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ANALYTIC SURFACES IN C* AND
THEIR LOCAL HULL OF HOLOMORPHY

JURGEN MOSER

1. Introduction

a) We consider real analytic surfaces M (i.e. dimpM=2) in C2 Two such
surfaces M, M are called equivalent if they can be mapped into each other by a
mapping which is biholomorphic in the complex structure of C2 Actually, we are
concerned only with local equivalence which refers to the neighbourhood of a point
pof M.

One has to distinguish points p for which the tangent space T,M=V 1is a
complex line (i.e. V=i¥) and those for which V is totally real (i.e. ¥ NiV'=(0)).
Points of the second type are uninteresting since any two surfaces near such points
are locally equivalent. Interesting are only the so-called “exceptional points” which
were considered already by E. Bishop [1]. They are characterized as points p with
a complex tangent while for every ¢g¢ M in a neighborhood of p T,M is totally
real. Near such points one finds holomorphic invariants. For example, in the non-
degenerate case, where also the quadratic approximation at p has an exceptional
point, one can introduce local coordinates (z, w)€ C? so that the surface is given by

1.n w= F(z,z) = zz+y(22+2%)+ E(z, 2)

where p corresponds to z=w=0, y=0 and where E is a complex valued analytic
function vanishing of at least third order at the origin. Then y is the holomorphic
invariant introduced by Bishop. One speaks of the elliptic, parabolic and hyper-
bolic case according to y€[0, 1/2), y=1/2 of y=1/2.

The elliptic case has been studied in detail in [5] where, however, the case y=0
had to be excluded. We showed in particular, that for O<y<1/2 the surface (1.1)
is locally equivalent to an algebraic surface

w = zZ+I (w)(z2+2% = G(z, 2),
I =y+ew* with ¢=%x1 or O.

This surface lies in the three-dimensional hyperplane Im w=0 and forms a surface
with elliptical cross sections. It is easily seen that the local hull of holomorphy of
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this surface is given by the interior of this surface, i.e.
{z,w,Imw =0, Rew = G(z,2)}
and therefore is an analytic three-dimensional surface with boundary.

b) In this paper we study the case y=0 which seems particularly simple since
its quadratic approximation w=zZ is given by the rotation-symmetrical paraboloid
in Imw=0. But one meets with unexpected difficulties and it is not yet known
whether also in this case the local hull of holomorphy is real analytic at p.

According to the work of Kenig and Webster [4] it is established that this hull
of holomorphy is smooth but its analytic character is still not known. To this ques-
tion this paper makes a contribution which we now formulate.

By formal considerations, carried out in Section 2, one sees that in the case
y=0 the surface (1.1) can be brought in the form

(1.2) w=zzZ+4+2z*+2*+ 0,

where s=3 and O
or into the form

(1.3) w=zz+4+0,

.1 denotes a function vanishing of order =s+1 at the origin,

for any n. In the second case we set s=oo; in this case (1.1) can formally be trans-
formed into w=zZ where, however, the convergence of this transformation still
remains in question. We point out that s is also a holomorphic invariant and there-
fore the distinction between the cases (1.2), (1.3) has invariant meaning.

It was our goal to decide about the analytic character of the hull of holomorphy
in these cases but so far we have not been able to settle the case s<oo. But since
birthdays can not be postponed we can only present our partial result for s=o
and then formulate the open question as a rather specific problem.

Theorem. A surface M of the form (1.1) with y=0 and s=-eo is holomorphi-
cally equivalent to
(1.4) w = zZ.

In other words, if (1.1) can formally be transformed into the form (1.4) then
also holomorphically. As a consequence, also in this case the hull of holomorphy
is a locally real analytic three dimensional hypersurface with boundary.

Problem. In the case s<oo such a statement is not known to us and is pos-
sibly false. If the hull of holomorphy is analytic we can by a transformation
(Za W) - (29 W+g(Z, W))

map it into Im w=0 (see [2]) and this amounts to a solution of the functional
equation
(1.5) Im {F(z,2)+g(z, F)} = 0.
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As a matter of fact the question whether the hull of holomorphy is analytic at the
origin is equivalent to the question whether (1.5) possesses a solution g=g(z, w)
holomorphic at the origin, which we state as an open problem.

Another question is whether one can decide from a finite part of the Taylor
expansion of F about the equivalence class to which M belongs. For elliptic points
with O<p<1/2 this is indeed the case since y, s and e==%1 are a full set of in-
variants [5]. However, for y=0 this has not been established and may even be
false. One knows of other problems of this type from the theory of iteration of con-
formal mappings z--f(z) near a fixed point 0=f(0). Here two mappings f1, /2
are called equivalent if there exists a conformal mapping z—u(z) with u(0)=0,
W' (0)#0 with fiou=uof,. If |f’(0)|>0,1 then f’(0)=1 is the only invariant
and the mapping is equivalent to a linear mapping. This is also true for most val-
ues of A on the unit circle. However, for roots of unity 4, the equivalence class is not
determined by a finite part of the Taylor expansion [3], [6]. Is the equivalence prob-
lem for surfaces near an elliptic point with y=0 of this nature? These questions of
complex analysis lead to nonlinear functional equations with rather startling prop-
erties. For example, in the hyperbolic case one has to distinguish between cases
where the solution of the quadratic equation A2—y~'A+1=0 is a root of unity or
not. One is led to difficult functional analytic problems. Even the proof of the stat-
ed theorem seems not quite straight-forward and we used the rapidly convergent
iteration technique which seems well adapted to the situation. In the following
sections we carry out the detailed proof of this theorem.

2. Formal considerations and a linear problem

We consider a real analytic two-dimensional manifold M in C? of the form
(2.1) w= F(z,2) = zz+...

where F is a complex-valued power series in z, Z without constant or linear part.

At first we ignore questions of convergence and subject (2.1) to a transformation
= z+f(z, w),

(2.2) 4
w = w+g(z, w)

also given by formal power series in z, w without constant part and whose linear
part is the identity transformation. We write these series as power series in z:

(2.3) f= 2120 Zlfl(w)’ g = 2120 Zlgl(w)
and show the

Proposition 2.1. There exists a unique formal transformation (2.2) satisfying

24 fo=£=0
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which transforms (2.1) into
w = F'(2,2) =27+ (2)+o(Z).
Proof. We have to solve the equations
(2.5) F+g(z, F) = (z+f(z, F))(Z+/(Z, F))+ ¢ (z+ F)+ #(Z+F)

which is done by comparison of coefficients. Denoting the weight of a term z'w*
by v+2u=s we write f®(z, w), g (z, w) for the terms of weight s in f, g, respec-
tively. Thus we have f©®(tz, 2w)=1f®(z, w) and similarly for g. If we collect
terms of degree s in z, Z in the equation (2.5) we obtain for s=3

FO4g®) = 26D (z, 22)+ 2/~ (2, 22)+ 99 () +FO @)+ GO, 2)

where F®, ¢©® denotes the homogeneous terms of degree s in z, Z of F, and G®(z, Z)
is also such a homogeneous polynomial which depends only on g9, fC—1 ¢
for o<s. Thus we have to solve the equation

(2.6) — g4 V4 D490 (2)+ 9O (2) = T (z, 2)

for g, f, ¢ if I' is given. For later purpose we consider this equation right a way for
general series g, f, ¢ and I, without constant terms and not only their homogeneous
parts.

Replacing z by a new independent variable { we are led to the equation

@7 —8(z, 20+ {f(z, 20)+ 2/, 2D+ 0 () + 60 = I'(z, ).

We obtain again (2.6) by considering just the homogeneous terms of degree s in
this equation.

Therefore it suffices to prove that (2.7) possesses a unique solution with the
normalization (2.4). We write the series for I’

F(Z9 C) = ZVaﬂZ“Cﬁ

in the form
I =T,z0+27,; (2 NLE)+T-,(20)
where
= o kriaWt for 1=0,
F,(w){: o Vi’ for 1=0.

With the representation (2.3) for f, g and with
0(2) = 32, 9,2, ¢, constants,
the equation (2.7) takes the form

—g W) +whe W)+, =T,

(2.8)
wheiW+@,=T_,
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for /=2 and for /=0,1 we obtain the three equations
—gW+whtfote, =TI,
—goW)+wfi+wfy = I,

Jotwhet o, =T_,.

With the normalization fy=f,=0 the first and third equation can be incorporated
into (2.8) for /=1 and the middle equation takes the form

2.9 —go(w) = I'y(w).

This equation is uniquely solved by defining gy=—I'y. From (2.8) we obtain for
w=0

—g(0)+¢, =0, ¢ =TI-,0) for I=1
which again is uniquely solvable. Setting
G(w) = (F (w)—TI, (0))/ w

it remains to solve the equations

21(0)— g, (W) +wfi11 = WG,
for 1=1.
Wfl+1 =wG_,
Hence we get
]l+1 =Gy,

g (0)—g(w) = w(G,—G_)
and with g,(0)=—I';(0)+1I"_,(0) we obtain
—g(w) = I'(w)—T -, (w).

This shows indeed that (2.8), (2.9) can be solved uniquely with the normalization
(2.4) and Proposition 2.1 is proven.
For later purposes we record the solutions f, g, ¢ of the equation (2.7) in a
different form:
?)=T(,9),
(2.10) F&w) = Sz 1 Go(w),
g(z,w) =—=TowW) =T, (z, W) +I_(z, W)
where
r.(z,w)= 2i=1 Z’Fl(w)s r_(,w = 2= 0 _y(w).
There is an arbitrariness in the transformation (2.2) which was fixed by the

normalization (2.4). This arbitrariness is due to the fact that the automorphism
group of w=zZ is given by

, z—wb(w)
@.11) Z=a T 5w
w =aw)yaw)w

a(0)=1,
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where a(w)—1, b(w) are arbitrary series without constant terms. These formulae
were given already at the end of [5], where also Proposition 2.1 was stated without
proof.

This group still acts on the normal form

w=zZ4+@(2)+p(2)

provided by Proposition 2.1 and it is not easy to get a full set of invariants out of
this representation. Here we are content with the remark that the number s=3 in

¢(z) =c,2°+..., ¢, #0,

is obviously an invariant; if ¢=0 we set s=<. Replacing z, w by (iz, |1|?w),
2#0, we can always achieve that the transformed representation is given by

w=zz24+ 254+ +Y (2)+ Y (2)

with a power series Y containing terms of order =s only. Otherwise, if s=< we
can formally achieve
(2.12) w = zZ.

This latter case s=< may be considered as an exceptional case. But it is this case
which we consider now and show that if s=< the above normal form (2.12) can
not only be achieved by formal series but even by convergent ones. This is the con-
tent of the theorem of the introduction.

3. Estimates

a) Before proving the theorem of the introduction we need some estimates
concerning the solution of the linear problem solved in Section 2.
We write our surface M as

w= F(z,Z) = zz+ E(z, %)

where we assume that E(z, {) is holomorphic near z={=0 and vanishing of order
=3 there. By a stretching transformation (z, {, w)—(az, al, a®w), E(z,{) is re-
placed by a~2E(az, al) and we may therefore assume that E is holomorphic in the
polydisc |z|, |{|<1 and satisfies
(3.1 sup |E(z, ) <n
2], lg]<1

for a given #=0. After this preparation we will construct a biholomorphic trans-
formation to decrease this error term E to make it ultimately equal to zero.

The equations to be solved for the transformation (2.2) are

F(z,2)+g(z, F) = w = (z+f(z, F))(z+f(z, F))
or

(3.2) —g(z, F)+%f(z, )+ #f (%, F) = E—|f(z, F)I*
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We replace these nonlinear difference equations by the simplified linear equations
(3.3) —8(z, 22)+2f(z, 22) + 2f (2, 2D) + ¢ (2)+ @ (2) = E

which was already considered in the previous Section (see (2.7)). We use (3.3) to
define the transformation f, g (with the normalization fy=f;=0). It will not achieve
that the error E is reduced to zero but it will diminish this error. Repeating such
a procedure will lead to a convergent transformation.

b) To carry out this procedure we prove some estimates for the solutions of
(3.3). We define the domains
D, = {(z, DEC?, |z| <1, [{| <r},
4, = {(z, wEC?, [z| <7, [w| <1}

and define the norms

IEN, = sup Ez DI, |fl,= sup 1f(z, w.

Proposition 3.1. If E=E(z,{) holomorphic in D,, E(0,0)=0 and 1/2<
o<r=1 then the equation (3.3) has a unique normalized solution f,g, ¢ holo-
morphic in A, and satisfying the inequalities

|fIQ’ |glg = CI(V—Q)-lllE”,.,
G4 { ot ol 1galo lgule = clr— )21 Ell,
3.9 sup o) = | E,

lz]<r

where ¢, is an absolute constant (which we do not determine). Moreover, f,g, ¢
vanish for z=w=0.

Proof. The solution of the equations (3.3) was already given in (2.10) where I
must be replaced by E(z, {). From these equations it is evident that if E is holomorph
in D, then f(z, w), g(z, w) are holomorphic in

{ W)||Z| <r, |w <lzlr}

since w=2z{ and |{|<r. By Hartog’s theorem the hull of holomorphy of this do-
main is 4, and so f, g are holomorph in 4, and ¢(2) in |z|<r.
Evidently the estimate (3.5) follows from @({)=E(0,(). If we write again

E(z, () = Ey(z0)+ Zi=1 (2B, (20 + ' E-((20))

we have

1 . . .
1 2n i —i9 —il9 =
2'E(z0) = prs fo E(e®z, e e "dy for 1=0,

1 o iao i
1 — 2n i9 —i8 —il9 =
CE() = 5 [ E(e®z, e7*e~"*d9 for 1=0
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and hence by Schwarz’ lemma

[Ew)| = r~ME], for |w]

r.

IIA

Also from Schwarz’ lemma we conclude for

G,(w) = (El (W) —E, (0))W_1
the estimate
|G,(w)| = 2r~-2|E|, for |w|<r2

Inserting this into (2.10) we obtain

1
Me=23m (4 1m, = 2o,

1
- (2 2
o= (14232, (4 e = 2o 1m0

The estimates for the derivatives are easily derived from these with the help of
Cauchy estimate: Set t=(r+¢)/2 and use

2

E
||,

Ifl. =

and by Cauchy’s estimate

_ 1 __ 20El,  _ 8IE]
£l = T—0 1l = (t—o)(r—1)  (r—o)?’

This proves the inequalities (3.4), and Proposition 3.1.

¢) For any formal power series E we define ord E as the lowest order of the
nonvanishing terms. We set ord E=« if E=0.

Proposition 3.2. If w=zZ+E(z,Z) satisfies s=<o and
ordE=d

then the transformed surface w'=z'z'+E’ obtained by the transformation (2.2),
given by (3.3), satisfies
ord E’ = 2d—-2.

Proof. If we solve (3.3) we obtain solutions f, g for which the weight is =d—1,d,
respectively. The error term E’ as a function of z, Z consists of the differences be-
tween the terms in (3.2) and (3.3), e.g.

g(z, F)—g(z, 22)
of order =(d—2)+d=2d—2. Similarly

ord ({f(z, F)—tf(z, 20)) = 14+(d—3)+d = 2d—2
and
ord |f2 = 2(d—1).
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From this one concludes that
ord (E'—¢(z)—3(Z) = 2d—2

and since s=o also ord ¢=24d—2 which yields the statement. In other words
the transformation constructed by solving (3.3) has the effect of almost doubling
the order of vanishing on E.

d) With the so-constructed transformation (2.2): ¥:(z/, w)—~(z, w) we write
the transformed surface M’'=y—*M={(z’, w)|y(z’, w')EM} in the form

M’, =— F’(Z’, 21) — Z’Z""E,(zl, 2/)

and estimate E” in D,.. To obtain a formula for E” we return to (3.2) but include
the term E’ and replace Z by { to get E’(z/,{)—g(z, F)+{f(z, F)+zf(¢, F)=
E(z,0)—f(z, F)f((, F). Subtracting the equation (3.3) which served to define f, g, ¢
we obtain

3.6) E'(Z,0)=0(z0)
where
(3.7 0(z,0) = (g(z, F)—g(z, z20)—L(f(z, F)—1(z, 20))

—2(J& =& 20)—f(z P)J & P +0@)+5(©).
The relation between (z, {) and (z’, {’) is given by

{z’ = z+f(z, F(z, C))

(3.8) U ={+F(¢F 2).

In order to restrict the variables to appropriate domains we introduce in addition
tor’,rin

%<r'<r§1

the intermediate points o, g€ (+’, ) by setting

1 ; 2 ,
so that

3.9 r—og=90—06c=0—r = —;-(r—r’).

Proposition 3.3. There exists an absolute constant 6=0 such that for

IE1,
r—r)

(3.10) <5
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the above defined mapping : (2, w")—~(z, w) takes A,—~A, and takes M into
VM=M" such that E’(z’, (") is holomorphic in z’,({’€D,. and satisfies

G.11) 121, = el o (2) )

(r—r)2 r
provided that ord E=d.

Proof. To verify the first statement we have to determine the inverse mapping
=1 of
¥: (z,w) > (2 = z+f(z, w), W =w+g(z, w)).

By (3.4) we obtain for the Jacobian d¥ the estimate
[d¥—1|, < a(r—0)2IEl, < 5
if we require that 6<(18¢;)~! in (3.10). By the standard iteration procedure for the
inverse mapping we obtain for (z, w)=%~1(z’, w’) the estimate
z—2[+|w—w'| <2(If (2", w)I+g(z’, W)
<2c(r—@7|El, <r—¢=1¢—0
if (z, w)€4d,. Hence |z’|<o, |w'|<o? implies
lz| <o+(¢—0) = ¢, |W| <0®+(e—0) <0*+(e*—0%) = o7

ie. y=¥~1 maps 4, into 4, as claimed.

In just the same way we can solve the equations (3.8) for (z, {)¢D, if (z, )
is given in D,.. Indeed, for (z, {)€éD, we have

|F(z, )| = *+|E], < ¢®

if || E||,< @®—a® which follows again from (3.10). Therefore we obtain for f(z, F(z, 0),
f((, F((, 2), (z, €D, the same bounds as in the first line of (3.4). Using Cauchy’s
estimate we find for the first derivatives of these functions a bound

el Ell,(r—r") 7% < ¢36

in D,. We conclude that for sufficiently small 6 and for (z’,{’)€D,. the equations
(3.8) possess a solution (z, () in D,. Therefore from (3.6) we find

1E, = 10Ql,.
To estimate |Q|, we consider the various terms of Q in (3.7). For the first
parenthesis we find for (z, {)€D,
|g(z, F)—g(z, 20| = Sup gulllEll; = c1(r—e) I E|?
where we used (3.4). The terms of the second and third parenthesis in (3.7) can be
appraised similarly, and the next term gives

[f(z, F)f((, F)| = ci(r—0o) % E|}.
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For the last term we use ¢(z)=E(z, 0) so that
lp(2)| = |E|, for |z <r.

Since ord E=d also ¢ vanishes of order=d and Schwarz lemma yields

d
o
0@ = (2 1EL for Id<0o
so that

01, = e fo-o-1z1+(2) 11},

To obtain the claimed inequality (3.11) we replace r—¢ by (r—r’)/3 and use

2
(O-] r’
—_ = —
r r

which follows from (3.9). Indeed with 6=r’/r we have
A L 1
—_ Rl 2 = e =
(r]/r (1+20)%/96 = 1 for2<0_1,

This completes the proof of Proposition 3.3.

4. Convergence proof

a) We construct the desired transformations of M into the form w=zZ by
repeatedly applying Proposition 3.3. This will be done by the rapidly convergent
iteration technique which we now describe. For this purpose we consider a sequence

of such surfaces
M,: w= F,(z,2) = zz+E,

where M, agrees with the given surface M, i.e. F=F,. Moreover, all surfaces are
supposed to be equivalent: M, +1~|// 1M, where ¥, is a biholomorphic mapping
taking 4, -4, . Here o,<g, is a sequence of numbers which will be chosen so
as to make Proposmon 3.3 applicable: We pick a sequence r, such that

4.1) <N <T<rg=1
and set
1 2
(42) o = rv_'3—(rv_rv+1); g, = rv_'3—(rv_rv+1)

so that r, r’, g, ¢ in Proposition 3.3 correspond to r,,7,.,, @, 0,. Our goal will
be to select the sequence so that

(4.3) |E,,, ~ 0 for v —oo
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and that
Y, =Yooy 0.0, 11 A, |~ 4,

converges in A,,, to a biholomorphic map ¥,. Then it follows from (4.3) that
Y. 'M=M, agrees with w=2zz.

b) To define the above sequence F,, ¥, r, we set, for example,

1 1

4.9 r“=_2_(1+m}’ v=0,1, ...
so that (4.1) holds and

(ry=rys)™t =200+1)(v+2),
4.5) Fyer _ g 1
ry v+2)2°
The point is that r,—r,,, does not grow too fast. We set F,=F and define y,, F
by applying Proposition 3.3 to M:w=F, obtaining M,=y(M,, w=F, and more
generally M, =y M, w=F,=zz+E, By Proposition 3.2 and since s=oo
we find that
(4.6) ord E, =d, =2"4+2 for v=0.

To justify the procedure we have to verify that the assumption (3.10) holds
for all v=0. For this purpose we set

(47) &, = (rv_rv-l-l)—z”EHrv
and rewrite (3.11) in the form

r,—r : rorr )
g1 = |——2 | ce,|e, + | 2L .
v+1 2%y | Oy
Fytr1—=Tyt2 ry
This implies

(48) Ey+1 = 08‘,(8‘.-,-}.‘,)
with ¢=3%c, and where, by (4.6),
1 b

A= [1_ (v+2)2]

tends to zero.
From (4.8) one can show that &, tends to zero faster than any exponential

e~ (a=0), if ¢, is sufficiently small. For our purpose it suffices that
(4.9) g, =627 for O0<gy<cgl

To verify this inequality we may assume c>1 in (4.8). We choose N so large
that A,<(4c¢)~! for v=N and take g, so small that

& < (40)71(2c)~N.
Then one has for v=N, using 4,,¢,<1,

g, < (20)¢y = 2c)Vey < 1
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and for v=N one finds, using 1,, &,<(4c)™,

1
g, <27VtNgy =2"V(4c)Vg < 2

The last two inequalities imply (4.9) with c;=(4c)", ce=4c(2c)".

The assumption (3.10) of the Proposition 3.3 follows now from (4.9) if g<
min (6c;’Y, cg') = ¢* which, in turn, follows from our original assumption (3.1)
if n=6%/16, since ro—r;=1/4. Also (4.3) follows readily from (4.7) and (4.9). Finally,
the convergence of ¥,=y,o0y;0...0Y,_; in 4, follows from the convergence of
the product of the Jacobians

ILZo1dv,1a,, = IIZo (1 +ci8,).
This finishes the proof of the theorem.

¢) The mapping ¥=lim, .. ¥, defines a biholomorphic mapping and its
inverse Yy =¥
z' = z4+f(z, w)
Tw=wtg(z, w)

takes M into the desired form w’=z’z". Of course, { need not satisfy the normaliza-
tion condition and we want to show that also the normalized series converges. For
this purpose we replace ¥ by =y, 0 where ,, denotes the mapping (2.11) of
the automorphism group of w=zz. One can always determine holomorphic func-
tions a(w), b(w) with a(0)=1, b(w)=0 so that { is normalized. We first set a=]1,
and determine b(w) so that

Jow) =70, w) = 0.

This equation becomes
fO,w) =Wb(W) where W= w+g(0, w).

Solving the second equations for w=w(W)=W +... we obtain b(W), which is
holomorph and vanishes at the origin since ord f=2. Now assuming f,=0 we set
b=0 and determine a=a(w) so that

fiw) = 1.0, w) = 0.

14100, w) = aW)(1+£.(0, w)), W= w+g(0,w)

Because of

this amounts to
aW) = (1+£,(0, w))™?

where w=w(W), a(W) are again holomorphic and a(0)=1.

This shows that normalized series f, g which were determined in Section 2 are
convergent if s=eo. It is conceivable that the convergence can be established more
directly.
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