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NONVANISHING UNIVALENT FUNCTIONS III

PETER DUREN and GLENN SCHOBER

In two previous papers [3, 4] we studied the class S, of functions f analytic,
univalent, and nonvanishing in the unit disk D, with f(0)=1. Among other things we
investigated coefficient problems and the qualitative properties of support points.
Here we continue this work with several new results. First we make the surprising
observation that the asymptotic form of Littlewood’s coefficient conjecture actually
implies Littlewood’s conjecture. Turning next to support points, we show that the
arc I' omitted by a support point of S, is always asymptotic to a line at infinity.
Essentially the same argument gives the corresponding result for the Montel class M,
of functions f analytic and univalent in D with f(0)=0 and f(r)=1, where 0<r<l1.
Finally, we show for the Montel class that if I' has a maximal hyperbolic angle of /4
at its tip, then under suitable restrictions it must be a half-line.

1. The Littlewood conjecture

Littlewood’s conjecture, apparently weaker than the Bieberbach conjecture, was
originally formulated for the class S of functions f analytic and univalent in D with
f(0)=0 and f’(0)=1. It asserts that if a function f(z)=z+cyz*+... in S omits a
value o, then |c,|=4|w|n. As observed in [3], an equivalent formulation is that
la,|/=4n for functions f(z)=1+a;z+a,z*+... in S,. The conjectured extremal
functions are rotations of the Koebe function

142z -
kO(Z) = [lii) = 1_,_42":1”2"-

The asymptotic Littlewood conjecture is that

lim suplA,, =4, where A, = sup l|a,|
n fes,

n—>oco

Although this second form of the conjecture is apparently weaker, it turns out
that the two are equivalent.

Theorem 1. The asymptotic Littlewood conjecture implies the Littlewood con-
Jecture.
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The proof depends upon a slight variant of a lemma which Nehari [7] used to
show that the asymptotic Bieberbach conjecture. implies Littlewood’s conjecture.
(See also [1], p. 67.)

Lemma. If fcS,, then the two functions
Fi (2) = 2f(A)—1£2{f(A)[f(»)—1]}"

also belong to S,.

Proof of Theorem. In view of the identity

(@) = 7+ 3 [F(2+F-(2)],
the lemma tells us that
|an! = % [A2n+A2n] = %A2n>

so that A,= A,,/2. Iterating this inequality, we obtain
A, =2"%4y,, k=1,2,...

Thus if the asymptotic Littlewood conjecture is true, we can deduce that

1
iy Azen = 4,
or A,=4n for n=1,2, ..., which is the Littlewood conjecture.
Because Hamilton [4] has shown that Littlewood’s conjecture implies the asymp-
totic Bieberbach conjecture, it is a corollary that the asymptotic Littlewood conjec-
ture is equivalent to the asymptotic Bieberbach conjecture.

1 .
—n—A,, = llrkllillp

2. Asymptotic half-lines

A support point of S, is a function which maximizes Re {L} for some continuous
linear functional L not constant on S,. We showed in [3] that each support point f
maps D onto the complement of a single analytic arc I' which extends from 0 to <o
monotonically with respect to the family of ellipses with foci at 0 and 1, and which
satisfies the differential equation

) D (w) w(tfv—wjl)- >0, where ®(w) =L [if(—f_lwg) .
We found also that I makes an angle of less than /4 with each of the confocal hyper-
bolas it meets. This angle is called the Ayperbolic angle of I'. It is well defined at each
nonzero point on I', because there is a unique hyperbola with foci at 0 and 1 which
meets I' at this point.

We left open the question ([3], p. 205) whether L(f(f—1))#0, or equivalently
whether the quadratic differential has a simple pole at infinity. We now give an affir-
mative answer and deduce that I' has an asymptotic half-line at infinity.



Nonvanishing univalent functions III 141

Theorem 2. Let FES, be a support point which maximizes Re {L} for some
continuous linear functional L. Then L(f(f—1))#0. Furthermore, the arc I omitted
by f is asymptotic to the half-line

) W= 3{1+ L(f(f—l))} L(f(f=D), t=0,

at infinity.

Proof. To show that L(f(f—1))>0 we use the variation at infinity introduced
by Schiffer [8] for the corresponding problem in S. We shall refer to the description
of the method as it appears in [1], pp. 307—310. The quadratic differential (1) which
determines I" has a simple pole, a regular point, or a zero of finite order at infinity.
It follows that I" has an asymptotic direction at infinity: sgn w—¢" as w—c along
I'. Now truncate I to a subarc I', by removal of a section near the tip. Exactly as in
[1], form the function

v(w; 0, %) = o+ 27, c,(0, 0) ",

which is analytic and univalent on the complement of a radial magnification of I',.
As in [1], the asymptotic property of I' allows an application of the Carathéodory
convergence theorem to show that

v(w; 0, 0) ~ k,(kpt(w)) = 0+, ¢, (@) ",

uniformly on compact subsets of |w|<1/4, as ¢—<=. Here k, is the rotated Koebe
function k,(z)=z(1—e"z)~2, and B=n—0. Thus c,(0,0)~>c, (@), n=2,3,....
The function

V(w) =V(w; 0, @) = gv(w/o; 0, 0) = w+ e, bw", b, = c,(0, )",

is analytic and univalent on C—TI', and in particular on the range of /. Also V(0)=0,
and so V(1)#0. Thus the function U(w)=V(w)/V(l) is analytic and univalent on
the range of f, with U(0)=0 and U(1)=1. It follows that f*=UofES,, so

Re {L(f")}=Re {L(f)}-

The function @ in (1) has the expansion
d(w) = 22 L(f"(A=P)w™"

near infinity. Because ®(w)z0, not all of the coefficients can vanish. Suppose
L(f"(1=f))=0 for n=1,2,...,m—2 but L(f"~'(1—f))=0. In other words,

3) L()=L(f)=..= L(f" Y = L(f"), m=3.
On the other hand
L% = {14+ 32, by L)+ S, b LM}
L ~L(f) = {1+ 32, b ™ 32 LM —L()]

and so
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under the assumption (3). Now multiply by ¢™~*and let ¢—~< to conclude from the
extremal property of f that

@ Re {ea@ L™ —LAN} = 0.

The rest of the proof proceeds exactly as in [1]. With suitable choices of « we can
conclude from (4) that L(f™)—L(f)=0, contradicting our assumption. (It is here
that the condition m=3 is used.) Thus L(f(f—1))=0.

We can now show that I' is asymptotic to the half-line (2) at infinity. It is con-
venient to write

D(w) =2, aw" @, = L(f"(1-1)).

We have shown that a,%0. Let I' be given a parametrization w=w(z), 0<t<T,
such that w(¢f)—>< as -0 and the differential equation (1) has the form

1

o= D (w) (%)2 =1.

The transformation w=v~2 then carries I' to an analytic curve
v=pit+B2+..., —T<t<=T,

through the origin which satisfies

or

(o -+ ) B ) (B 6Bt ..) = -

Equating coefficients, we find

©) = (o) Bi+6m By =0.

Observe now that
w=0v"2=4"2+pu+0(?), t-0,

A=Ppr% p=-2B7°p,.

This means that I' is asymptotic to the half-line

where

w=upu+ls, s=0,
at infinity. The equations (5) give

1
A=day, p= ?(1+Z—j).

Thus the asymptotic half-line has the form (2), and the proof is complete.
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3. The Montel class

Very little is changed if instead of S, we consider the Montel class M, of func-
tions f analytic and univalent in D with f(0)=0 and f(r)=1. Both classes are
preserved under composition with univalent functions which fix both 0 and 1. The
variation developed in [3] for S, therefore applies also to M,. The same considera-
tions show that each support point f of M,, maximizing Re {L} for some continuous
linear functional L, must map D onto the complement of an analytic arc I' which
again satisfies the differential equation (1). Furthermore, I' is monotonic with re-
spect to ellipses with foci at 0 and 1, the only difference being that I' now extends
from a point wy#0 to infinity. An omitted-value transformation allows us to
deduce, exactly as in the case of S,, that Re {®#(w)}>0 for all points ww, on T,
so that I' has hyperbolic angle less than 7/4 except perhaps at its tip.

Furthermore, the variation at infinity used in the proof of Theorem 2 applies
equally to M,, because again it consists of composition with univalent functions
fixing 0 and 1. We conclude that L(f(f—1))>0 for support points f&M,, and that
the omitted arc I' is asymptotic to the half-line (2) at infinity.

4. Maximum hyperbelic angle

For the arcs I' omitted by the support points of the Montel class, it is not known
whether the bound 7/4 on the hyperbolic angle is best possible, or whether a hyper-
bolic angle of 7/4 can be realized at the terminal point w,. In analogy with the in-
vestigation [2] of the corresponding problem for the class S, we shall now show
under mild additional assumptions that this cannot happen unless I' is a half-line.
We begin with the following theorem.

Theorem 3. Let f be a support point of M, maximizing Re {L}, and suppose
that its omitted arc T’ has a hyperbolic angle of n/4 at its tip w,y. Then in addition
to (1) the arc I satisfies the differential equation

D(w)—D(wy)  dw? _
w—wp)* ww—1)
Proof. In view of the differential equation (1), the hypothesis of maximal

hyperbolic angle is equivalent to supposing that Re {®@(w,)}=0. (See [3], p. 204.)
By the linearity of L, it then follows that Re {L(f)}=Re {L(g)}, where

0.

(6) Wo(wo—1)

(1 —woy
=Y o
J=wo
Thus g is also a support point so its omitted arc I" satisfies
do* RN
@) ¥ (w) o@=1 >0, Y(w=L o )
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We shall see that this equation for I' can be transformed to the second differential
equation (6) for I'. By the definition of g, the mapping

(A —wyw
®) R
sends I' to I'. The identity
(l1-w)g  (A-—wf

g—o  f-w
is easily verified. Note also that
s U=Wf _ JU=1
J=w f=w
and
_(-w)g _ 2(-1
g—w g—w

These relations give

oy =L (L) = Li—9) = 00— ¥ @)

so that ¥ (w)=®(w)—P(w,). Also, a calculation based on (8) gives

dw? Wo(we—1)  dw?

ow(@—1) ~ (w—wg? ww—1)"

Substituting these expressions into (7), we obtain (6), and the proof is complete.
If &(ws)=0, we can divide (1) by (6) to obtain

(Ww—wo)?

=0, werl, w#w,.
Wo(wo—1) 0

This implies that I' is a half-line.
For the case of a point-evaluation functional

L(f)=e"f(), (eD, (0, r,

we find in a similar manner that Re {®(w,)}=0 implies

(B—w,)

—_———(w—wy) =0, WEL, w# w,,
Wo(wo—1) o) 0

where B=f({). Thus I is a half-line. It must therefore coincide (near infinity) with
its asymptotic half-line (2), which takes the form

w= ?1(B+ 1)—e~*B(B—1)t, t=0.
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The general case cannot be handled so easily. We shall assume that L is a func-
tional of rational type, meaning that L(f(f—1)/(f—w)) is a rational function of w
for each f¢ M,. Our result is again analogous to that obtained in [2] for the class S.

Theorem 4. Let L be a continuous linear functional of rational type, not
constant on the Montel space M,. Let f maximize Re {L} over M,, and suppose
that the arc T omitted by f has a hyperbolic angle of /4 at its tip. Suppose further
that ®(w)=L(f(f—1)/(f—w)) has no simple zero at O or 1 and no double zero
elsewhere. Then T is a half-line.

Proof. We shall use the method introduced in [2], with some of the details
omitted because the reasoning is quite similar. We may assume that @ (w,) =0,
because (as noted above) the theorem is true if ®(w,)=0. Let z, and z; be the
points on the unit circle where f(zy))=w, and f(z;)=<-. By Theorem 3, the arc
I' satisfies both (1) and (6). A standard argument (cf. [2]) allows us to conclude
that w=f(z) satisfies the two differential equations

© o) oty = 700
and
(10) - 1) 2200 W L Rea),

Ww—wp2 ww—1) =z

where Q and R are rational functions. Apart from double zeros of Q at z, and of
R at z,, both functions are real, negative, and finite on the unit circle. (By Theorem 2,
& has a simple zero at infinity.) Equation (10) shows that ®’(w,)=0, since R(z,)#O0.

Dividing (9) by (10), and recalling that @ is rational, we see that f'is an algebraic
function satisfying

(W=—wo)?@(w) _
D (w)— D (wp) -

0(2)
R(2)’

Wo(wo—1) w = f(2).

(11)

But ®(wy)#0 and @’ (w,)0, so (11) has the form

—%%(w—wo)+0((w—wo)2) = 0((z—z0)?)

near the point (z,, wy)€C2. Thus the equation (11) has a wunique local solution
w=F(z) such that F(z,)=w,. In particular, F is an analytic continuation of f
to a full neighborhood of z,.

The differential equations (9) and (10) give a simultaneous global analytic
continuation of £ to a possibly multiple-valued algebraic function F which satisfies
(11). In order to prove that F is rational, we have only to show that it is single-
valued. For this it suffices to show that F(z,)=w, in every sheet of the continuation.
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By what we observed above, this will show that in every analytic continuation along
a closed path beginning at z, and ending at the same point, F will return to its initial
function element.

If some continuation produces a value F(zy)#w,, then the algebraic function
F has one of the two local structures

(12) w=F(z)=w+tc(z—zp)*+..., ¢#0, a=0, w; # wy;
(13) w=F(z)=c(z—2zy)*+..., ¢#0, 2=0.

In each case F must be a local solution to both differential equations (9) and (10).

Suppose first that F has the local form (12) with w;=0. If @ has a zero of
order n=1 at the origin, then (9) gives a=4/(n+1), while (10) implies a=2.
Thus n=1 and @ has a simple zero at the origin, contrary to hypothesis. If & is
analytic at the origin and ®(0)>0, then (9) gives a=4 while (10) gives a=2. If
& has a pole of order m=1 at 0, then (9) gives (1 —m)a=4, which is impossible.

Next suppose that F has the local form (12) with w;=1. If @ has a zero of
order n=1 at 1, then (9) gives a=4/(n+1) while (10) gives a=2. Thus n=1
and @ has a simple zero at 1, contrary to hypothesis. If @ is analyticat 1 and @ (1)0,
then (9) gives a=4 while (10) gives a=2. If @ has a pole of order m=1 at I,
then (9) gives (1 —m)a=4, which is impossible.

Suppose now that F has the local form (12) with w; 0, 1, wy. If @ has a zero
of order n=1 at w,, then (9) gives a=4/(n+2) while (10) gives «a=1. Thus n=2,
contradicting our hypothesis that @ has no double zero except perhaps at 0 or 1.
If @ is analytic at w; and @(w;)#0, then (9) gives a=2 while (10) gives a=1.
If & has a pole of order m=1 at wy, then (9) gives (2—m)x=4 while (10) gives
2—m)a=2.

Finally, suppose that F has the local form (13). Then since @ has a simple zero
at infinity, (9) gives a=4 while (10) gives a=1. (Theorem 2 is used here.)

Having eliminated all cases to the contrary, we have now shown that F(z,)=w,
in every continuation. Thus F is single-valued and is therefore a rational function.
In other words, the support point fis a rational function which maps D univalently
onto the complement of an analytic arc I extending to infinity. But as Srebro [9]
has shown, this implies that I" is a half-line. This completes the proof.
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