. An elementary discussion of the
surface measures ¢’ for ¢’—c shows that we may pass to the limit for ¢’—c. We
then obtain from (3.16)

(3.17) fm) Hkd? =d /m) H;d?+d th fqdo,

where I(¢) is defined in the same way as I’(¢) by replacing ¢’ by ¢ in (3.16), where
1 pl2

(3.18) d= (Zn_c]

and where ¢ denotes the surface measure of B.
Next we study the behaviour of (3.17) for t<t#, tending to ¢,. We observe that

[ Hrd2?| = 11122(1(2))
since |H;|=|f| on Q, where || f|| denotes the sup-norm on %(B). We then obtain
t-H?lo fI(t) Hydd* =0

since I(¢) is an open euclidean ball in RPX {¢t} with radius F,(¢,—f). The second
term on the right-hand side of (3.17) has

d [, fado = po()

as a limit for #—~#,—0. So we know that the limit of the left-hand side of (3.17)
exists, namely

(3.19) lim flm Hk di? = py(f).

t~1g—0
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By changing the space variable ¢ in the integral over I(z) by means of

1
n=——=——(—x)
V4(t,—1)
we obtain
— D2 1 —7 —lnll2
(3.20) f o Hrkdir =m=r f o H (xo+ V&(ty— 1)1, )" dn
where K(7) is the open ball in R? with the origin as center and with radius
r(f) = Felto=D)
V4(t—1)
Since
t-!lt‘l;r—lo r(f) =+,
we have
i —p/2 = lInll2 =
(3.21) Jim 7 fme it dy = 1.

By applying a mean value argument®) to the integral (3.20), we obtain for each
t satisfying O<t7,—t<c the existence of a point 7,6 K(f), hence of a point
(ét’ t) = (xO + V4(t0_ t) Ure t)E I(t)
such that
— m—P/2 —lInll2
fm) H kd» = n~PPH(&, z)fme nll2dy.
Consequently, it follows from (3.19)—(3.21) that
lim H (&, 1) = po(f)-
t—>t,—0

Hereby, the point (&, 1)€I(f) depends on the given boundary function fc%(B).
So we have proved the following result:

3.1 Proposition. For every f€%(B) and every t€lty—c,t)[ there exists a
point &, — depending on f— in the p-dimensional ball
[&—=xoll < F.(fo—1)
such that
(3.22) lim Hy () = po(f):
—ty—

3.2 Remark. Corollary 2.4 follows already from this Proposition. In fact,
z, cannot be regular since otherwise (3.22) would imply f(z,)= uo(f) forall fe%(B),

) We are referring to the following fact which can te proved easily: Let x be a positive bounded
Radon measure on a connected, locally compact space Y with support equal to Y. Then for every
bounded function g€%(Y) there exists a point €Y such that

[edu=g@liul.
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and hence to=¢, . However, puo=p, . has a density with respect to the surface
measure ¢ which implies uy({z,})=0.
We continue with the proof of the Main Theorem and claim:

3.3 Lemma. Let A denote the set of all measures
A =ag,+(1 —oc)sfo", O=a=1.
Then for every function fc%(B) there exists a measure L€ A such that A(f)=py(f).

Proof. According to Proposition 3.1, for every f€%(B) there exists a sequence
(z,) in Q converging to z, such that

(3.23) lim 2 (f) = no(f)

holds for the corresponding sequence of harmonic measures. From this sequence
(of probability measures) we may extract a subsequence (,ufnk) which converges
vaguely to a probability (Radon) measure 4 on B depending on f (see [4], p. 243).
So (3.23) implies A(f)=u,(f). We can now apply — and this is crucial — a result
of Boboc and Cornea [6] (for a simple proof see Luke$ and Maly [16], p. 362). Accord-
ing to it, the measure A is of the form

)= oc820+(1—oc)efo‘?\{zo} O=a=1).

But since all points in RP*' are polar for the underlying harmonic structure (see

[11, p- 79), we have
eCA\{zo} = g€2
Zo Zo

(see [1], pp. 83 and 99). This proves A€ A, and hence the Lemma.

The remaining part of the proof of the Main Theorem is now pure linear algebra.
It suffices to apply the next lemma to the case X=B, x,=z,, vzefo‘?. In fact, it
follows from Lemmas 3.3 and 3.4 that y, is in A which means

Uy = asz°+(1—oc)sf°9 for some «€[0, 1].

Since u, has a density with respect to o, we have
0= po({zo}) = oc—i—(l—oc)sf:?({zo}) =q

which implies =0 and hence u,=¢S?% the statement of the Main Theorem.

3.4 Lemma. Let X be a compact space, x,€X and v a positive Radon meas-
ure on X. Suppose that a Radon measure p, on X has the property that for every
fE€E(X) there exists a number o,€[0,1] such that p,(f)=A(f), where A:afsxo+
(I1—ay)v. Then p, is of the form Ho=0&, +(1—a)v for some a€[O, 1].

Proof. Let us denote by A, the set of all measures l=ocsx0+(l —o)v with
«€[0, 1] and by H the set of all functions A€%(X) satisfying v(h)=h(x,). Then
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obviously, for all A€ A, and h€H,
A (h) = v(h) = h(x).
Our condition therefore implies
(3.24) Uuo(h) = A(h) for all A€A4, and heH.

Consequently, in the case H=%(X), i.e. V=¢,, the measure p, equals &, and
thus is of the desired form. In the remaining case where H=%(X) we choose g€
% (X)\H. The corresponding measure lozaysxo+(1 —a,)veA, satisfying Ao(g)=
Uo(g) is then uniquely determined: the coefficient «, equals

_ () —v(”)

7 g(xo)—v(g)
Since H is a hyperplane in ¥ (X) — defined by the linear form v—e, =0 — every
fe%(X) is of the form f=h+1g with some h€H and t€R. For the measure 4,

we then have
Uo(g) = Ao(g) and  po(h) = Zo(h),

the latter according to (3.24), and, consequently,
Ho(f) = o(h)+to(8) = Ao(h) +120(8) = Ao ().

Since 2, does not depend on the choice of f, this proves u,=4,. Hence, also in this
case, U, has the desired form.

As a corollary, we now obtain also a proof of the Addendum 2.2": For every
fE€%(B), the proof of Lemma 3.3 shows the existence of a sequence (z;) in Q con-
verging to z, such that the corresponding sequence (ufk ) of harmonic measures
converges to a measure A€A which satisfies A(f)=po(f). Since po=e, , the
function fc%(B) may be chosen in such a way that u,(f)=f(z,). We have A=
ocszo—{-(l—cx)yo for some a€[0, 1] according to the Main Theorem. Consequently,
o f)=af(z) +(1 —a) uo(f) which implies «=0 and thus A=p,.

3.5 Remark. The set A of Lemma 3.3 coincides with the set of all cluster
points of (u?) for z—z,, z€Q. This is an easy consequence of Luke$ and Maly
[16], Theorem 16. In fact, we know from Corollary 2.4 that all boundary points of
Q are regular, with z, as the only exception. From this the above result follows
from [16], Theorem 16, in the same way as Corollary 17 of [16] was derived from that
Theorem.
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