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ON GEOMETRIC PARAMETRIZATION
OF TEICHMULLER SPACES

MIKA SEPPALA and TUOMAS SORVALIL

Introduction

We study geometric parametrizations of the Teichmiiller space of an orientable
or non-orientable C<=-surface which may have a non-empty boundary. Suppose
that the dimension of the Teichmiiller space is n. The problem is to find n geodesics
on the surface whose lengths parametrize the Teichmiiller space in question. This
problem can be solved explicitly if the surface is elementary or its fundamental
group is free (cf. e.g. [TS 2] and [TS 3]). For a compact surface the problem turns
out to be more complicated. It is well known that for oriented surfaces this problem
can be solved locally. In this paper we present an explicit construction which gives
a local parametrization for the Teichmiiller space even in the case of non-orientable
surfaces. Our basic reference in the theory of Teichmiiller spaces is the forthcoming
monograph [L] of O. Lehto.

Parametrizations of two elementary Teichmiiller spaces
1. A hyperbolic Mébius transformation g is uniquely determined by its attract-

ing fixed point a(g), its repelling fixed point r(g) and its multiplier k(g). For any
point z not fixed by g it then holds

Consider the set 2 whose elements are pairs (g;, g;) of hyperbolic transfor-
mations with the following properties (Figure 1):
(i) g; and g, map the unit disk D onto itself.
(i) r(g)=—1, a(g)=1.
(iii) y=Re (r(gy))=0, Im (r(g))=0.
(iv) a(g)=—r(g)
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a(gy) < -

r(g2)
—1
Figure 1
The real numbers
k, = k(g1),
ky = k(g2),

X = (r(gl)s a(g1)7 r(gz), a(g2))
determine (g, g) uniquely and
(gls gz) Lng (kl’ ks, x)

defines a one-to-one mapping from £ onto I3, I={tc R|t=>1}.
Consider the function f,

fk) = Vik+1/Vk.
If k increases from 1 to o, then f(k) increases from 2 to oo.
Denote k;=k(g;0g,). By formula (4.11) in [TS 1],

X
1—x

fll) = |2 FOak) — 2 fekks)-

Inserting x=(r(gy), —r(g1), —1,1)=(1+y)/(1—y) and supposing

(ks =D (ke =D

0=Y =" =TIk

we get

k) = o [LEIDLEID gt - p ).

We keep k, and k, fixed and let y vary between 0 and y,. If y is sufficiently small,
then the isometric circles I(g;) and I(g; ') do not intersect (Figure 2).

The group G generated by g; and g, is now discontinuous, g, og, is hyperbolic
and the Riemann surface D/G is conformally equivalent to a sphere from which
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three disks are removed, i.e., @ pair of pants. The limiting case occurs when I(g;)
and I(g;") are tangent to each other. In this case g;0g, is parabolic or f(ks)=2 or

__ (a=D(a—D
(ky+ 1) (ka+ 1)+ 4 Vk ks
We restrict the set 2 by requiring that also the following condition is satisfied:
V) (ky— 1) (ks —1)
< = —_—
PERT (ot D+ D+ 4 VK

If y increases from O to y,, then f(k;) decreases from < to 2 and k; decreases from
o to 1. Hence k,, k, and k; determine the pair (g,, g,) uniquely and

(gls g2s) e (kl’ k29 k3)

defines a one-to-one mapping from £ onto I3.

Y =Y

2. Let k be the set of pairs (g;, gs) of hyperbolic transformations satisfying
the following properties (Figure 3):
(i) g, and g, map the unit disk D onto itself.
(i) r(g)=—1, a(g)=1.
(lll) a(gl):ewa r(gl)=_ei¢5 0<(P<7T
Denote x=(r(g1), a(gy), r(g), a(gy), ki=k(g), ka=k(gs) and ky=k(g108,)-
Then we have three parametrizations of k:

(gla g2) == (kl’ k2, (P),
(815 82) = (ky, ks ’..»x),
(81> &2) — (K1, k2, k),

where l<k;<oo, j=1,2,3, —co<x<0 and O<¢@<n. We consider the inter-
dependence of ¢, x, and k;.
A direct calculation yields
x = —(tan ¢/2)%.

I(g,) a(gy)

&1

& | r(g2) i a(gz)
1(g5") ‘

r(g1)

Figure 2 ) Figure 3
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Applying formula (4.11) in [TS 1] we have now

1 X

f(k3) = 'l_f(kl kz)_

—X 1—x

S(kifks).

Hence f(k;) increases from f(ky/k;) to f(kikp) as x increases from — oo to 0.
Inserting x= —(tan @/2)?> we get

Slks) = 71(1+cos @) fky ks) +(1—cos ¢) f(ki/ky)]
= 5 [cos o (f(ky ko) —fUka ko) + ks ko) +f (ks ko) ].

The set 2 is actually a model for the Teichmiiller space of a pair of pants.
Similarly, the set k represents the Teichmiiller space of a torus from which a disk
is removed. The method we used to parametrize them admits a generalization to
all freely generated Fuchsian groups (cf. e.g. [TS 2] and [TS 3]). In a forthcoming
paper [SS] we apply the above technique to the Teichmiiller spaces of all compact
surfaces of genus at least two.

Also topological methods can be applied here if the orbit space of the corre-
sponding Riemann surface is compact. In order to descrite how this can be done it
is necessary to review a topological approach to Teichmiiller spaces.

Teichmiiller spaces of hyperbolic metrics

3. Compact surfaces whose Euler-Poincaré characteristic is non-negative are
elementary. We suppose from now on that X is a compact and not elementary
C=-surface which may have a non-empty boundary. This excludes the following
surfaces: the sphere, the real projective plane, the disk, the annulus, the Mobius
band, the torus, the complex plane and the Klein bottle. These surfaces can be
treated by explicit methods.

All surfaces that are not elementary carry hyperbolic metrics. These metrics
correspond to conformal structures of the surfaces and can be recovered from the
hyperbolic metric of the unit disk via the uniformization theorem. Let .#(Z) be
the set of complete hyperbolic metrics on the non-elementary C=-surface X.

A diffeomorphism A:X—~ZX induces a mapping A*: M(Z)~M(2); h*(m)
for an mec#(Z) is defined requiring h:(Z, h*(m))—~(Z, m) be isometric. In this
way the group Diff,(Z) of diffeomorphic self-mappings of Z isotopic to the identity
acts on #(Z2). The orbit space

T(2) = #(2)/Diff, (¥)
is the Teichmiiller space of X. It carries a standard topology which makes 7(X)

homeomorphic to a Euclidean space. The surface X being oriented and without
boundary, T(Z) is also a complex manifold. For non-orientable surfaces or surfaces
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with boundary T'(Z) is a real analytic manifold. We assume the standard results
about Teichmiiller spaces known. The forthcoming monograph of Lehto [L] is our
basic reference.

If X is not orientable we may form its oriented double cover n: 2*—~X whose
covering group is generated by an orientation reversing involution ¢: X%-%4
which does not have fixed-points. If (¢) is the group generated by o, Z=2ZX%(c).

The projection 7:X%—X defines n*:.#(2)—~#(Z%) where n*(m) for an
meM(Z) is defined by requiring n: (2% n*(m))—~(Z, m) be isometric. This map-
ping n* induces an injective mapping 7*: T(X)—~T(2%) for which n*(T(2))=T(Z%,.
Here T(2%),. is the set of fixed-points of the induced mapping o¢*: T(Z%)—~T(Z%
(cf. [MS)).

4. A disk with two holes is a pair of pants. It is a building block for compact
oriented surfaces. In order to study Teichmiiller spaces we should first parametrize
hyperbolic metrics of pairs of pants. This is, of course, well known. We will, however,
briefly indicate how the considerations of Section 1 can be applied here.

Let P be a fixed topological pair of pants. Denote the boundary components
of P by y,, y, and y;. A complete hyperbolic metric m on P corresponds to a complex
structure X of P. (P, X) is a Riemann surface whose universal covering is the unit
disk which can be normalized in such a way that the covering group G is freely
generated by Mobius transformations g; and g, in 2. The hyperbolic metric of the
unit disks then gives the metric m of (P, X).

Denote the hyperbolic length of the geodesic curve homotopic to y; by 7, {y;}-
It is immediate that

(4.1) L: T(P) = (R [m]— (Lu{y1}s Lnfve}s Ln{yvs))
is a well-defined mapping. Here R’ ={ré R|r=0}.
Proposition 4.1. The mapping L: T(P)—~(R%)? is a homeomorphism.

Proof. Let us first show that L is one-to-one. Consider points [m] and [m’]
in T(P) with L([m])=L([m’]). The hyperbolic metrics m and m’ can be recovered
from the hyperbolic metric of the unit disk by the identifications (P, m)=D/G
and (P, m’)=D/G’ where G is freely generated by g, and g, in 2 and G’ is likewise
freely generated by g; and g, in 2. Write gz=g,08:, g;=g,08; and assume
that g; and g/ both cover y;, j=1,2,3.

Let k; be the multiplier of g; and k that of g7, j=1,2,3. Now /,{y;}=logk;
and [, {y;}=logk}. Hence k;=k; for j=1,2,3. Consequently, g;=g; and
8:=8;, and G=G".

Now the identity mapping of D induces an isometry (P, m)—(P,m") which
maps y; onto itself for j=1, 2, 3. Since it is also sense preserving it must be homo-
topic to the identity mapping of P. This means that m and m’ define the same point
in T(P), and the mapping L is injective.
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The mapping L is also onto since (g, g82)—(ky, ks, ks) defines a surjection of
2 onto I3. This shows that L is bijective.

To complete the proof it suffices to show that L is continuous. But this is an
immediate consequence of Theorem 4.1 in [TS 1].

Construction of the local parametrization

5. Let X be a compact and not elementary oriented C=-surface without bound-
ary. It can be decomposed into —y(Z)=2g—2 pairs of pants. Here g is the genus
of X. Fix a decomposition (Py, P,, ..., Py,_,) of X into pairs of pants P;. We
assume that each P; is the image of a standard pair of pants P under an embedding.
Let oy, d, ..., 03,—3 be the boundary curves of the pairs of pants in the above
decomposition. Each «; is a simple closed curve on X and appears as a boundary
component of two different pairs of pants.

[ oo

Figure 4. A decomposition of a genus 3 surface into pairs of pants

Each point of the Teichmiiller space T(X) of X can be represented by a com-
plete hyperbolic metric m of X for which each «;, j=1,2, ..., 3g—3, is a geodesic.
Hence there is no loss in generality in assuming that all the hyperbolic metrics under
consideration have this property.

Like in the case of pairs of pants

(.1 L: T(Z) ~ (RY)*7%, [m] > (hufou)s -y n{dag—3})

is a well-defined mapping.

It follows, from Proposition 4.1, that the mapping (5.1) is onto. It is also real
analytic with respect to the complex structure of 7(X) but we do not need this fact.

Following A. Douady ([TT], Exposé 7) we study the mapping (5.1) introducing
an action of R*~3 on T(2).

Orient the curves «; and choose collars ;X [0, 1] on the left side of a;=a; X {0}
Assume that these collars are disjoint. For a complete hyperbolic metric m of X and
each number t€R define a diffeomorphism ¢;(m, t) of «;X [0, 1] onto itself with
the following properties:
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1) ¢;(m, t) is the identity in a neighbourhood of a; X {1}.

2) @;(m, 1) is an isometry of m in a neighbourhood of a; X {0}.

3) Alifting of ¢;(m, t) to the universal cover R < [0, 1] of a; X [0, 1] is the identity
on RX {1} and a translation of length #/,,{o;} on RX {0} which covers a;x {0}.

Here we consider R X [0, 1] with a lifting of the metric m.

The deformed metric 0;(m, t) is now defined by 0;(m,t)=¢](m,t)(m) on
;%X [0, 1] and by 0;(m, t)=m elsewhere.

For (ty,ty -vs t3;—)ERY, 0(m, 1, 15, ..., t3,_3) 1is the metric defined by
0;(m, t;) ina;x[0,1], j=1,2,...,3g—3, and by m elsewhere.

Note that the above construction (cf. e.g. [TT], page 129) gives a hyperbolic
metric since all the curves o; were assumed to be geodesics of the metric m.

We now quote a basic result ([TT], Exposé 7, Proposition 3, p. 133).

Proposition 5.1. The mapping (5.1) L: T(XZ)—~(R*)*~* is a principal R*~*-
fibration.

We continue to follow the construction of [TT], Exposé 7. For each index j
consider the pairs of pants P; and P; adjacent to ;. Let ; be a simple closed
curve in P; UP; which is neither homotopic to any of the boundary components
of P; or P; nor homotopic to a point. Fix the curves i, Bs, ..., Bay—3-

For a hyperbolic metric m we can now consider the function

(5.2) t = lo,om0{B;}

where /, ., ,{B;} is the length of the geodesic curve homotopic to f; in the de-
formed metric 0;(m, t).

Proposition 5.2. ([TT], Exposé 7, Proposition 2, p. 130.) The function (5.2)
is strictly convex and has a unique minimum.

We will use the above results to find a local geometric parametrization for the
Teichmiiller space T(2) in terms of lengths of n simple closed curves where n=
dim, T(2).

Proposition 5.1 means that the mapping (5.1)

L: T(2) ~ (R})*?
has a continuous global section s:(R*)*~2~T(Z), and that for each [m]€T(Z)
there is a unique (¢7, ..., f,_))€ R*~* such that
[m] = [0 (soL([m]), 27, ..., t35_3)]-
Furthermore, the mapping

(53) Vo T(Z) ~ (RE)*XR=2, [m]— (L([m]), 17, ... 155-3),

is a homeomorphism of T'(X) which depends on the section s.
Let us now try to get a more detailed idea of the mapping (5.3). Fix a j,
1=j=3g—3. For a hyperbolic metric m, the length /,{B;} of the geodesic curve
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homotopic to B; depends on the point L([m])€(R*)*~* and on t7 but not on the
coordinates 7', k#j. This follows immediately from the definition of 7.

Given an m the function (5.2) has a unique minimum point (#7'), by Proposition
52. If s':(R%)*~*~T(Z) is a continuous section of the mapping (5.1) then for
each x€(R%)*~* we may consider the points (#®),. For each j that point is the
unique minimum point of a strictly convex function which depends continuously
on the parameter x€(R%)%*~% Such a minimum point depends continuously on x
as well. It follows that

(5.4 st (R 2 > T(2), x—[0(s(X), (15D, ..., (15,5D0)]

is a continuous section of the mapping (5.1).
That section has the following property: For each x€(R%)*~? all the functions

t— laj(s(x),t){ﬁj}9 ] = 1, 2, § vy 3g_3,
are strictly increasing for #=0 and strictly decreasing for #<0.
Consider the parametrization (5.3) of T'(2) associated with this section s. Let
V=A{(x, 11, ..., t5,-s) E(RL)* 3 X R*~3| xc(R}*) =3, ;0 for all j}
and V,=¥; (V). V,is clearly an open set of T(X) since ¥, is continuous.
The following result is now almost obvious.

Proposition 5.3. The mapping
(55) 3: T(Z) - (R)’-;—)Gg_s’ [nl] L (lm{al}’ lm{ﬁ1}9 ey lm{a3y~3}’ lm{ﬁ3g—3})

is a local homeomorphism on V.

Proof. It suffices to show that ZLo(¥,)~! is a local homeomorphism on V.
This is, on the other hand, clear since for ;70 each function

15— los, 10 1B}

is a local homeomorphism. Hence the length of the curve f; locally parametrizes
the coordinate ¢; in V. This proves the proposition.

To get a local parametrization at points of 7(X) which do not belong to ¥,
we simply replace some (or all) of the curves f; by their Dehn twists around the
corresponding «;. In that way we get a local parametrization for T'(X) everywhere.

Parametrization of non-orientable surfaces

6. Let X be a compact non-orientable C*=-surface without boundary. Consider
its orientable double cover m: X¢—~X and assume that X¢ is of genus g, g=2. For
our considerations it is necessary to get a concrete picture of the covering 7: 29— .

Non-orientable surfaces with homeomorphic double covers are homeomorphic.
Hence it suffices to find one concrete non-orientable surface X whose orientable



On geometric parametrization of Teichmiiller spaces 523

double cover X? is of genus g. This amounts to finding an orientation reversing
involution ¢: 2%~ which does not have fixed points, of an oriented surface X“
of genus g. Because if ¢ is such an involution of X¢ then X=2X%(c) is a non-
orientable surface without boundary whose orientable double cover is 2.

To construct the above involution take first two copies of a sphere from which
g+1 disks have been removed. Glue these spheres with holes together along the
boundary. In that way we obtain an oriented surface ¢ of genus g. This surface
is a ramified double cover of the original sphere with two holes. Let 7: 2¢—X*
be the sheet interchange of this double cover. Let ay, ..., ,, te the components
of the fixed-point set of 7; they are just simple closed curves on X which correspond
to the boundary curves of the sphere with holes we started with.

Let A4; be a tubular neighbourhood of a;, j=1,2,...,g+1. Assume that
A;nA,=0 for j=k. We may further assume that t(4;)=4; for j=1,2,...,g+1.

We choose the universal coverings A;—~A4; of the annuli 4; in such a way
that 4;={z€C|—1<Imz<+1}, the real axis covers «;, the complex conjugation
is a lifting of 7|, , and the covering group of A ;—~A; is generated by the translation
z—>z+2. ’

The mapping f;: A;~4;, f(z)=z+(1—Imz), induces a homeomorphism
A;—~A; which is the identity on the boundary of 4;. Let f: 2‘—~3 be the orienta-
tion preserving homeomorphism of X¢ which, in each A;, agrees with the above
mapping and is the identity in X‘—({J%Z} 4,). The following lemma is an imme-
diate consequence of all the definitions. The idea we have used here is due to B.
Mazur and H. Jaffee.

Lemma. The mapping o=fot is an orientation reversing involution of > which
does not have fixed points.

To get a better idea of ¢ consider a simple closed curve §; which intersects «;
as in the picture below (Figure 5). Assume that 7(f;) is homotopic to f;. Then
o(B;) is homotopic to the Dehn twist of f§; around «; (to a suitable direction).

B;

1}

o e o o

===

-

<" T~ .

Figure 5. The curve ¢(f;) is homotopic to the Dehn twist of B;
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This mapping ¢ is explicit enough in order to study the Teichmiiller space of the
non-orientable surface X=2"/(c) of genus g.

Identify first 7(X) with T(Z%.,«, the fixed-point set of o*: T(X%)—~T(Z%.
We can do this by the considerations of Section 3.

Our aim is to find 3g—3=dim, 7(2)=(1/2) dimg T(2%) simple closed curves on
X whose lengths parametrize T'(%) locally on an open set of T'(2).

By Proposition 5.3 the points [m] of T(Z%) can locally be parametrized by the
lengths of 6g—6 geodesic curves. We will now show that o*([m])=[m] implies
simple relations for the lengths of the parametrizing curves in such a way that only
3g—3 curves suffice to parametrize T(Z%),« locally. The projections of these curves
to 2%(c)=2Z are then simple closed curves on X whose lengths parametrize T(ZX).

Note first that we can decompose X into pairs of pants is such a way that the
following holds:

1) The components of the fixed-point set of the involution 7: 2¢—~X% oy, ay, ...,
,+1» are boundary curves of some pairs of pants.

2) Let o, ,,..., 0,3 be the remaining boundary curves. The involution ¢
of X permutes these curves.

These conditions imply that ¢ maps each a;, j=1,2, ..., g+1, onto itself and each
o, k=g+1, onto some other o, . Let us choose the indices in such a way that
0 (g y141) =014 for k=1,2,...,g-2.

We can further choose the curves f8; associated with the boundary curves o;
in such a way that for j=1,2,...,g+1, ©(B)=p; and o(B,+1+)=Pog—1+: for
k=1,2,...,g—2. Then, for j=1,2,...,g+1, a(B;) is homotopic to the Dehn
twist of f8; around o;.

Let s:(R%)*3-T(2% be the section (5.4) of the fibration (5.1), and let ¥
be the open set of T((2%) of Proposition 5.3. Then ¥,nT(Z%,« is open in T(Z%,..

o

Proposition 5.4. The lengths of the 3g—3 geodesic curves homotopic to
Uy, ooy Oggmy and  Pyia, ..., Bog—y parametrize T(2%),. locally on V,nT(Z%),.

Figure 6. Here is a genus 3 surface with the curves o; and B;
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Proof. Let [m]€ T(2%,«. In view of Proposition 5.3 it suffices to show that
the numbers 7, {o;} and /,{B;}, j=1,2,...,3g—3 are locally uniquely defined by
Ln{o;}, j=1,2,...,2¢—1 and [,{B;}, j=g+2,...,2¢g—1. To that end we use the
fact that the involution o: (2% m)—(Z% m) is an isometry (the point [m]€T(Z*)
is kept fixed by ¢*). v

Consequently, since o,, ,,,=0o(x,,,,,) for k=1,2,...,g—2, the lengths of
%, ..., 0%g,—y determine the lengths of all the curves «;. In the same way the lengths
of the geodesic curves homotopic to f,,, ..., f3,—3 are determined by the numbers
LuAByio)s s bm{Bag—1} It remains to show that the numbers 7, {B1}, ..., L {B, 1}
are uniquely determined.

Let s be the above section of the fibration (5.1). Consider the parametrization
(5.3) P, T(2%)—~(R*)*2x R*~3 associated with this section. Note first that by
definitions

(6.1) los),tys s t5g - 1B} = lo s {B)}

forall j=1,2,...,3g—3 and x€(R*)»2

Assume that (x, 1, ..., t3,-3)=¥,(m]). Consider the function (5.2) #—
loj(s(x)’ »{B;}- By the choice of the curves §;, o(B;) is homotopic to the Dehn twist
of B; around o;. Hence, since o is an isometry of the metric m,

(6.2) L{o (B} = los,6p{0 (B} = o 6s.1,+0{B3} = losc0.0p{Bs}-

The function (5.2) is strictly convex with a unique minimum. Hence there is only
one value of ¢; for which (6.2) can hold. This implies the proposition.

Proposition 5.4 gives a local parametrization for 7(X) in the open set corre-
sponding to ¥,nT(Z%,«. To get a local parametrization at points that do not belong
to this set we simply replace some (or all) of the curves f;, j>g+1, by their Dehn
twists around the corresponding «;. In this way we get a local parametrization for
T(X) everywhere.
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