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ON HOLDER CONTINUITY OF SOLUTIONS OF
CEIUTAIN INTEGRO.DIFFERENTIAT EQU,{TIONS

R. Mikuleviöius and H. Pragarauskas

In the paper of N.V. Krylov a^nd M.V. Safonov [6] (see [5], [a] as well) estimates
of Hölder norms are obtained for solutions of second-order parabolic and elliptic
partial differential equations in nonvariational form with measurable coe .cients.
Although analytical methods are uged in [6J, an importarrt role is played by the
properties of corresponding diffusion processes, namely by the estimates of Green
measures ([3], [5]).

In the present paper we estimate Hölder norms or the modulus of continuity of
solutions of integro-difierential equations with measurable coefficients associated
with Itots processes. Estimates of the Green measures of Itots processes are used
(tlj, t7l).

In Section 1 of this paper we formulate the main regult which is proved in
Section 3. In Section 2 some auxiliary results are presented.

1. Statement of the problem

Let R:
denote

(-m,m), Rd+r : {(t,r) | t

d

l'l - {t *?}'/', P(z,r') :

€ R, t : (*rr..., r d) € Ro). We

lx-r'l +lt-t'l'/',
i=l

z : (trx), ,' : (t'rc') € Rd+t.

If Q C Rd+r , then we write @ for the closure, 0Q fot the boundary a"nd 19
for the indicator function of the set Q.

Let B(Q) be the set of all measurable functions u on Q such that llull*,C :
supz€e lu(z)l < m. Let LP(Q), p 2- 7, be the set of measurable firnctions u

on Q such that llullr,g : {lelu(t,x)ln&da}t/P ( oo. We denote by }7rr,2 the
completion of the set Cf (Ra+t; (of all smooth functions on Rd*r with compact
support) with respect to the norm

ttd

ll"llw;,,:ll0tulln,no*, + I llu.,,illp,n"+' +Illu",lln,pa+, *lfulln,p,1,.
i,i=l i=l
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For a domaio Q cR,d*l *" define W),'(Q) : {rle : u e W}'2} and the
norm llull--.,2.o; replacing in the above formulu R,d*l bV Q.

Let 5a+ be the set of all non-negative symmetric d x d-matrices and let M
be the set of non-negative Radon measures r on E: Rd \ {0} such that / lyl2 n
1.r(dy) < a.

Fix K > u > 0, 6 € (0,21 and denote by l: f(6): l(6,u,K) the set of
measurablefunctions 7: Rd+l -:t Sa+ x Rd x M,1('): ("('),å('),"(.)), such
that

.lal+lål + lWfAlz'(', 
dilsx, alul,

where .I is the unit dxd-matrix. Let G : G(K) be the set of measurable firnctions

" 
' 11d*r --+ R such that lrl < K.

For r €G,"y:(a,b,r)e I weintroducetheoperator 7:L(r,1) actingon
u e cs-(Rd+r) :

.I

Lu(t, a) : ot u(t,") + t a;i(t, a)u,, 
", 

(t, a)
i'i:l

d

+ ! a;1t, a)u 
",(t, 

a) + r(t, x)u(t, x)
i:1

t-
+ J I"{t,a * v) - u(t,*) - E "',,r, 

x)v;lpsr] r(t,a,dv) '

The main result of this paper is the following statement.

Theorem 1. Let Q' C Q C Rd+r be open subset$ po: inf{lo -dl+
It - s'1r12 ; (t',r') € Q', (t,x) e 0Q, t' > t| ) 0, u € B(Ra+t; nw).!r?),
L:L(r,l),reG,7ef(6).

Then for each z, z' e Q'

l"(/) - "Q)l 
< Qa(p(r',2))(llull-,p,+' + lltrulla+r,o) ,

where Oo(n): NBo forsomeconstants a:a(d,u,6,K) ) 0, N:.lf(d, v,K,po))
0, if 6 <2 ; and Q2 depends only on d,,v,K,po and Oz(R) --+ 0 as n 10.

2. Auxiliary results

Let D : D1--,-)(Rd) be the set of Rd-valued cadlag functions on [-oo, oo)
with ca"nonical process X, X1(w): (tt, @ e D, D: olXu, u e [-m,oo)],
Di : o{Xu,u € [s,t]], D' : (Di+)r>".



On Hölder continuity of solutions 233

Ler L(6): {.L(0,t) : t € f(6)}. For L e L(6), (s,o) e Rd*l we de-
note by 5",,(L) the set of probability measures P on (DrD) such that P{Xo:
o, for all u S s) : 1 and for each u € Cf(Rd+r) the process

u(t,xr)- [' ,u1r,*,10u
Js

is a (D",P)-martingale. According to [1], 5",,(L) * 0 for each (s,r) € Rd+l,
L e L(6), 6 e (0,21.

For J? € (0,1], s € R we define the process

xI'" : R-r x1a"6-s)+slvs.

Remark 1. If .y: (a,b,r),7 =.L(0,1) e L(6), P e 5","(L), then
xR"(P) e s",,(L(0,i)) uod L(o,il e E(6).

_ In fact, it is easy to see that i : (A,6,f), where ä(t,a) : a(R2t,Rx),
61t, x7 : b(R2t, Ra)R, fr : (t, a, d.y) : R2 ! laoQ I R)tr(R2t, Ra, dz)

Put
sl?: U s",,(L).

LeE(2)

In [1] the following statement is proved.

Lemma 1. There is a constarfi N : N(2, K) such that for eacå (s,c) e
Rd+l, P e st?, / e B(nd+t;

* L* "-('-4 
y(u, x,) d,u <Nll/ll aa1,pa+,.

Corollary l. Let Q be abounded domainin R.d*r, r : inf{t : (t,X) 4 Q} ,

P € s[?), f e B(e). rhen

n [' f@, x') d,u< -M"di"-Ql lflla+r,e.J.

For T ) 0, R ) 0, z 6 11d+t we denote Cr,a :(0,?) x {a : lxl< ä} c
Pd*l , Kh:t*Cpz,n.

Corollary 2. Let z:(tyo1)e Ra+t, rte (0,1),Q:Kh,G,,o)eQ,
. r:inf{r>s:(r,x1) ee}, pe s[:), f eil+t1?). ?åen

li
n J, f @, x,) du I 1s 

"pa/@+r)llflla+r,e.
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Proof. In fact, a change of variables u: R2(ö, - s) + s gives

lr f''
J :E 

J" r@,x,)d'u - o'" J, f(R'("- s) + s,Rxf;'")du,

where r'= inf{u > s: (u,Xf;'') 4 (tt,R-rxr)+Cqr}, ?r: [82+(s-t1)]-B-2+s.
Thus by Remark 1 and Corollary L

lJl s n'zeN{l"u*" I lf @'(u- s) + ",R*)ld+'d"aa\l/@+rt
lc-B-1c11(r

3 N eRd I @+t) ll/llo*t,o'

If Q is a domainio 11d+r, e ) 0, we define Q" : {(t,y) e f[a+t : ly - xl <
e, (t,x) e Q\.

The paper [2] contains the following statement.

Lemma 2. Let Q be a domain in Rd+r, € ) 0. ?åere is a constant
.nr : N(d) such that for each u e WlflQ")

llT" ull a+t,o ( ff llu ll w,'1,, 1s. y,

where 
.t

T'u(t,') : 
,iiå 

lvl-"|"(t,x * y) - u(t,r) -Dr,,(t,r1rr1.

Lemma 3. Let Q be a bounded domain r'tt pd+r, (", r) € Q, e > 0,
u € B(Rd+\nWllrQ"), r: inf{t: (t,Xr) e Q}, P e 5",,(L), L e L(2).
Then the process

u(t Ar,x6) - ['"" Lu(r,x,)dr
Js

is a (D', P)-martingale.

Proof. Let uo € C06(Rd+1), un - A in Wlf, Ale" : ule,. Set fi, :
unlg, l u1pa+r1g.. By Lemma 3 [7] the statement is trr.e for it,n. Since lld, -
ull-,pn+' ----+ 0 as n -) oor the statement for u follows then from Lemma 2 and
Corollary 1..

Lemma4. Let e, d e (0, 1), Eo ) 0, po )1, c1,c2)0, z €Rd*r,
u e B(Kft"), wa= osc{u; Kh} = sup{u(y) : y e Kft} - inf{u(y) : y € Kft},
.R<Eo.Then:

a) if for some p > I ud each R < Ro/p

(1) wp l9wpn+ qtc,
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thenforeaeh ^R< Ro,0< al asA€

wp-<N(rRo*"t)Eo

235

(here N - Itr(0, p,€,80, o), crs : - logo0 ),
b) if forsonze p>po, R<Rolp

(2) uRS?wpn* qR" *c;2p-2,

then for some r0 : ro(por|) artd each R ( rs

wB

where If - lf(ftg ,0,€), €

Proof, a) Let Rn _
see, that

&-1

wl"n 1TkwRo *.t I 0nRir-,
'd=0

k-1

- p-v'o.tr'o * qnilp-ke to(e-oo)r.
i:0

This implies that for a 1as A C

u) Rx -ka h-ot'-oo )w Ra* cr R1p-k('-o) f O(e-oo)i1
i:0

-Ica [.*o * crn6 t r(o-oo)r] < lrr(rno * cr)Rfr ,

Nr : &o-o [t + n51t * O(c-oo);-t1 .

Fix an arbitrary ft ( ft0. There is lc ) 1 such that .81a1 < R < .R1. Hence

wR 1wR* ( Nr(.rno * c1).Rf, ( JVr(.ao + cr)n";ffi
: Nrpo(u no + cr)n.,

b)Let plpo, Rk:p'oP'o, &:1,2,.... For &)1. wehaveby(2)

- w Er S 0w nr_, * clRi + czp-z .

-

< N(rEo * cr * "r)o{e-ztF'
- 2logr /e(Rol R) - 1.

p-k Ro , lc : 0, 1 ,2, . . ., Iterating the inequality (1)

Sp

Sp

with
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Iterating this inequality we see that

U) Rn

Bytakittg p*|-n/z

where N - (*no * cr
k ) ko we have

Fix R
Hence

S ok.,Ro * r, i o'Ri-r * ,rp*'f t'
i=0 i=0

< okut;o* crn6 i oip-.(k:i)e + #Vp-2i:0

for k > ko :2logt lepo, w€ obtain

usR* < ok(r*o + #T* clca) s ouN,

* czxl * (1 - 0)*r + ce), cs - A6 Lne*i+eiz/2. Thus for

-2 logl te (Rx/Ro)
tDR* < N0V 

3rv61 lc\'"ntLau)

Then there is k

wn ( wnr < N0\/ -2lo8rl e (Rn/Ro) < N0

S N yt/-;;su'@/ R")-i'i*t .

-

N o{ e -zt/e-...

and the lemma follows.

3. ProofofTheorem 1

Let A : L(r,l) e c(6),6 e (0,21,'t = (a,b,r) € r, r € G, Rs= 1 Apo,

" e Q', R < Rs/4, Rr ) 0. Wb shall estimate the oscillation of the function u
. on Kfi._Let to: sup{u(z') : z' e Ki}, ep =inf{u(y) : y e Ki}, ap :Ep * u.p;
p > 0. Introduce the processes

€i:l

i - 1,2,

I I G;-u(s,x,+y)) o(s,x",d,v)-r( s,x,)r(, ,x")lrn;*(r,x" )dr,
(",X, +y) # Kin+n,

with c1 + frz1*R, cz : AzR*Rr . Set

Ag) - {(t, CI) € Kin:2u(t,r) strn * an1 ,

Ag) - {(t,*) e Kin:2u(t,*) > ..n*u.n}.

*2logr1t(RRx/RoRx+t)
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Two cases are possible:

(3) 2mes Q$) ) mes Kla,
(4) zm"s Qf) ) mes Klp

(here mes stands for the Lebesgue mea,sure oo Rd+t ).
Consider the case (3). Let ds: u(ts,ro), (to, as) e Kft, P e 56,,o(L(0, f)) 'r : inf{t > ,0 : (t, Xr) 4 Kin} , tr, = uLy'*a*, *Z'zn+R 1Rd*'\Kin+n, .

By Lemma 3 the process

(5) fr(t Ar,X1n,) - u(ts,*o) - ['"" Au(s,X")d" + €ir." - €j.
Jto

is a (D'o,P)-martingale for i : 1.

Let 11= inf{t > ts : (t,Xr) € Ag)} , 0r: P(, > q). Because of (5)

x* sig,@n* u*)+ (1 - 0,)", +rll: Au(s,x")a,l + n l€l^', - €1,1.

By subtracting ga from both sides of this inequality we easily see that

(o) ,n < (1 - g;|2).zn+R, +2Bl€1,.,, - (l.l + zp 
I I:"" Au(s,x")d,sl

for f = 1. By Corollary 2l7lthere is aconstant 6 : 6(v,I() > 0 suchthat h> 6.

Thus

(?) wpl-tw2p.,n, *2r]€1,.", - (l,l+zp ll:"'' Au(s,x")d,sl

for i:1,0-l-612.
Consider now the case (4). Let up : u(to,co), (to, ro) e4, 12 = inf.{t >

ts : (t,xt) e ag)\ , gz : P(, > rz), fr: u|Ktr*+*r*uzn+n 1nd+,\Kin+n, . Then

fot i:2 the process (5) is u (Dto,P)-martingale. It is easy to see that

rqn 2 (1 - bz)ur6**, +f,gr{ao*un) -r l€?n-- €?.1 - ,lI Au@,x")itsl

and (6), (7) are true for i : 2 as well.
It remains to estimate

.Ii: E I f^^ Au(s,x")dsl +El€1,.,, - (j,1, i:r,2.tJu I
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Fbom Corollary 2 we have

7t' S N( u, K)Rd/(d+r) (l,q"lla+ r,Kin + llrll"",Rd*r p@+21/G+1)

(8) . llr(-, {lyl ) Rr})ll"",Rd*r + 1)

< N(r,K)lnalra+l)llAullr+ r,Kin+ ll,rll*,Rd*r(1 + Ar-o A 1) R'l

If 6 < 2 we obtain from (7)

lD p 1 |utsn * Nr( llA"llr+t ,Ki* + llu lloo,nra' ).R" ,

by taking J?r _ R; here e_ (al@ + r)) A (Z - 6)
statement of the theorem for 6 < 2 follows then from the part a)

If 6-Z weobtainfrom(7),(8)foreach p)3, n< Rolp

urp lIwrn * NRa/(d+r)(lla"lla+ r,Kin+ llulloo,na+t p

by taking .Rr : (p -2)R; here lr - N(r,K). The statement of
6 - 2 follows then from the part b) of Lemm a 4.

fft( u, K). The
of Lemma 4.

-r) ,

the theorem for
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