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THE SCHWARZIAN DISTANCE BETWEEN DOMAINS:
A QUESTION OF O. LEHTO

BRAD OSGOOD and DENNIS STOWE

Mobius transformations are the only conformal mappings of C, and one com-
mon interpretation of the Schwarzian derivative S(f) of an analytic function f is
that of measuring how close f is to being a Mébius transformation. Thus S(f)=0
if and only if f is M&bius, while if f is locally injective in a quasidisk and has
small enough Schwarzian then it will be injective and have a quasiconformal exten-
sion to C, with dilatation controlled by the size of S(f). By analogy, might it not
also be the case that the size of the Schwarzian derivative of a conformal mapping
between two domains defines a good measure of their distance apart, when domains
which are conformally equivalent via a M&bius transformation are considered iden-
tical? We shall show that this cannot be pushed too far, answering in the negative
a question asked by O. Lehto [L, p. 68]. We refer to Lehto’s monograph for some
basic definitions, results, and formulas we use here. We also note that the perspective
leading to our particular construction comes very much from our work in [OS]
on a generalization of the Schwarzian.

We consider simply connected domains DcC with the Poincaré metric Ap|dz|.
If f is a conformal mapping of D and S(f)=(f"[f Y —%5 (fIf’)? is its Schwarzian
derivative then set

IS(Nlp = sup 4521S(f)I.
Lehto defines a pseudometric on domains by

6(Dy, D,) = il}f “S(f)"D1

where f is a conformal mapping of D, onto D,. Then § is symmetric and satisfies
the triangle inequality, and §(D,, D;)=0 if D, can be mapped onto D, by a Mobius
transformation. Lehto asks if the converse of this last statement holds, that is, is
5 a metric? We show that this is not the case.

Theorem 1. There exist domains Dy and D, which are not Mébius equivalent,
but for which 8(Dy, D;)=0. Moreover, the domains can each be chosen to be arbit-
rarily close to a disk (in terms of 6).

Incidentally, it is true that if D, is a disk and if §(D,, D»)=0 then D, is a disk.
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Ultimately, we will exhibit the domains D,, D, as images of the upper half-plane
H under conformal mappings f;, f,. Then any conformal mapping f of D, onto
D, can be written in the form f=f,7/ " where T is a Mébius transformation of
H onto itself. For z€D, and w=f,"%(2)€H, the formula for the Schwarzian deri-
vative of the composition of analytic functions, together with the conformal in-
variance of the Poincaré metric, lead to
1) i @IS(N)@) = Ag* (W) = S(FL)W)+T" WRS () (Tw).
This formula illustrates the role of T in computing §; the functions S( ;) and S( f2)
are fixed, and different choices for 7T give different ways of shifting the latter before
the former is subtracted.

The mapping functions f;, f, will be obtained according to the following
general scheme. Let ¢;=log|f]|. Then f7/f/=(0¢;/0x)—i(@¢;/dy), and S( 5
can be expressed in terms of ¢; alone:

Po; 1(d0; Y, 1(d0; V1. .| 0%, d¢; ¢
@ s ={5E -5 () +5 (5 il R T
To construct examples we start with a harmonic function ¢; in H, select an analytic
function h; with real part ¢;, and let f; be an antiderivative of e". Without actually
examining f; we can be sure that it is injective if, by bounding derivatives of 0;,
we obtain A*|S(f)|=2. This follows from a Theorem of Nehari, [L, p. 90].

From a more geometric point of view, a harmonic function ¢; on H gives a
euclidean metric e®|dz] on H and so admits a developing map Jfi: H—C. That
is, f; is a conformal immersion with | fjl=e%. Nehari’s Theorem, as a condition
on ¢; via (2), gives a sufficient condition for this (euclidean) developing map to be
an imbedding.

We continue with a few more general remarks. Let p: R—R be a real analytic
function such that

[p®(0)| = ed*, tcR, k=0,1,2,...

for some positive constants & and 4. It is convenient to write a point in H
as ¢ tcR, 0€(0, ). Define

. . ” 2 (4) 4
o) = o)+ = (- L (0- 2] + 250 (9-2) — ..

The series converges in the C* topology, and ¢ is harmonic on H. Let g: H~C
be a developing map for the metric e®|dz], ie., g is analytic with ¢p=log|g’|.
From (2),

3 S(g)(e+) = e=*{(ucos 20 + v sin 20) + i(v cos 26 — u sin 26)}
Where B az(p a_{p l[-aﬁ(p]z _l_[ a(p ]2
o ot 20 2000

e 135 {22)(22).

*== 2190 T 90 T\ or )\ 5
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A rough estimate then gives

IS(g)| = e~*eC(e, A), C(e, A) = V2 A(1+A+ed)cosh®(4n/2),
and using Ag(e'?)=(2¢'sin )~! we have that
@ (1S @)) (@) = 4(sin® 0)sC (e, 4).

In particular, a function constructed in this way will be injective if this bound is at
most 2.
For our example we take ¢;=®(p;), j=1, 2, where

Pi(0) = 8 3 gy sin () P20 = D).

Then [p®(¢)|=¢ for all k, 2. For fj, log|fjl=¢,, to be injective we have only
to choose & so that eC(e, 1)=1/2. With D;=f;(H) we see, actually, that we can
make 8(D;, H) arbitrarily small. In particular we can take D, and D, to be quasi-
disks [L, p. 88].

Let s be a real number and let 7: H—~H be multiplication by e°. Then
(T2(S(f)oT)=S8(f,0T), and log|(f,0T)|=s+@s0T. Now set p(t)=—pi()+
po(t+5) andlet ¢=&(p). Asin (3) we find that

©®) (=S +TP(S(f)oT))(¢*™)

— = {(ucos 20+ vsin 20) + i(vcos 20— usin 20)}
where

g e ()t ) () B ).

__ O 990 99 3¢ (3% ]_«9_@_
v=—"535 " 90+ ar 06 T\ o °7) o0

Let us take s=3"z where N is a non-negative integer. Then

t t+3%zn

- 1 . _
() =22 o {~ sin (?]— sin [_3”__]}
- 1 . . (t+3"n

= & 2n=N+1 n+1 {’“ s [-3—"]— sm (———-——3" ]} ,

PO = o5, k=0,1,2, ...

whence

Using these estimates in (5), we obtain

|-S()+TP(S(f)oT)| = e~ *C(e)/2",
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where C(¢)=2}/2¢(1 +¢) cosh®(n/2). Thus for f=£fTH ", a conformal mapping
of D, onto D,, we have
IS(N)lp, = 4C(e)/2 .

Since N is arbitrary, we conclude that §(D,, D,)=0.
It remains to show that D, and D, are not Mébius equivalent, which is to say
that there is no Mdobius transformation 7: H—~H such that

©) —S(A)+TP(S(f2)oT) = 0.

First note that on the imaginary axis we have from (3) that
S+ = e=* {—p{ () +pi () +3 P17}

a real number. If we take ¢ to be an even multiple of 7 then
, 1 w 1 1 t
i) = o3+ 2. e groos (35
” (=<3 1 ]. 2 . t
n=-s2,, 2——(‘3‘) o [‘3‘]
Summing the geometric series then gives the estimates

=2
- 10°

, &
PO-5

” 8
so at the point w=e' ™"/,

& & & &
WS =gty o5 T 3

Next suppose that (6) holds for some Mobius transformation 7. Again taking
w=e'*"? with ¢ an even multiple of n, we have

Aa(Tw) IS (RTW) = 2uw)™2IT WIS (f)(Tw)
= AuO) IS > 5

On the other hand, (4) shows that A (Tw)=%S(f)(Tw)| can be made <g/3 if
O=arg Tw is near O or near n. It must be, therefore, that the image of the imaginary
axis under 7 is the imaginary axis, for it is a hyperbolic geodesic which, according
to the above, is contained in some wedge n<60<n—n. Hence T has one of the forms

0] Tw = eSw,

(ii) Tw = —ée’jw
for some s€R.
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We can discount these possibilities by examining equation (6) for (i) and (ii)
along the imaginary axis. We obtain, respectively,

(i) — DY () + D1 (1) + =PI + Py (t+5) = pi(t +5)— 5 pia(t +5) = 0,
(ii) —P{ () +pi (D) + 2 Pi (O + L (s— D) —pi(s— ) — 5 Phi(s— 1) = 0.

Consider (i). It is easy to show that for each s there is a 7, such that p{(t)=p;(t;+s).
But then the functions p;(¢) and p;(¢+s) must be identical since they then solve the
same initial value problem. However,
PO = ¢ 3y gy g
while
’ ’ oo 1 1 S ,
pa(s) = —pi(s) = —¢ 2”=0'§m'?cos ('3,,—) < p1(0),

and we conclude that (i) cannot hold.

For (ii), replace ¢t by s—t, use p,=—p,, and subtract the resulting equation
from (ii) to get

i) = pi(s—1)?

for all £. At r=0 we have p;(0)®=p,(s)® which forces s=0. Substitute this in-
formation back into (ii), use p,=—p; again, and the fact that p] is even while p;
is odd to get

2y =0,

an absurdity. Hence (ii) cannot hold, and we have shown that D, and D, are not
Mobius equivalent.

We have answered Lehto’s question, but one might now ask for a class of
domains for which § is a metric. Perhaps a different candidate for a metric should
be proposed, ideally one that is complete. We do not know. We do, however, have
one final (negative) comment. All of the properties and theorems we have used for
the Schwarzian have direct analogues for the operator f”/f’. One might then try
to define a distance by

7(Dy, Dy) = inf || f*/f"In,

where f: D,;~D, is a conformal mapping and | f”/f’llp,=sup A f7If|. Here
the relevant question is: if y(D,, D,)=0, are D, and D, similar? Not surprisingly,
the domains exhibited above show, with a few minor changes in the argument, that
this is not so.

Theorem 2. There exist domains D, and D, which are not similar, but for
which y(D,, D;)=0. The domains can each be chosen to be arbitrarily close fo a
disk (in terms of y).
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