Annales Academiz Scientiarum Fennica Commentationes in honorem
Series A. I. Mathematica Olli Lehto
Volumen 10, 1985, 387—395 LX annos nato

A CLASS OF SETS WITH POSITIVE LENGTH
AND ZERO ANALYTIC CAPACITY

PERTTI MATTILA

1. Introduction. A compact subset E of the complex plane C is said to be remov-
able for bounded analytic functions if for any open set U containing E every bounded
analytic function in UN\ZE has an analytic extension to U. It is not hard to see that
this condition is independent of U, see [Z, Appendix II]. Thus, by Liouville’s theorem,
E is removable if and only if the only bounded analytic functions in C\E are the
constant functions. The removability property can be formulated in terms of the
analytic capacity y(E);

y(E) = sup lim [2£(2)],

where the supremum is taken over all functions f which are analytic in C\E and
for which |f(z)|=1 for z€C\E and lim,_, f(z)=0. Then E is removable if
and only if y(E)=0, see [G2, p. 10] or [Z, p. 138].

A classical sufficient geometric condition, essentially due to Painlevé, for y(E)=0
is H'(E)=0 where H' is the one-dimensional Hausdorff (i.e. length) measure,
[G2, p. 1]. This is not necessary; examples of sets E with y(E)=0 and H'(E)=0
have been given by Vituskin [V1] and Garnett [G1]. In this paper we give geometric
conditions which imply y(E)=0 and apply to a large class of sets with 0<H?(E)<co.
It can be checked that both Vituskin’s and Garnett’s examples satisfy these condi-
tions. In fact, Garnett’s example, the product of the 1/4-Cantor set with itself, is a
particular case of a self-similar set with finite H' measure, which all are removable
by the corollary in Section 4. However, in [G2, IV. 2] Garnett showed with a modified
Cantor construction that there are removable sets with non-o-finite H' measure.
These are not covered by the results of this paper.

The sets considered in the main theorem in Section 3 are irregular in the sense
of Besicovitch [B1], [B2], and thus have the property that their orthogonal projec-
tions on almost all lines through the origin are of measure zero. In [V2] Vituskin
conjectured that this condition alone would be both necessary and sufficient for
removability. Under the additional condition H'(E)<e< this would mean that E
is removable if and only if E is irregular. To one direction this is known: If H!(E)<e
and y(E)=0, then E is irregular. In fact, if E were not irregular, it would inter-
sect some rectifiable curve in a set of positive H' measure. On the other hand, a
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compact subset F of a rectifiable curve is removable if and only if H(F)=0, see
[MD].

I want to thank B. @ksendal for bringing this field of problems to my attention
and the referee for his useful comments.

2. Irregular sets. Let ECC with H!'(E)<-<. The upper and lower 1-dimen-
sional densities of E at a point a€C are

D(E, a) = ]in}{gup H'(EnB(a, r))/(2r)

and
D(E, a) = limmian1 (EnB(a, r))/(@2r),

where B(a, r) is the closed disc with centre a and radius r. Besicovitch defined E to
be irregular if and only if D(E,a)<1 for H' almost all a€E. One of his most
important results is that this is equivalent with the property that the orthogonal
projection of E on almost every line through the origin is of measure zero, see [B2].
Besicovitch also characterized irregular sets as those which have approximate meas-
ure-theoretic tangent almost nowhere and which intersect every rectifiable curve
in a set of measure zero [B1]. An exposition of Besicovitch’s theory will appear in
a forthcoming book by Falconer [FK].

For 0=0<2n and a€C let Hy(a) be the half-plane {z:Ime~*(z—a)=0}.
We shall use the following two density theorems, see [FH, 2.10.19] and [B1, p. 317]:
(1) Suppose EcCC is H* measurable with H'(E)<eco. Then

12=D(E,a)=1 for H!' almostall a€E.
(2) If E is irregular, then for every 0€[0, 2m)
D(EnHy(a),a) =0 for H' almostall a€E.

We say that 0€[0, n) is a weak tangent direction for E at a if D(E, a)=>0 and
for all =0

lirrignfr‘lHl {z€EnB(a,r): Ime~"(z—a)| = 6|z—al} =0.

Note that by replacing lim inf by lim sup we would get Besicovitch’s definition for
the line through a in the direction 6 to be a tangent for E.

It is possible that a set has one, several or none weak tangent directions at its
points. One can even construct sets E such that H'(E)<woe, and for every ackE,
D(E, a)>0 and all directions 0¢[0, m) are weak tangent directions for E at a. To
such sets our theorem does not apply.

It follows immediately from the definition that given a€C the set of those
0¢[0, =) which are not weak tangent directions for E at a is open in [0, 7). Thus if
A is an H! measurable subset of E with H'(4)=0 and if for H* almost all acA4
there is such a direction, then the set of all pairs (a, 8)€ AX[0, ) for which 0 is
not a weak tangent direction for E at a has positive H'X H! measure.



A class of sets with positive length and zero analytic capacity 389

3. The main result. We shall now prove the main theorem:

Theorem. Let E be a compact irregular subset of C with H'(E)<oo. Suppose
that for H' almost all acE, D(E, a)=0 and there is 0€[0, ) which is not a weak
tangent direction for E at a. Then y(E)=0.

Proof. Let fbe an analytic function in C\ E with |f(z)|=1 and lim,_.. f(z)=0.
It suffices to prove that f vanishes identically. We first show that there is an H?
measurable function ¢: E—~C such that

€)) f(2) =fE2pT(CZ)dH1C for zECN\ZE,
and ’
2 o)) =1 for (€E.

Since H(E)<< we find with the help of [G2, I1.3.1] a finite complex Borel
measure y with support on E such that

f=[ Tdﬁ% for zEC\E.

Using [G2, 11.2.1] we see that u(D)=— f,, f(\)d(/(2ni), whence
3 |u(D)| = H'(0D)/(2n),

whenever D is a disc with [, [|{—z|'d|u|{dH'z<<-. Here |u| denotes the total
variation measure of u. Using Fubini’s theorem one sees that this condition holds
for almost all discs with fixed centre. From this it follows by approximation that (3)
actually holds for all discs.

Using the definition of H' one derives from (3) that |u|(4)=H(A) for any
Borel set AcC. Therefore u is absolutely continuous with respect to H', and more-
over the Radon-Nikodym derivative ¢ satisfies |@|=1, that is, (1) and (2) hold.

If HY(E)=0 or ¢(z)=0 for H! almost all z€ E, we are done. So we assume
that H'(E)=>0 and that ¢ does not vanish H! almost everywhere on E, and we
complete the proof by showing that then f cannot be bounded.

According to [FH, 2.8.18 and 2.9.13] ¢ is approximately continuous at H?*
almost all a€FE in the sense that for all ¢=0

(0] ﬁg‘ rIHY{zEEnB(a, r): |p(2)—¢p(a) =&} = 0.

Using 2(1), 2(2) and the assumptions of the theorem, we find such a point ¢ and
0¢[0, m) with the additional properties that ¢(a)=0,

®) 0<D(E,a)=D(E,a)=1,

(6) D(EnH,(a), a) =0,

and that 0 is not a weak tangent direction for E at a. In fact, we are using the last
remark of Section 2 with A={a: ¢(a)0} to ensure that the set of all pairs (a, 6)
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with the above properties has positive H!X H! measure. Without loss of generality
we may assume that a=0, ¢(0)=f=0 and 0=0.

Since 0 is not a weak tangent direction at the origin, there is J,0<d<1/2,
“such that

@) & = lim‘gnfr‘lHl(EmC(r)) >0,
where

C(r)={z: 6|z = |Im z|, |z| = r}.
Let m be a positive integer. We also denote
B(r) = B(0, 1),
C={z: 6|z| =Im z},
D={z: 0=Imz < d|z[},
H=H,0)= {z: Imz=0},
t = o/16,
e =2"15aprm,
u=Reqp, v=1Imo,
F={z€E: u(z) = /2, [v(z)| = &}.
Using (4)—(7) we find S=0 such that for all O<r=3S

(8) HY((ENF)nB(r)) = e,
©) HYEnB(r)) = 4r,
(10) HY(EnHNB(S)) = &S,
(5)) HY(ENC(r)) = ar/2.

Denote s=¢"S and for j=1, ..., m

R; = EnB(Z1S)\B(HS).
Then
HY(R;,nFNC)

= HY(EnC(#'1S))— HY(EnB(#' S))— H'((EN\F)nB(S))— H(EnHnB(S))
=ati "185/2—40S—2eS = (of2—4t—2er =) /718§ = 23/ 1 8.
Let z€B(ds/2\E. If [{|=s and Im{=06|{|, an elementary calculation gives

! 5—5— and ! §—2—-

{—z— 8[{] 10—zl — 12°

—Im
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Using these inequalities and (9) we estimate

—Im [ “@ g ;%f}( L ame

JNFNC {—z ,nFnc (|
= 2-45B(F18)"12 3t/ 18 = 2" "8,
v(© - "
j”mcc —dH( 2 [ ICldHC

< 2e(FS) 14418 = et ™1 = 27 85ap,
whence

12) —Im [ 9O i1y = 2-35ap.

,NFNC {—z

From (8) and (10) we get
HY(R)\F) = et/71§ = &5,
H'(R;nH) = &S,

so that

9Q 4pe] = 20 5)-1285 = 210
f(R,\F)u(RnH)C ~dH{) = 2(5) 71268 = 271bap.

(13)

Let ¢=2"'%6aft. By simple calculation —Im1/((—z)=—q/|(| whenever |z|=
6l¢|/4 and Im{=0. It follows that for all (€ FAND\B(s) and z€B(os/4)\E

¢(C) _ 1 1
m{—_z = —u({) Im I —v(0) RCC——_Z
=—0/[{|-2¢/|(| = —2725ap1/(].
Hence
(14)  —Im 2O gpy = 2-2sapi(PS) 14018 = — 2050,

RnFnDC z

Putting together the estimates (12)—(14) we obtain

If (p(C)dH1§>2‘95aﬁ

Consequently,

@)
(15) —Im f ENBENBG) {—z

dH'{ = m2~%5ap.

Our final goal is to find z so that I [eeO/C—2) dHICI is large. In view of (15)
we still have to eliminate the possible cancellation coming from inside B(s) and
outside B(.S). For this we use the following simple lemmas:
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Lemma 1. Let O<r<oo, 0<n<1 and ¢=0. If u is a positive Borel measure
on C with p(B(r))=cr, then, L? denoting the Lebesgue measure on C,

d
LZ{ZEB(T’H‘) f 50 [T 'uczl EM} = 2nenr?/M.

Proof. Let

a={zesom: [, ch“czl = u}.

By Fubini’s theorem,

. d,u{ dL? Z 4
O P e R P =
= f f dL’z ———dp{ = 2mnru(B(r)) = 2ncnr?.,
=Jemd Bam |2 # H

Lemma 2. Let g be an analytic function in B(R). If |g(z)|=2N for z€B(R)
and if there is w€ B(R/2) such that |g(w)|=N, then

L*{z€B(R): |g(2)| = N/2} = nR¥/16.
Proof. Let A={z€ B(R): |g(z)|=N/2}. Using the mean value property we get
for 0<r<R/2,
N=1gwl =|[,,,, 8Q dH {2nr]
= [(N/2) H*(0B(w, )\A)+2NH*(0B(w, r)nA)]/2nr

= N/2+(N/nr)H'(0B(w, r)nA).
Hence
H(0B(w, )nA) = nr[2,
and

L¥(A) = f:’z HY(0B(w, n4)dr = (n/2) f:” rdr = nR¥/16.
We now complete the proof of the theorem. As D(E,0)=1 and H(E)<e<o
there is ¢, 1=c<<c, independent of m, such that
HYEnB(r))=cr for all 0<r <o,
We choose m so large that
M = m276af = 2¢/n with n = o/4,
N=M—4c—1 = 16%c.

Since M=2c/n we can apply Lemma 1 to find z,€ B(ns)\E such that

fE o 2Q sy = .

NB& {—zo
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This combined with (15) gives

@) _
| Jaone Tz, MY = M-
Write
fl2) = ./'EﬂB(S)CTZ—dH C+fEnB(ZS)\B(S) {—z aH C+fE\B(2S) {—z e

and observe that as z,€ B(S/2)

fs () AH

= 1 =
NBES\ES) {— 2z, = (S)H(EnB(2S)) = 4c,

whence

IR 20 il = M—te—1=N.

\BeS) {—2z,

Next we show that there is z,€ B(S) such that

= 2N.

(16) /. QO g

\BeS) {—z;

If this is false, we can apply Lemma 2 to the function g,

()
8 = [ s 7z '

to obtain
L2{z€ B(S): |g(2)| = N/2} = nS?/16.

On the other hand, Lemma 1 implies
L*z€ B(S)\E: |f(2)—g(2)| = N/4}

/. 2O gy

= 2(1_
nBe@s) {—z = N/4} = n15%(1—16¢/N).

=L {zeB(S)\E:

From N=162c we see that the sum of these two measures is greater than nS?;
therefore there is z€ B(S)\E such that |g(z)|=N/2 and |f(z)—g(z)|=N/4. But
then |f(z)|=N/4>1, which is impossible. This proves (16).

Next we write

= o) .1 o0
8@ = fEnB(“s)\B(zs) {—z aH C+fE\B(4S) {—z dEr.
Here
?© _ _
fEﬂB(4S)\B(2S) 7=z dH'{| = (1/S)H(EnB(4S)) = 4c,
whence

[ 29 g

\NB@S) {— 2z,

=2N—4c= N.
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Arguing as above we find z,€ B(2S) such that

fE ﬂdylg

= 2N.
\B@S) {—z,

Continuing in this manner we find for every k a point z,€ B(2*"1S) such that

[, 2@ s = 2w,

\B@*S) {—z,

But E\B(2¥S)=0 for sufficiently large k, and we have arrived at a contradiction.

4. Self-similar sets. Roughly, a set is self-similar if it can be decomposed into
a finite number of parts geometrically similar to the whole set. Ordinary Cantor
sets are examples. We consider only sets with Hausdorff dimension one, since those
of dimension less than one are always removable by Painlevé’s theorem, and those
of dimension greater than one are never removable by [G2, III. 3.5]. The following
definitions are due to Hutchinson [H].

Let E be a compact subset of C with Hausdorff dimension one. Suppose E is
self-similar, that is, there exist contracting similarity maps S, ..., S,: C—~C, n=2,
such that

E=JS;E and H'(S,EnS;E)=0 for i#].
i=1

We also assume that the open set condition is satisfied: There is a bounded open
non-empty set O such that

1

This always holds if the S;E’s are disjoint, cf. [H, 5.2(2)]. We have by [H, 5.3(1)],
0<HY(E)<o and " (E, a)=0 for all ¢€E.

By [MP, 4.3] there are only two possibilities: Either E lies on a straight line,
in which case it actually must be a line segment, or F intersects every C® curve in
a set of H! measure zero, which implies that it is irregular. In the second cace it
follows from [MP, 4.2] that E has no weak tangent directions at all. Thus we have
the following corollary to the theorem:

S;0c O and S,0nS;0=0 for i#]j.
=1

Corollary. Let E be a compact subset of C with Hausdorff dimension one.
Suppose that E is not a line segment, E is self-similar, and that the open set condition
is satisfied. Then y(E)=0.
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