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SYMMETRIC AND SETFADJOINT RELATIONS IN
KREINI SPACES II

A. DIJKSMA and ff. S. V. DE SNOO

1. Introiluction

In [11] Langer has obtained a spectral function for a class ofselfadjoint opera-

tors in Krein spaces, namely the definitizable operators. Selfadjoint operators in
Pontryagin spaces are definitizable, and hence always possess a spectral function.

His arguments were made available in [2]. Other proofs were given in for instance

[3], [4], [8] and [9].
In the present paper we shall show that Langer's constructions can be adapted,

in order to obtain similar results for selfadjoint relations in Krein spaces which are

definitizable. This paper is a continuation of [6], where we gave some basic facts

concerning relations in inner product spaces.

Some preliminary results are to be found in Section 2. We develop an operational

calculus for subspaces (closed linear relations) in Banach spaces in Section 3, via
contour integration of the resolvent operator. Definitizable subspaces in Krein spaces

are introduced in Section 4. Analytic propertiesoftheresolvent operator ofa self-

adjoint definitizable subspace are derived in Section 5. For definitions and nota-
tions we refer to [O.

2. Preliminary results

In this section we will collect a number of results, that will be used later on.

Let K be a linear space over C and let A be a linear relation in K2. For any 2X2
matrix

M:(N B\
ty aJ

with complex entries a, §, !, d we define the relation MA by

MA : {{af + frl, rf + ös]rl{f, e} e e\.

The mapping A*MA is sometimes called a transformer, see [3]. In terms of trans-
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formers we have

and

Iffor p,(€C wedefine

and cp,c(A) : {{e_ pf, s_cfil{f, elee].

F*E(A): {{s-f, ps-cf)l{f, slee)
then C *,, and Fr,, are transformers, corresponding to

Lii) una (:l l)'
respectively. Note that for (:p these give the Cayley transform Crand inverse

Cayley transform Fr, respectively. The following property is obvious, but has a
number of interesting consequences.

Transformer property. If AcKz is a linear relation, and M and N are

2X2 matrices with complex mtries, then

For example we have 
M(NA): (MN)A'

n-,.(",,r(o)-5'l 
= cp,"(a), v # F, ( * p.-A (",,,(\o''- 

"-1r) 
-

Note that this equality holds for all C, (* p. In particular we have

- ffi("'u) - ru" ) : c p'n(a)' P€c\R' v * tt'

Now using the identity

we obtain 
co,e(A): (cE,t(a))-L

cn(A):f;-rP-*!§» (""«e»-Y)-', v * p.

Another simple consequence of the transformer property is

and in particular 
cr'r(A) - I +(p- O(A - p)-"

Cu(A) : I+(p-DU- tt)*'.

A-), - t_1 'J^, )"€c,

aA: (å 1)n, o((c,

A-L: t? il^
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This leads to

("rror- H)" : #F*e.- 1t)(A- ),)-,), p€c\R, x * t,

or equivalently

(^-++)-' : #t'*«- t)(cp(A)-o-'), p€c\R, ( * 1'

Finally the transformer property shows

(A- 11-, : -*, -#kr-r-,- *)-, )t * u.

Remark. If {h,k)ea, rhen {h,pk+ah}€BA+a, {h,6k+yhl€öA*y, so

that {ah+ pk, yh* åkl((öa+ y)(frA+ a)-1. This shows

(; ttA c {6a+y)(§A+o)-,.

In general this inclusion will be strict. To see this consider l: {0}XK, then

(; t).q : {{§h, öhtlhen},

while
(öA+y)(frA * r-' 

=:;,,, 

j1i
Propositio n 2.1. Let *:ff OU) be inaertible and let AcKL be a linear

relation.

(i) If ö#0, then \@,e)):r(((i 3)r)l
(ii) rf y # o, then r(@er): , (((i 3)r)l

Proof, We consider case (i). Let ho€v((MA)), then there exist elements

hr, ,..,h,-1, h,:0 in K with {hi,h+}eMA, i:0,...,r- l. Hence

{öh, - phi +1, - yhi + afu a1l E A,

which implies that

(2.r) {an,-8r,,*,,Yr,.,|e (,r+i) : (i 3)r, i:0,...,r-1.

For j= I it is clear that

(2.2) lh,-i,ole (,e+f)'.
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Assume this is true for j:1,...,P- 1. Then putting i=r-P in (2.1) we obtain

{an,- o - Bn,- o * r, Y n, -, * rle e+ * .

We combine this with (2.2) for j:p- I and find that

{öh,- o - Fh, - p + r,ol e (,e * })'.
Again using (2.2) urrth j:p- 1 we have

1n,-o,oye(,t-+)',

which prove s (2.2) for i:p. we conclude O., (((| 3)41, and thus

v((MA)')- , [((i fl4]
As this inclusion holds for all linear relations AcI(å, we also have

where 
v(,{) c,t((NA\),

( s' -- Pö--)

':[Y-Yl:(i 3)'-"
and consequently 

t(A') cv((1ru)) c v(A),

which shows v(l):v((Nl)'), but then

t((MA),): ,(((i 3)r)l
Case (ii) is proved analogously.

Corollary. Let AcKz bealinearrelation and p€C\R, Then

{(A_x).):,[(r,r, _ffi)), A# tt,
and 

x(o): v((cu@)-If).

Note that corresponding Jordan chains have the same length. For later reference

we observe

).(o r(A) o x_ r4ern(c 
u@)), x # p,

and 
*(öp(A) * t€on(cu(A)),
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Here 6o(A) denotes the extended point-spectrum of A, i.e,, ör(A):on(A)r{-}
if A(O)*{0} and 6r(A):or(A) if l(0):{0}.

From now on we will assume that K is a Banach space. Recall that if AcKz
is a subspace, i.e., a closed linear relation, then its resolvent set is defined by

s (A) : {},eCl(A-,r)-' ( tKl}.

Note that for any subspace AcKz with non-empty resolvent set we have

R^()XA- )') : fo(.E), Xee(A),

(A- l)R^(^): r*t{0, E}lE<A(o)\, x(s(A).

Proposition2.2. Let Ac.Kz be a subspace with q(A)*O. For any r(N
we haue

(i) x : {{RA$y x, (I + }LRA(D)',x} lrerl' }'es(a)'

(ii) R^Q,yA'c(I+lR^()')l c A'Ra()'\, lCq(A),

(iii) RAQ)'.{ : (ta).RaQ)ll»1,tt, lee(A),

(iv) RA{ y A'RAQ|)' : (I+ )"RAQ))'Re?tf , )', p'Qq(A),

= ( 
t'ne,l- pneQ.t)\', 

^ 
* r.\ L-r.t ,

Proof. Note that it follows from (ii) that R,Q,)'A' is a bounded linear operator,

and its domain is D(,a). Hence (iii) is an immediate consequence of the first inclusion

of (ii). It follows from (i) that.Ra(,i)'maps K onto D(24'). Hence the first equality

in (iv) follows from (iii). The second equality in (iv) follows from

(I+xRAe))Re(p) : RÅtt)+). 
nÅDr- *eQt) : )"Re()')r- pRÅtt) , ),, p€q(a)..rAu*, t " )"_ 1t, ),_ p

It remains to prove (i) and (ii). As to (ii), it suffices to show this for r:1.
It {f,S}<RaQ)A, then there is an h€K suchthat {f,h}eA and {h,g}en"(,t).
Hence g:Rt(1)h:(I+lRa[))f and {f,s}et+}'n^Q'). Therefore R"(L)Ac
I+IRAQ). Thesecondinclusionin(ii)with r:1 isclearfor ,t:0. If )"*0 and

{f, s}e I+ R^(,1) then P'f, g-fl€Ra(,l) and {g-f, )"g}eA. so that U'f, Lg}€ARaQ).

Thus we have I+ ).RnQ)cAR"()'). First we prove (i) in the case r: l. If {f, g}eA,

then R^(1)(s-),f)--f. If E:c-Lf, then f:Rt())E and (I+m"61)9:
(I + IRAQ)) (g - ).f) : s. Hence A c UR AQ) e, Q + m"p'71 wllco ex), ).€ e (A). T\e
reverse inclusion is obvious. Now suppose (i) holds for r:1,...,P- l- Suppose

{f,sleAo, then for some hr, ...,he-tQ"K, we have {f,hr}r€A, {hL,hzl€A,...,
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{ho-r, hr-r}€A, {hn-r, g}€A. This implies for et, ..., ep€K that

f - Ro(A)et, hL: (r+ ARn(å)) er,

ht: Ro(l)ez, hz: (f+ lRo(,l)) ez,

hp_z : Ro(l) E o_r, hp_t : (t + ),RÅ)))E o_r,

hp_1 : Rne)eo, g : (I + ).Rae))Er.

This shows {er,E+rl€A for i:1,...,p- L, and thus {91, Eo]r€Ao-' so that for
some I€K Er:Rt()")p-1X, <po:(I+ )"RnQ))o-'X. We conclude f:Rr(l)o6,
g: (t + )"n^(),))rx and thus

Åe c {{RAQ'), x, (I + }'nn?))' x}l r€K}, ).eeu).

On the other hand we have for all X€K

{ar1,qo-' 4, (\ y, Q + A R,Q)), -' RÅx) x} € Ao'',
while

{Rae)(r + lR^e))r-, x, (t + t n"p,y)o x}e,a,
so that

{nn(D, x, (r + xR"(x))o x}e ao,
which shows

{{a^Q)o x, (I + ARAQ)Jp x} lxeK) c At, xee@).

This completes the proof.
Next we show for any subspace AcKz and r€N we have

(2.3) {f,s}€(A-),)'o.f : Re()"Ys, Xee@).

To see this let {f,sl€@-L)', then for gr,...,&_r€K wehave {f,Srlel-),,
{gr, grl€A- X, ..., {9,-r, g,-}€.A- )", {&-r, s}e l- )., so that &_r : R,n(l)g,
gt-z : Re.()u)g,-r, ..., gr: Re(l)gr, f: Ro(X)91, which implies f: Rt(A), g. Ttre
proof is complete by reversing the above argument.

If K is a linear spaoe, A a linear relation in K2 and if p is a poly-
nomial, p(1):Z|=obk*,bk!C, b,#0, we may define the linear relation p(i) ^the obvious way

p(A) : {{l, s}e rrt {f, si}eb,e,, i : 0, ..., n, )i:ost: cl.
With a€C, we can write p in a different way: p(1):Z|=ocr().-a)k, cn:bn#O,
and it has been proven (see [1]), that

p(A): )i=rcÅA-u)k.
We now return to the Banach space situation.
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Proposition2.3. Let AcKz be a subspace with g(A)*g and let p be a
polynomial of degree n

p(X) = )i:oc{},-a)k, co * 0, X<SU).
Then

{f, g}€p(A) o 2i:oc1,Ra(a)n-kf : Rr(a)g, a€e(A).

Proof.In order to show this we let {f,Cle(A), then for go,...,&€K we
have {f,go}ec1,(A-u)k, or lcrf,gk\<(A-d,)k nd zx=ogr:c. By (2.3) this
implies c*f:Rt(a)kgp and cpRn(a)-k f:R.t(a)g* so thai

Zi=o c1, n"1a) -o.f : R.r,(a)' g.

To prove the converse we define eo, ..., tpo€K and {0, ..., *re f Uy

Qo: f,

E, = 4(n^(a),-rs- Zi=f,cr,n^61,-*-,et-r), j : l, ...,n,cr'
and

*t : Zi=ocyRa(a)n-kgi- R^(a)*t g, j : 0, ...,n.

Then we have
c,(Qi-r- RÅa)E) : tr*r, j : l, ..., n.

We claim

tt:0, j:Q,,..,tt-1.

Clearly this is true for j:0. Assume it is true for j:p-L, l=p=n-|. Then

$p: co(Qp- R,s,@)Er*r)

: R t(a)' - p I - 2i :i c I R a(a)n - 
k -, I o -, - Rn(a) - p 

s * Zi _f; q Ra@), - * tp,

: -Z;:l cpRa(u),-k-r(qn*r- R^(a)E) : O.

It follows that

This implies that 
RÅu)Et: (Pi-t' i: l' "''n'

and 
Ra(u)-lgo: gi, j:0,...,n,

Ra(a)t rpt : f, j : O, ...,n,
and also that

Re,@) t, : Zi _ o cs Ra(a)n -* +, 
E n - R 

^(o) 
g

_ Zi_ac*Rn(u)o-r En-l - Ar(a)S

: {n-t: 0.
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Hence we obtain
{f, E)e(A-a)i, i : o, ...,n,

and

Zi:'"ocP*: 8*{n'

Therefore {f,g+{/"!€t (l) and as ry',€v(Rr(a)):l(0) implies that {0, rlt,}ep@)

we obtain {f, S}<p(A). This completes the proof.

Proposition2.4. Let AcKz be a subspacewith q(A)*$, then

(i) p(A) is a closed linear relation,
(1i) RaQ)"p(A)RE k)'€tKl, )., p(q(A).

Proof. (i) is an immediate consequence of Proposition 2.3. As to (ii) we observe

that
RaQ)' p (A) Rt?t) : Zi:obo R"()) Ak RA{tt)

: zi:oboRA(D-k RA(^)k Ah RaQ)k RaQ))-k

: zi:obkRAQ,)-k(I + )"RÄ(l))k Ro?j)o Rn(p)-o

: Zi=o bk RaQ)' -k (I + )"RÅL))k R.r(P),

where we have used Theorem2.2.
If I is a closed operator in K, with p(A)*0, then a proof of (i) can be found

for instance in [7, p. 602]. Our proof of the general case is modelled on that argument,

and is different from the reasoning in [1].
Let AcKz be a linear relation. We recall the definitions of the continuous

spectrum o"(A) atdthe residual spectrum o,(A):

o"(A): {,te ClR(A-}"): K, R(l -X) *K, t(A-X): {0}},

o,(A): {,te c1R(A-},) *K, ,r(A-,1) : {0}}.

Sometimes it is useful to include - in the resolvent set or in the spectrum. Therefore

we define, cf. [5],

a@) : q(l)u {-} if 0€e(,4-'), : a(A) if 0(s(l-'),
ö(A) : o(A)v {*) if 0€o(A-\, : o(A) if 0{o(A-1),

öe(A): on(A)v{*} if leor(A-'), : op(A) if 0$or(A-r),

ö"(A) : o"(A)v {*} if O(o"(A-1), : o"(A) if O$o"(A-r),

ö,(A) : o,(l) u {-} if 0(o,(A-r), = o,(A) if o{o,(A-1).

In particular note that for a subspace AcKz lve have

-(0(l) +r l€[K].
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Now let M be an invertible 2X2 matix with complex entries. It is easy to see

that for any linear relation AcKz we have

I is closed + MA is closed.

Note that for a subspace AcKz we have

pe/) + C,(A)(IKJ, p€C\R,

and for a subspace UcKz we have

pe(Fr(u))<+ u€[K], p(c\R.
For ,u€C we introduce a homeomorphism @ from the extended complex

plane into itself with the usual topology by

@(1,): P, 1* t , @(-) : 1, @(p):*.
^- 

p,

Proposition 2.5. Let AcKz be a linear relation, and let p(q(l)\R. Tåen

@ giues a one-to-one correspondence between

(i) a(A) and d(c*(A)),
(ii) ö(A) and o(c,1t1),
(ii0 6r(A) and oo(Cr(A)),

(iv) ö"(A) and o"(Cr1e1),

(v) ö,(A) and o"(Cr(A)).

Proof. This is based on the identity

(";nr-#)^ :fiV*e-rt)(A-,1)-,), p(c\R, A* u.

For the sake of completeness we include a couple of results, due to Arens [1].

Proposition 2.6. Let A, B be subspaces, such that AB:BA. Then

(AB)-rqKl <+ A-l€lKl and .B-l€[K].

Proof. If A-t, B-1([K7, then (Aq-r- r-t7-t6[K]. Coirversely (AB)-L(IK|
and AB:BA imply R(IB):R(B/4):K and t(AB):y1Btr):{0}. Hence we

find R(l):K, v(A): {0} or equivalently A-'(1K1, and also B-1([K].
Now let p be a complex-valued polynomial of degree n, and let p€C. Then

p(1)-pQt): c(),- tt,)...(1- p"),

where p(p,):p(p),i:l, ..., r. Hence if AcKz is a subspace, then

This imolies 
pU)-pUl) : c(A- p)...(A- p").

- 
PQDeo@(4) e F$o(A) for some i: 7, "',n'

Proposition 2.7. If AcKz is a subspace and p a polynomial, then

o(n@)): P(o(A)).
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3. An operational calculus for subspaces

We present an operational calculus for subspaces along the lines of [14] or
[7, p. 6011, by reducing the problem to one for the resolvent operator. If ,4€[K]
we define F(,4) to be the set of all complex-valued functions, which are analytic in
some neighbourhood of the compact set o(A). lf AcKz is a subspace such that
l{[K], then F(,4) denotes the set of all complex-valued functions, which are analytic
in some neighbourhood of ö(A).

For a given a€C we set up a homeomorphism @ from the extended complex
plane into itself with the usual topolory by

o()') - )' * a) O(a)_ oo , @(-) - 0.)"-u )

Proposition3.l. Let AcK, be a subspace with a(A)*$. If a€q(A), then
iD giaes a one-to-one correspondence between

(i) A@) and d(@-a1-r7,
(ii) ö(A) and. o((A-a)-,),
(iir) ön(A) and oo((A-a)-'),
(iv) ö"(A) and o"((A- al-t),

(r) ö,(A) and o,(1A-u)-r),
(vi) r(l) and f ((l - a)-1), in the sense that

f - EoiD-r, f€E(A), a€E((A-u))-t.

Proof. Allitems except (vi) follow from the identity

(A_ 11-, : _*,_ 
@+(rn_a-, 

_*)-', A * a,

which we have given in Section 2.ltem (vi) is straightforward.
If ,{€[K] and f€B(A), then we define f (A) by

.f (A) : -* t, fQ,)RAQ)il.,

where.l'is a suitable contour, surrounding the spectrum o(A), cf. [7, p. 601] and [14].
lf AcW is a subspace wrth e(A\#0 and l([K], then we define for f(F(A),

f(A) : f(*), -* I , fe,)RA( )dt,

where again I is a suitable contour, surrounding the extended spectrum 6(l). This
definition is the same as in [7, p. 601] when I is a closed operator. It follows that

I@)€tKl and we have the usual properties. The mapping f*f(A) is an algebra
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homomorphism from (the algebra of equivalence classes ofl tr. (l) into [K], which
preserves the unit element. We collect some useful properties in the following pro-
position.

Proposition3.2. Let AcK2 beasubspacewith O(A')*0. Then

(, "(f(A)): f(ö(A)).
(ii) If fev(a),c€F(f(A)) and p- gof, then

F€F(A) and F(A): c(f@)).
Let f, C(.8 (A), suchthat for some a€ q(l) g(1): (X- a)T Q). Then it follows

that R^(u)'g(A):f (A), wffisfu impliesthat f (A) maps K into D(1,).
lf oco(A) is a bounded spectral set of l, and

Ea(o):-*lrR^(),)il",

where.l'is a closed contour in p(A) such that o is inside.l'and o(l)\o is outside
i-, then the above remarks show that En@) is a projection, the so-called Riesz-
projector. It follows that Ea@\ maps K into D(.4'), n€N.

Remark. Let Ac.Kz be a subspace with s(A)*0, and ler M:ff f) O"

such that p*0 and such that -ql§€S@\ It is easy to see that

MA:+,-ry*(-å)
Now suppose *€ö(A) or equivalently A§IKL and consider

t(r\ - 
ö)'*Y d'Jlt):VTi, ^*-V.

T'hen it follows that f€E(A\, and

f(A): MA'

4. Definitizable subspaces

In this section we let K be a Krein space with inner product [, ], see [2]. We
recall the definition of the adjoint A+ for a linear relation AcKz:

A* : {{f,s}€Krlls,hl: lf,kl for afi {h,kl7).
We note that MA+:CMA)*, for any invertible 2X2 matrix with complex entries.
Here the matrix ^ilf is defined by

Nr-t;g) ir M-(;f)
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lf AcI(z is a subspace and p€C is an isolated point of o(A), then we have

a Laurent expansion around p:

(A- 1,1't : ZZ_- 0t- ),)* A*, AkQlKT,

and hence around P we have

(A+ - 1)-t : 2;= _*0, - )")u At.

In particular the Jordan structures around the corresponding rootspaces are the same.

More generally, lf o is a bounded spectral set of a subspace AcKz, then for

the corresponding Riesz projector.Ea(o) we find

E,n@)+ : E*(o*)'

Then the subspaces Eo@)K and Ea*(o*)K are in duality with respect to the inner

product [ , ], see [12].
For the sake of completeness we state the following result'

Proposition,4.l. Let A be a selfudjoint subspace in K2 and let oco(A)
be a bounded spectral set. Then

(i) o:o* + Ea(o):Eo(o)+,

(ii) o 
^o* 

: 0 :+ Ea@)+ Ea@) : Q.

A selfadjoint subspace AcKz is definitizable if q(A)*o and if there exists

a real pollmomial p such that p(A)=-O in the sense that

ls,fl = 0 for all {f, c\€p(A).

This definition was given by Langer in [11] for the case of operators.

Proposition4.Z. Let A be a selfadjoint subspace in K2 with p(A)*O,

and aCp(A). Let p bearealpolynomialofdegree n. Then

p(A) = 0 e Ra(u) p(A) R^(a)' > 0.

Proof.We assume p(A)=0. Let {f,Sl(R^(")p(A)R"(a)', then for some

h,k(.K, we have

{f, h)<RA@), {h, k\(n(A), {k, g}€Ra@),
so that

lg, fl : lRa@)'k,.fl : Lk, Ra(A)ff : lk, hl =- 0,

which shows one half of the proposition. Now we assume Rn@)'p(A)Rn(4)'=0.
Let {h,k}eila). Now D(p(,4))c»12',; and an application of Proposition 2.2

shows Ir:Re(u)'E for some E€K. Hence lE,h)(Ra@), {h,k}ep(A\ and we

define ry'€K by *:Re@)'k. T\en {E,t\€R"(o)p(A)Ro@) and

W,h|: lk, Ra(E)tpl: lRo(u)k, El: blt,9l = 0.

This completes the proof.
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corollary. Let A be a selfad.ioint subspace in K2 with s(A)*g and a€o(a).

Let p be a real polynomial of dcgree n and defute

q(),) : P( )(1- a)-'()u-d)-", ), * u, d.

Then q is analytic in the extended complex plane with poles in u, &, and in particular

q€E(A). We haue A definitizable by meails of the polynomial p if and. only if
q(A)=-o.

Proof. A simple calculation shows that

q(A): Ra@)'p(A)Ra@)'.

Propositio n 4.3. If the selfudioint subspace A in K2 is definitizable, then

A-L is also definitizable.

proof. lf Ais selfadjoint, then also A-L is selfadjoint. From p(A)*o it follows

that q(A-t)*$, sincn

( 1) : - pr- ttz(A-7 - p)-1, p€C\to).[r-, )

This also shows that 
ae s(r)\{0} + fr : a-r(.p(A-r).

Suppose,,4 is definitizable by means of the polynomial

p(1) : Z"i:obiXi, bj€R, b, * 0,

Then we define the PolYnomial

fr(l): Zl=ob,),"-i,

and we observe that with

q(X) : p(),)(1- a)-'(),-d)-", ). * a, a, ee e(l)\{0},
we have with P-a-1,

,(+) : @f" fi().)(A - p)-"(), - P)-".

This shows that A-L is definitizable by means of the polynomial I if and only if
Q(A-L)=O, where {(/,): SQID. However this follows ftom Q(A-t):qr(,4), using

the relation

Ra-,( ) : -*, -*., (+) , ).(q(a-'),

and the operational calculus.

Proposition[. . Let K be a Pontryagin space and let a be a selfadioint

subspace in Kz with q(A)*0. Then A is definitizable.
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Proof. choose a€q(l)\R, then c,(A) is a unitary operator in [K]. Remember
that with

A-Ä-u0(1): )t#a)4,
Å,- d,

we have
cd(A): 0(A),

see the operational calculus in section 3. since K is a pontryagin space there is a
function C1F(C,(A)) such that

s(c"(,t1) = o,

see [1], p.52], and with the additional property, see [ll, p. 57],

(go?)Q,): g(O(X)): p(t)(),_a)-n()._d)-", ). # u,d,
where p is a real polynomial of degree n. Using the operational calculus it can be
seen that

(go0)(A) : s(o(A)): g(C,(A)) > o.

The Corollary to Proposition 4.2 now gives the desired result.
We close this section with a result about non-negative relations. A linear

relation AcKz is non-negatiae, A>0, if
[s, fl =- o, {f, s}e e.

such a linear relation is necessarily symmetric. If A*A+cKz with q(A)#a,
we have

A>0 aRe@) - d,RÄ(a)
E 0, a(.Q(l)\R.a-a

Propositio n 4.5. Let A be a selfadjoint subspace inKz and A>0. If A-re[K),
then A is a definitizable and

o(l) c R.

Proof. Sinee,4-1([K], we see that \€q(A), and therefore the selfadjoint sub-
space A is definitizable. It is clear that I is non-negative if and only if Å-L is non-
negative. Hence we have l-I€[K] and l-1>0, which implies o(l-l)cR, see [2,p.l47l, and therefore o(,4)cR.

we note that there are examples of selfadjoint subspaces I in K2, such that
A>0 and o"(A):9.
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5. The resolvent of a ilefinitizable subspace

In this section we again let K be a Kreinspace.LetA-A+cl(zwrth1(l\*0
be definitizable by means of the real polynomial p of degree n: p(A)>O, and define

q(A): p()')Q.-u)-"(1-&)-", u€e(A), A # u,d.

We have seen q€F(r4) and q(A)>O. Next we define for )",(*u, fr the function Qby

ee,q:ff, ).*(,
: q'()'), ). : (.

Then we obtain

^ 
/ 1 r\ _ Q" - a)-" (p ()') - p (O\G - o-" - Q" - a)-', p (X)(Q" - d)-', - G - il-")g\n,t):T-r-

, (Q, - a)-" - (C - a)-"\ p G'l(( - a)-"_r_{

_ (1 - a)- " (p ()') - ! (()) (( - 4- " _ ( ), _ a)- " p (A) 2; : o e. _ a1i - n (e _ a)- t - !
)L-(

- G - a)- " p Q Zi :;Q - a)i -' (( - a)- i -t.

In the las term of this identity we write p(O: Z|=rco(?a)k and observe that

p@« -a)-j-r : Zi:oc1,(( - a1x-i-t

: zi=o z::1,-' "r( 
-i-') tr - uylu - a)*-.-r-n.

This shows that for each ). in the extended plane, with the exception of the points

a, d,, the operator Q()", A)€IKJ is well-defined and that the mapping 1*9()., A)
is holomorphic there. lf 1(q(A), ),.#u, d,, then we have

QQ', A) : (q(A) - q()')) RaQ).

Now we proceed as in [12], where densely defined operators A: A+ are treated.

We have

RA( ) : q().)-tq(A)RaQ)-q(X)-'Q()., A), )'e e(Å), qQ) * 0.

Since 4(l)Rr()'):RÅX)q(A), A€O(A), we obtain for each /€K
lm lq (A) Ra(X) f, fl : (Im )')lq (A) Ra@) f, R t (X) Il, )'e o (A)'

and hence by Schwarz'inequalitY

lrm ),llq (a) R aQ) f , R aQ) f l = lq (A) R 
^( 

) f, R aQ) f lt t 
2 
lq (A) f , flu 2,

or
ltm xl'z lq (A) Re,Q') f , R Åx) fl = lq @) f, fl .
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Therefore we obtain for,t€C+ng(l)

o < tmlq(A)R^(t)f, fJ = -J-[q(A)f, fl, f(K,

which shows that )"*[q (a) RAQ) f, fl maps c + n g (A) into c +. This implies that the
function Ltq(A)Ra(,t) has an analytic extension from all of c+ into c+, see for
instance [0].

using a similar observation (given above) for the function ),*e(A,24), we see
that the mapping ]'*Re(l) has an analytic continuation into

C+\{r(C+ lpU) : 0},

and hence this set belongs to g(A), cf. [6]. Next we observe for all X, hCK

lia lq @) R aQ a) x, hll, = a2 lq (A) R Åiq) x, R a Q fi xllq (A) h, hl

= lq(A)x, xllq(A)h,hil,
if rle n is hrge enough. Now we proceed using standard arguments. If we choose on
K a fundamental decomposition J, and define the inner product (. , .):IJ . , .1,
then (K, ( , )) is a Hilbert space and it follows that there exists a non-decreasing left-
continuous function F on R, whose values are bounded selfadjoint operators in the
Hilbert space (K, (, )), such that

q(A)R/),): J I**oral, 
^<p(a).

Propositio n 5.1. Under the conrlitions stated abooe, we haue

RA( ) : ått [*fr*10-*lee, A), ).e(A),

where the integral exists in the strong operator topology. In particular, if Å(o(A)
then either p().):0 or ).€R is a point of increase of F. Also v'e haue in the sense
of the Hilbert space (X,1,1) tnat

F(-) = Jq(A).

Note that it f(D(A), then {l g}(A for some g€K and

(I + lRAQ))f : Re(t)s, 
^e 

p(A).

Hence for all h(K, we obtain

lq@)f, hl+i4lq@)Ra(irDf, h1 : lq(A)(r +iaRa(ifi)f, hl
: f(t +ttlRegfi)f qe\h) : lRn(iDg, q(A)hl,

which implies

llq@)f, h1+ iTLq@) Rn1df, hll'

= lq(A)s, gllq(A)Ra(iq)h, Rafiilhl.
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Therefore we conclude

|rg- inb{e) Rn(iDf, hl : [q(A)f, hl, f€D (A), l,€K.

By a limiting procedure we obtain

li3- tqtq<,q) R.GD f, hf : lq(A)f, h), f<D(A))", h(K.

It is clear that for all4>0

-iqlq(A)RaQr)f, h): g, f(o(l)r't, heK.

Remark. Let A:A+ be a definitizable subspace in K2, as above. lf D(A)

is a Krein space and E: K-D(A)' is the corresponding projection, then F(-):
Jq(A)E.

Some more consequences of the above arguments are formulated in the following

proposition. For l.€C we denote by k(1) its multiplicity as a zero of the fixed de-

finitizing polynomial p.

Proposition5.2. Let A:A+ be a definitizable subspace in K2, with real

definitizing polynomial p. Then the non'real spectrum of A consists of afinite num-

ber of pairs L,X.. Each isolated spectral point of A is an eigenualue of finite Riesz

index v()):v(l)1
( k0"), l(c\R,Y(l')=tr(r)*t, 

,1€R.

Near the real axis we haue

llRa(( + iY1ll: o(q-k(o-'), C,

In particular, if (e n is an eigenualue of A each

length at most k(0+ 1.

ry€R, 4 * 0-

corresponding ,Iordan chain is of
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