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A STOCHASTIC PARAMETER OPER,ATOR SYSTEM

G. Butsan and M. Kozachenko

Let H be a real separable Hilbert space with the norm | . 11, X(ä) the
Banach ring of all linear bounded operators on Il with the uniform operator
norm | . lz, ,z(H) the ideal of all Hilbert-Schmidt operators in X(ä) with the
Hilbert-Schmidt norm | . 13. Further let o2(H ) + f : G"(H) be the topological
semigroup with the topology transferred from a2(If) by the shift of the identity
operator /, (O,F,P) some probability space, o2(H,Q) the Hilbert space of all
random elements ( : O + oz(H) with the norrns I . lr, l(ln : E l(13 (a,nd l{l! :
sup;c1<rnl(rl?), Gz(H,Q) : or(H,O) +.f with corresponding topology, oj a
filtrationof o-algebrasfrom F when 0 ( s ( t <T < oo, andfor 0 ( s ( r 1r I
t < T < oo, we have of C ot", o! and of are independent. Denote by A"[s, t] the
partition {s: fs ( t1 ( ...1tmo = t} of the interval [s,t] a,nd call the sequence

{A,[", t]] a decreasing sequence of partitions if 6," : maxp(tp-f s-t) - 0, n -+ m.
Now we consider a system Z! in G2(H,O), 0 ( s ( t 3 T, which is

a!-measurable, and study the problem: when does the following limit exist in
GI(H"'Q) 

nn

#='[ z::-L: x: (1)

and does not depend on the decrea.sing sequence of partitions {A,[s,t]] ? Here
the product fl is formed in increasing order of the indices from left to right.

One of the problems is the existence of the infinite product of independent
stochastic operators.

It is easy to see that Xj satisfies the following evolutionary equation

x:xl:x!, xi=I(modP), o(s(rz-tz-T (2)

and therefore it is the evolutionary system from [1].
Denote

t! : n z!, 4,,[0,sJ : {0 - gs t hs . . . 1 Lon- s},
Pn fTUn

6n : TE"{P ; - 0;r, tk - tr-r }, *3@): fI ,3:_. fI tII-,,,i'k ':r lc=r (3)
fn,n

nts@): Il'l:_1 .
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Theorem 1. If the system Z! satisfies the conditions (a)-(6), then the
Iimit (1) exists in Gz(H,O) and does not depend on the decreasing sequence of
partitions {A"[s,t]] . The conditions (a)-(6) a,re introduced as follows:

(4) for aJl r € ll,Tf , there exist Zf,-, Zi+ e Gy(H,A), Zi - I satisfying
ZI-: I or Zf,+ :1 ,

(5) for aJl 0 < s ( t ( T, there exists limrl(") : *'" € G2(H) as 6n --+ 0, st"

does not depend on the decreasing sequence of pafiitions {4" [s, t] ], a nd 1 n :
r,tplrfi - t',f @)lr-+ 0 as 6n --+ 0 ; for all r e [0, Tl, QI)-t,("f,+)-t,*f,-,
,i+ ,@i-)-' ,(ri+)-t e x(H),

(6) there exists liml(Zli-, - ,l:-,) : i'! e o2(H,Q) whieJa does not depend on
the decreasing sequence of partitions {4,[s, t]].

Let us prove first some auxilia.ry equations (7)-(11), (12), (16), (17). We first
claim that

for all r e [0, 
"] 

, rl zi- and *|+ - ,i+

To prove (7) let us consider å3 : lim[I[3r-t ,!;-,. tt follows from (5) that
this limit exists and does not depend on the decreasing sequence {A,r[",f]]. Then
it is easy to see that cj satisfies the evoluiionary equation (2) and, by (5), that
the limit limoi : nts- t r f f, exists for 0 ( s L t 1T .

Let us show that at"- : it". In fact, when 4 f t, there exists, for any
€ ) 0, /c" such that lr!- - a7'|' < el2. Thus, there exists A,..[", rk.l :
{s:fs
lt'"- -ili:, "ii_rlz 

1 e , a^nd in this inequality we ca"n take the limit when 6,*. * 0

because f I does not depend on the sequence of partitions {4,[", t]i (cf. (5)). Thus
x'"- : å1. Now using the corresponding limit procedure we can obtain the equality

"'"-"1-: it""l,-: o3 yielding at"-zl-: r'"-*l . Ta,king the limit when s f t and
taking into account the evident equality *7- :1 (cf. (5)) we obtain the first
equality in (7)..The second equality can be proved analogously.

We show next that

for all 0 ( s <t <7, (*3)-t e X(H),l*tlraCt(") ( oo,

l("3)-'1, I Cz(?) .

If the first property of (8) is not fulfilled, then the statements @Y+")/2)-t e X(H)
o, (*'e+q/z)-r e X1n), etc. wouid not be fulfiIled either and we would obtain
sequences s3 <-t1s, converging to a point r € [0,?], such that (oli)-t e X@).
Observe that we have three possibilities for these sequences: s* S tx I r, sp I
r I tp or r ( s1 ( t1 . The first and third of them lead to a contradiction with
the obvious equality *l- = I : xi| (cf. (5)), whereas the second one contradicts
with the equality (ri!)-t = (xr+)-r .(ri-)-t.

(7)

(8)
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Let us then prove the third inequality in (8) because the second one can
be proved analogously. Let us suppose that l(o:)-rl, is not bounded. Then
we ca^rr find in [0,?] sequences s* ( tp converging to a point r € [0,7] , and

l("3i)-tl, * - for & --+ oo. For all of the three cases considered above for
analogous consequences, we obtain analogous contradictions with the equalities
mentioned above.

Next we show that

Ct(T) ( oo, a Cag) ( oo.supl("å- ("))-'1,
k,n '

sup l*'or (")1,
k,n'

To prove the first one of these estimates consider the inequality

yplof (n)1, < suplrf; -,t@)lr* suplol'l'

which combined with (8) and the regularity conditions (5) completes our proof.
Let us suppose next that supo,,l(r[1("))-tl, : oo. Then we can find in

[0,7] a sequence f1", which converges to a point r e [0,?] when n --+ oo and

l(rå-"("))-tl, - - for n -' oo. Then inf;y1,<rl*td"@)ulr--+ 0 for n + oo, and

from the evident inequality inf ;y1, <r lr'i"gl, S lrå'" -"';" 1"11r+inf 1r;, a1lcf;'(r)yl,
(cf. (5)) we obtain the result inf 

101, al lcf 'yl, * 0 when r? --+ oo, i.e. l(rf;" )-t l, *
oo. But this contradicts (8). Thus the estimates (9) are proved.

Now from the condition (2), estimates (8), (9) and the obvious inequality

'&'pl('f )-' - ('3,("))-'l, s i:f {l("ll)-'1,,1('å1"("))-'1,},,;nlol. - *t@)1,

we can see that

- (xå- ("))-r l, * o when n + oo.supl("å- )-r
krn'

(e)

( 10)

( 11)

Let us show that the next equalities are true for all r e [0, ?] ,

Y:_ - zi_ - zi_, I';+ - zi+ - ,I+ (mod p)

As the proofs of these equalities are similar we prove only the first one. Let us
consider tn" tttt"*. 

f-, : li* T' ( rlr - -tr \', - #'l'o L rorr-r- tu-r)'

The definition of 7"t does not depend on the sequence {4"[s,t]] (cf. (a), (O)),
and arralogously to (?) we can prove that t{-:0 for all r € [0,?]. Taking the
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timit in the obvious equality t: : ZI- + zl- +f"t *h"r, s J t we obtain the proof
of the first equality (11).

Finally, from (4), (5), (11) we obtain:

for all r € [0,4,21- = I, zl-: I, ol-: I, t:-:0, (1r\
or Zf,+ : [, 

"f,* 
: I, *f,+ : I, i':* :0 (mod P). \--,

In other words at any point r € [0, ?] these systems are simultaneously continuous
either from the left or from the right.

Let us note now that )l"t ("f. (6)) satisfies the evolutionary equation

t;+t1:t7, t:=0, (modP), o(s(t(7(m (13)

and the obvious property

Ei"t:6, 0(s(t(?(oo, (14)

which we used repeatedly in the considerations above' In addition, the random
elements

t::-, ,lc :1,.. .,ffi, il€ independent (15)

for 0 ( s :f,0 ( t1 ( ... ( tmn - | .

It is easy to see that every system 7"t which satisfies the conditions (13)-(15)
above satisfi.es the next relation too:

f[lo,:,-, + rl3 s c,(") < *. (16)
i:p

In fact, if we use (1a) and the properties of | . ls ("f. [1], pp. 48-52) we obtain the
inequality

ill I +Yl,'-,fu
i:P 

r 
i=P å:P

( exp{Ilr:,,_. l:} s exp{lrr'l:} - cs(") ( oo.
i=p

Let us then p'rone the following estimate

il | 
*';-'(r) zi:-, ("å'(r))-' lu I ce(") ( oo .

i:p
(17)
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For that purpose, let us apply the known properties of the normt | ' lo *d I ' lu

(cf. [1], pp. 48-52) and the estimates (9) to obtain the inequalities

f

fI l'å'-' (") zi; -,1a'; 1n11-t l!
i=p

t

: fIl'å,-'( ")(zli_, - "l;_)@t(n;1-1 + rll
i=p

< *p (z { i la'; 
-' 

1ny @i; -, - "li -,) 
(,å' f ") ) 

-' 
I I } )

i:p 
t

< exp { c,2(r)czg) T lzi: -, - "i: -,li}t=p

3 ct(D "*tflti:-, - zl:-, - t:,,-,11,+ lyi'-,lit
a=p

3 cz(T).*r{flri:-, - zli-, -Y:,'-,li+lydli}
i=1

: &(r)"*o{li@l:-, - ,!:-,)-Y{li+ lr.'l:} (18)
i:r

where CzQ) is a constarrt. The estimate (1?) can then be obtained from the last
inequality combined with (6).

Let us next prove:

Lemma. The limit
lla

yJ: rlj3.Dr';-,i,i:_,(r#)-' (1e)
" lc=l

existsin l. la when 0 ( s ( t <T andit doesnot dependonthesequenceof
partitions {A"[s, t]] .

Remark. We call the limit in the formula (19) a stochastic integral and
denote it [! x[ ttd@il-' .

Prcof of the Lemma. Exactly as in [2] and [3] it is sufficient to show that the
expression

r lf,,';-'o::-,('åt)-' äå';!-'r;1,("6r)-'1. (20)
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tends to zero when dr, --+ 0. Here Äo[s,f] : {" : lo S tr ( ... 1t*_ - t},
f,[s,tl : UE A,rlt*-trt*], A,*[fr-r,tpl: {t6r: sf S sf <... < sf- : t*}.
Using (9) we ca^rr write the expression (20) in another form

tå å"*'I'>;r,('år)-' - å å'tt'o;,,r';rr-' ll
rtuo fh 

k

=,lå å,,*-' -,;L')r;i,(,f )-' l:

. rlå 
å";t'"1:, [(,år)-, - r";rl-']ll

]c=1

<zc,(r)f ff (,f-,- ,;t-'y$_,|!^ (21)
lc:l i:1

+2c2(r)i itry:, [(,F)-' - r"åf l-']li
lc:l i:l

< c,(") (l 
fi_,'t-, 

t ::-, - ä p,;t' ";i, ll
. 

I t i r;i, r"år )-' - 
'o::-,r.y)-' 

l)lc:r i=l &:r

Here Cs(?) is a constant. The expression in the brackets on the right hand
side of the inequality (21) consists of two terms. The first one is the difference
between the integral sums for the left stochastic integral @ I: o[ d,td and the
second is the difference between the corresponding integral sums for the right
stochastic integral (ö t at1651-r. Both th".e irrt"grals exist and their defini-
tions do not depend on the decreasing sequence of partitions {4"[s,t]] (because
of the property (12) a^nd results of paper [2]). Therefore the right hand side of the
inequality (21) and the expression (20) tend to zero when 6, --+ 0.

Passing to the proof of Theorem 1 let us consider the term

z!(n): fr "å.-'(,) 
zl:-,@f @D-t e2)

lc:1

If we prove that the following limit

*!: li^oz'"(") (ä)

exists in Gz(H,O) and does not depend on the sequence of partitions {A,[s,t]]
then from the condition (5) and the property (10) it will follow the existence, in
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Gr(H,C)), of the limit

x',: 
#gr("å("))-1 

z!@)rå("): #%II, z*-,

finishing the proof of the theorem as well.
To prove (23) let us note that i"t and 7j are continuous from the left or from

ihe right (depending on r ) at every point r € [0, ?] simulta^neously and according
to the lemma they satisfy the conditions (13)-(15). Bv [+] the following limit exists

in G2(H,O) and does not depend on the sequence of partitions {A"[s't]]:

,:g, ii ro":' + /) '

Let us show that

,t:g. ii fo,';-, * /): ly"ziro : x!. (25)

To prove this equality, as in [4], it is sufficient to consider the decompositions
A,[s, t] from (20) and use the following estimate

l[ro;-:, + /)- ii'f -'(') zli-,@'{("))-'l:

, ffi, k-l

- It lI(v,:'_, + r) lvi:_l ;d-'(,) (zl:_r ,II_.)("f ("))-'l
' k:l i:l

fi *';-'(') zl:-, ("å,(,,)) -' 
l-

i:k*7

' 
tun k-f

< slD II(t:'-, + /) *'d-'(,)lt|:-l zl:-, + ,II-,1
k:l i:l

. ("å' (')) -' ti ,';-' (') zi:-' ("å'(r)) -' l.i:,t*1

"'d-'(")) ai'd @f ("))-'

((16)-1 - (rå- ("))-1) II
i-k*1

797

(24)

(26)

+BläE (Y::-, + D|:rr(,6-
tTI,n

. fi *';-'(r) zi:-, ("å,('))-'1.
i:Ic*1

+ s 
I ä E 

(v::-, + D l:rr 
rr dYd

*'; -' (r) zl;-, ("å' (r)) - t 
I -
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Since 1", admits the properties (13)-(15) we can rewrite the first term on the right

hand side of (26) in the form

rrtrn .k-L
B tln (Y:,'-' + r)"'d-'(r) lti:-,

k--1 i:l

. ii *';-'(') zi:-,(*f ('))-1 f^*

- z*' + ,iI-'1("f ("))-'

&-1

tEtrac" til (Yl,'' + I)"å*-'(")
k* j i:7
J-

a 'li-,] ("å- ("))-1 II "';-'(r) zi:-,,(*å'(")) -'*'i-'(')
i:k*r (27)

. (zii-, - ,ll-,)@'i(,,))-' fi 'å'-'(") 
zl;-,1,[1n11-'\.

i=j*r
&-r i-r

{iit";'-, + r)t!;-,,={I*,,o,t,, + r)"t-'1")V:;-, - zll-, + 
"',1-,1

ffrn

. (";t (r,))-' fi 'å'-'(") 
zi;-,1r';1"11-'\ .

i=j+t

The first term in (27) is, by estimates (8), (16), (1?) and the properties of the

norms | ' la and | ' 15, bounded by the estimate

3c s(") c3 g)c n?)c oQ) t lv|:-,
k:l

- cg(Dl i Ql:-, ,ii-')-t:l'n
lc:1

tending to zeto as n + oo due to the condition (6)'
In ord"r to estimate the second term in (27) we note that from the Cauchy-

Schwarz inequality, ttt".rti*"t"s (9), (16), (f Z) "ia 
the evident inequality uf,z 1 6z

I a*b when o ) 0, ö ) 0 it follows that its modulus is bounded by the estimates

&-1

I r { | 11 {r,:'-, + r),'; -' 1")lt::-, - zlI -, + z!; -,l1at;(")) 
-'

k+i -' d=l
j-t

. fI 'å'-'( 
n)z!;-,(xt;(n))-txt-'@)(z:l-, - "ll-,)@'i 

("))-'
i:&*1

nn .Ic-l

fi *';-' 1n7zl;-,('f (,,))-' l, | f| f";:, + r)ti;-,
i=j{.t

i:k*l

lYi:-1 zlI-,

- zi:_, + 'i:-,li
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i-L. fI (r,:._, + r)xt-'@)lt::_, - zli-,+'il_,1
i:&+1

tun -&-1
. (";t ("))-' fl'å'-'(")zli-,@t; (n))-' 

1,) s (tl f[ (r,i'-, + r)
i=j+r 'o' 'k+i'i:l

. *'d-'@)li'i:_, - zl:_, + zf;_,]1rl*1n;;-l
j-r

. fI,å'-' ( n) zl; _,(a[ (n))-L at -, @) (z:i _, - "ii ) @'i (")) -'
t:tc*1

. fr 'å'-' t n) zl:-,(xt (,ll-'l',)'''
i:j*r

. &-1 i-t
(Dl fI(",:'-, + r)ti;-, fI (r,:'-, + r)x!-'(n)[r;'-, - z:a-, +,i]-,1
k#j i:t i:k*r

ftn

. (';t (,,) ) 
-' ii' å' 

-' (, ) zli -,@t; (n))ul"n)"'
i=j+r

s cs(Dc3(ztci(r)c6(r)(l ito,'a, - zl:-, a ,lI-,lilzil-, - ,ii-,11)"'
lc=l j=l

(i f o,l.- ,lilr:;-, - zii-, * ,li-,li)"' s c*trtlr! -I;@l:-, - "l;)l'nlc:l j=l tc:l

(o; - f,@*-, - "li-,) ln 
+ li"';,);r"';n (28)

tending to zero as n + m due to the condition (6). Here Cro(T) is a constant.
Thus the first term on the right hand side of (26) tends to zero when n -- oo. In
order to estimate the secondlerm let us rewrite it in the form

pl g. rt:, * 4U:,r 
-\rr 

- xtd -' @)) drr(or (n))-1]

mt ^ lc-f. fi ,å,-'t n)zl;_,(xt; ("))-'l: + ! Etrac" 
{ ii(",:,_, * r)

i=k*l - k+i i=l

flJ-:.r- "f-'(",)) drd@r @D-'] .-U. 
*';-' 1nlzl;-,('3'(",))-' (2e)

i=&*l

I
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.*';-'(') (zi:-l ,l:-,)("'i @) )-1 fi *';-'(') zl:-,@'i(r))-r).
i-j+t

k-L i -1,

{n (Y::' + I)Y::-' fI (Y::-' +r)
i:l i:Ic*l

rlli_:x[ - *!-'(,) ) at{(*'i('))-'] 
. fi ,*';-'(,) zl:-,(*å'('))-'} .

i- j!1

Using the estimates which were proved as indicated above we can see that the
first term in (29) is bounded by

c,,(r) (f l/","r - "f -') owll,*älli:yr ' - *'d-'@)tx;f^)

< cr,(r)(lg 
l"' 

x[ dtd -f,,';-'t::-, l) * s,,p lrf;-' - .';-'1,y1,1t!li
Ic=l

tending to zero ds n -+ oo due to the condition (5) and property (12), which

is sufficient for the existence of the left stochastic integral (q I: *6 dtd and. its
independence of the sequence of partitions {A"[",t]]. Now it is easy to see that
the integral (4 I! *6 atl i" additive as a function of the intervals [f*-r, t*].

AnalogouslS the modulus of the second term in (29) is bounded by

*-l .t,

D r I I ro;'-, + r) llrr ?t-'f 
-' (,,)) ar;1r[' 1n;; -1]

k#j 'i=r

. fr "f 
-', n) zl: -,@t (n))-1 a! -' @) (zil -, -,il -,) @'i(')) -'

i=Ic*l
tun . &-l i-l'

',:,fI., 
";-'1"1z!;-,('å'('))-'l,|f|(";t, 

+ t)?!.-, fl,(F,1'-' + r;

t l: \,r-'å' 
-' (,,) ) at; p!(')) -' ],fi,,*'; -' r,) z:i -,(at' @)) -' l,

s c,"(D{D(l 
l:rr o, - ,';-') ot'{|"^

k+i ' Lh-

* 
| [r' o'; ' - *'i-'@i) *{f^)Vi] -, - ,'i -J1}""

l,
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{Do-lt'::-,li(ll:@6-,'i-\atdl'o+lli_\,!-'-,'i-'@))or{l')}"'

< c,z(r)(lwl 
l"' 

,6 ttd - fi,';-'t::-, l' 
+ ,,,p1"1. -, ' ,'d-, (n\7ly:l:^)'/'

112rr::, - "ll -")-r:l- * 1",'1.)

. (rq l"' 
x[ dtd -fi.'t-'o:;-,1] * ,,nol',u -' - ,'i-'(n)är:n)''" li':ln,

where Cn(T) is a constant. Analogously, the right hand side of the last inequality
tends to zero when n --+ oo.

Thus the second term on ihe right hand side of (26) tends to zero when
tc --+ oo, too,

The third term on the right hand side of (26) can be estimated in the same
way as as the second term if one uses the property (10) instead of the condition
(5) when considering the right stochastic integral (i t atl@fi-r I its necessary
properties are guaranteed by the relation (12) and the results of the paper [2].

Rernark 1. If we omit in the condition (5) the property that c! e G2(H)
we must consider in (1) the convergence in mean squaxe with respect to the norm
| . 12 instead "f | . ls. The convergence in (23) remains valid with respect to the
notm | . lr.

Remark 2. If Z! and. at" arc uniformly continuous, i.e., lZ!- .Ila --+ 0,
l*t" - Il, --+ 0 when f - s --+ 0, then Theorem 1 is true without the condition
(5). In fact, the properties (8) in that case are evident and the properties (9) are
replaced by the next relation when 6, --+ 0:

which can be proved by rule of contradiction. Then the property (30) is used in
estimating the expression (29) instead of the condition (5) and the property (10).

Theorem 2. If the system Z!, 0 < s ( t ( ? ( oo satisrfes the conditions
(4)-(6), then the fortnulas

sqp { l*i - "f-'(r)lr,l("ä)-r - @'t-'("))-'lr} -* 0,
tx -r 1r (tp

tTLn fTtrn

x!:#=,_U zl:-,: #*_UV|:-, + ,h-,)

(30)

(31)

and



202 G. Butsan and M. Kozachenko

r1:#gr[ 6l:-1 *',i-.), ( s2)
Ic:1

where *t": E X!, are true. Here convergence is with rcspect to the norm, I . ln and
these fimits do not depend on the decreasing sequence of pafiitions {A,[s, t]] .

Proot. First of all let us note that due to the inequalities (9) and (17) the
following inequality is true for every partition A,[s, t] :

r
ot ::;i, lg ti:-':,( oo' 1 3 P 3 r I mn'

p -;;1' ln$(v,l'-, + ,Ii-,)1, ( oo

( 33)

Let us consider the term

fl ("å' -' (")r,|_, (rg (n)) -' + /)
å=P

= fl"l-'(r,)(v,1'-, + zl;-,)(of (n))-r (84)
t=p

: 
"o'"-' 1,r; (n (o,:'-, + z;;-, xrå' (r))-t)

i=p

and note that, due to the estimates (9), it is enough to prove that the term (34)
is bounded in order to show that

(35)

holds. Therefore, using the known properties of the norms | . lr *rd I . l5 (cf. [Z])
and the properties (9), (13) and (1a) we obtain the next estimate

,r'rt

lfI'å'-'t"lr,l'-,(c[r(n))-'+rl'sJl(t'l't")lllr,l'-,l]lt"l't'))-'E+r)t:p t:p
?

< exp{c1(r) Dlr,i'_,1:} < exp{c1(")lr0"l:} < oo
;:p

for the expression (3a). By using once more the estimate (9) we then easily obtain
the inequality (35). Here C1(7) is some constant.

I
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Let us now estimate the difierence

lfr,tr, -,- [ rt*-, +,Ir-,)1",

: lä Etr,-,(zi:-, - "lI-, -v,',--,)-fr,( i'::-, + 'i:-,)l'oi=lc*1

: ilfi zt-,Ql:-, - "li-, -i'i:-,) ii (";'-, + ,l:-,)li
*=f i=l i=å+1

&-r i-- (36)

+ f t,,""n ( fl ti:_,(zi:_, - "Ii_, - 4:_,) II (v,:'_, +,1:_,)
k+i - i=l i:**r

nn &-f i-L
.tii-, fl (",:'-, +,i;-,))fIti:-,(zi:-, - "l:-,) Il ti:-,

i:i+l i:l i:lc*l

.(zi:-, - "l:-, -tl,-,) fr (O,:,-, + "li-,).i=i+t

Ay lrritg the estimates (33), (35) and the properties (2.8), (2.10) of the norms

I . lr and I . lu it the paper [2] we can note that the first term on the right hand
side of the expression (36) is bounded by the term

*'B'flz1:-, - zll-, -t::-,1i,: 
"B'lf,@t-, 

- "li-,)-t!|",
k:1

( 37)

- a,2Brr1, with €n:lD @i:-1 ,iI-')- r:l^
lt=l

On the other hand, using the Cauchy-Schwarz inequality and the properties (6),
(13), (14) we note that the modulus of the second term on the right hand side of
the expression (36) is bounded by the term

k-l i -r(tl|| zi:_,(zi:_, '*_, r::_,) f[ (i':,'-, + ,ii-,)y,','-,
'*+ j' i:r i-*+r

,fr,(tt;-, 
+ ,ti-,)|,) '''(nl 

E 
zi:-,(zl:-, ,l:-,)

i -L rr.n

. 'fI zl:-,(zll-1 ,i:,-1 t:;-,) fi (i':,'-, + ,li-,)l'n)'''
f:&*1 i-j*r



Therefore the difference (36) is bounded by the tetm e2.cs(T), which due to the
condition (6) converges to zero as n -+ oo. Herc C2(T) and Ca(") are some
constants. Thus the formula (31) is proved, because, due to Theorem 1, the first
limit in this formula does not depend on the sequence of partitions {4,[s, f]] . In
order to prove (32) let us show, first of all, that the first equality on the left hand
side of
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I o g,(f V* _1,1i,_1 y::_,1'^)''' (fjlr# _,1:^)'''
Ic:1 J:l

o'p(' lzit-l ,lI-, l;) "'(flzl;-, ,,r,-1 tij-,l'n)'''
Ic:l j:l

: o3 o' r',V:l:^l!,@*-1 rl;-' ) l- 
1 cz(r)r? .

k:1

i'! : 
#g, Ic'å--' ) 

-1 y::_, r*
k:l

1 c +g)t 
| "l- 

t::-,(*å- ) 
-'

k:1
,ffin

- c+(") 
I D .* t|:_,(*3- )-'
&:1

- l"'r*il-t dtdr[ (38)

is true. Here the convergence is considered in the norm I . lo *d does not depend
on the sequence of partitions {A"[s, t]] . Let us call this limit a stochastic integral
a,nd, analogously to (19), denote it accordingly. It is easy to see that the existence
of the limit in (38) and its independence of the sequence of partitions {4,[s,t]]
may be proved in the sarne way as in (19). Therefore, we need to prove only the
first equality in (38).

For this purpose, by using the relations (S), (14) and (1g) we obtain

lr:'- i, *'d-1 )-'y::-'("f )l*
lc:1

: lä t:-, äor)-1 l:rr 
rrdtd@6)-r *l'n

: 
lå,"å- )-' [" trv::-' ('å- )-r l:: rr dtd@6)-1] r"l- ll-
lc:1

: 
ålr"l-)-1 ["r 

4: ,@'d)-1 l:: xrdr'd@6)-r]r"l-ll*

- l:rr x[did@6)-'l_

- I"' x[di'd@[,)-'l: . (3e)
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Here Ca(?) is some constant, and we essentially use the additivity of the stochastic

integral t] 15 tt;1a[)-r for intervals, which follows from the independence of the
limit (19) of the sequence of partitions {A"[s,t]i.

Now the right hand side ofthe expression (39) tends obviously to zero due to
(1e).

Let us furthermore note that the obvious equality Xj : (cfi)-lXjcfi follows
from the formulas (23) and (24). Using it, the equality (38) and the estimates (8)
we obtain the relations

ltr";r-, - *li-,)-r:ll : lir" *-, - ,|i-, -tlr-,)l'n
fun

: ElxJj_, - nli_, -r::_,li
t:r
tnl 

I: 
å1,'r-' )-'*l:-,,'d - *li-, - I,r-\,r-'atd*[l'nIc=l

: flr'l'-')-' (.tlj-, - r - t|[-,)atd
{:,|*u

* ("f -')-1Y::_,*'d - l:rr @6)-1 dYd*rlzn

1 Zcs(") Ilxl:_, I - Y::_,1:^
Ic:1

The first term on the right hand side of (40) tends to zero for 6, -+ 0 because

of (25) and the theorem from [6]. The second term on the right hand side of (40)
tends to zero for d, -+ 0 by (38), and this limit procedure does not depend on the
sequence of partitions {4"[s, t]] .

Thus the formula (32) is proved and our theorem is proved, too.

Corollary. under the conditions of Theorem 2 the formula

x!: #g, II(r,i-_, + *'rI_,)
Ic:l

+

+

,ålr"f -')-'v::-,*T - l:_r 
@6)-r aY;*51'n

lc:L

2cs(")li @t:-1 /) -r!l'u
lc:1

,lä, ;d-1 )-'r::-,*t - l,'tnil-'\ 
dvd*61'n.

&=1

(40)

(41)
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is true.

For the proof let us note that the system Xj satisfies all the conditions (4)-
(6) of rheorem 1. Especialln (32) gives the condition (6). Moreover, the obvious
equality EX: : r! follows from the relation (25). Using the formula (81) for
Z!: X! we then obtain the formula (41).

Remark 3. From Theorem 2 and the formula (91) it follows that the condi-
tion on Z!, i.e. the existence of the limit

v"' : ,lj3, D@::_, - "lI) ,

is also a suff.cient condition for the existence of the limit

x: : 
#% _[f",:--, 

+ "lI-,) .

In particular,if Z:: Xj and if it satisfies the conditions (1)-(a) from [5] then a
careful check of the proof of the main theorem in [5] (formulas (14), (1b)) shows
that for the existence of

t! - #g,86::-r *',i-,)

it is suffi.cient to require the followirg weaker condition

sup t l*II-, - Ili( oo
4,"[s,4 Fl

(42)

instead of the condition (2) in [5]. Thus, due to Theorem 2 the condition (42) will
be suffcient for the validity of the formula (a1).
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