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ON TYPES OF LIMIT DISTRIBUTIONS FOR
SOME CLASS OF STATISTICS

R. Mukhamedkhanova

Fbr statistical applications it is necessary to investigate the limit distributions
of the functions of statistics based on a random sample from a general population
(cf. [1], [2], [3]). All of these authors consider this problem under the condition
that the distribution function of the population random variable does not depend
on the sample size JV.

For the first time Zubkov ([0]) has given sufficient conditions for the conver-
gence to the normal and X2 distributions, in the case of a concrete function of the
parameters (statistical estimation of entropy in the multinomial scheme), under
the assumption that the sampling probabilities depend on N.

We shall now determine the class of all the limit distributions of the distribu-
tion of a function .t/(.) depending on the frequencies of the occurences of outcomes
in a multinomial scheme when the probabilities of the outcomes may depend on
/v.

Let fi;, i : 7r.. . , s, be the frequencies of the occurences of the outcomes in a
multinomial scheme, p; = pi(N) the true probabilities of the outcomes satisfying
the conditions: the limits in (1) and (2) exist and have the following properties

(1) nl!5ri(N):19, pl,>...>p2, i:1,...,s,

JgIrp,;(N), J'* Np,

Let us consider a function fl(.) on an s-dimensional simplex ,S and let us

define the function fr(.) Ut

nfil - H(fr) for t - (*t,. .., rr),

fr1 -1- g - (*rt.. . ,fi").

Let us assume that fr (.) satisfies the followirtg conditions:

(2)

(3)

{::

D*0,
i=2

derivarives W -Ht(v),ffi- Hii(g),

- 1, . . . , s - 1 , exist and are continuous,

(4)
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(5) (itforsome k- f.,...,s-1, n{y):0, i- L,...,k,

I tfr"r, H;i(g) * 0, i -- 1, . . . ,lc .
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Deffnition 1. We shall say that a function If(.) belongs to the class f" if
the function .F(.) satisfies the conditions (4) and (5).

Belou, we shall consider the following statistics: fr : H(prr...,fr), where

F : (fru. . . ,f") is the vector of the observed frequencies in the multinomial scheme
under the conditions (1), (2) and ä(.) e f".

Let us denote

(6) fr = n1S1' H;: H;(q)''i':!'"''e-1' Q:(pz'"''P")
H! : H;(f),Co = (p1,...,p3).

Let O,(.) be the distribution function of the normal law with the parameters
(0,02)'

Let

t' ' (x"^@-";o)' o)o'
i\Diatol : t 1, - yzn(a-rx;a), o ( 0,

where x|"(.;o) is the x2-distributiou function with n degrees of freedom (for
o :0 it is central, fot a f 0 it is non-central),

where IIl(.) is the distribution function of a Poisson random variable with param-
eter ), and

fi'7r;*,B,F) = P{fiBr/ < a}, m)-L,
where \ : (Tu, . . rT*) is a vector of independent Poisson distributed random
variables with the parameters p, i:7r...rna, a.nd B is a symmetric mxm
matrix. Finally, we denote

fr@; å, ,\) - 1 
n'r( u-':)' if 6 > o'

t r - Ilr(å-lc * o), if b ( o,

eo= E(*), p(z)- [t^' z+o'
\0, z:ot

i."., Os is the degenerate distribution function at the origiu.
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Deflnition 2. Let us define f" as the class of following distribution firnctions:

Oo(o * c), Q,, * V!.r(. ior, or) *.. . * {'orr(c * c; ah,@kt),

o,, * fr(. ih, t"rt)*... * fr1r * cibt,, p\),

Q o" * i1.,(. ; ar, o.r) * . . . * tnr,(. i akzt o,k2) *fr(. ; lr, pt) * ". . * fr1" I c; bb, pb),

fi21" + c;m,B,p), o ) 0, dr ) 0, /c; ) 1, l; ) L,

under the following conditions

p?t)+nr*"'*nirr (s-L, g@2)+ 11 ls-L,
9@s) +nr * "' * nkz* lz ( s - 1.

Theorem^l. F" is tåe class of all non-degenerate limit distfibution func-
tionsfor CN(H -dx),where H: H(fy...,i"), ff(.) e K", Cx and d,7,7 a,re

norm alizin g cons f ant s.

Remark 1. For speciffc functions in .F" necessary and sufficient conditions
for the convergence may be obtained in terms of the following characteristics:

u : max{i - 0,...,s - 1 : pl+i > 0},

u = maxti * 0,...,s - 1 : lVpr+i * F),
rl : max{i * 0,.. . ts - a- I : lim/Vpr+u1i ) 0},

. _ / min{i - 0,. . .,s - 1 | H! # 01, if (ffr0)2 + . . . + (H2-), # 0,
o - \ ", if .E(o : ... = Ifj-r : 0.

As an example let us formulate the following theorern about the convergence
to the normal law.

Theorem 2. For fr : H(Lr,...,i"), with H(.) e K", the conätions

1) o)0, and

2)lfron -----+ oo when t 3 v * w,

tfroyf py ----- x when t) v jw,
are necesssry arad sufficient for the convergence

P{CN@ - d,w) 1r} ===+ Or(r + c).
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Here Cy,',, \,Nlrw, dN - H - gN * [t*r(l)J"ru ItN,

o2N

0N

rvDt r
i:1

0,

:{

:{

H;(p;+l - pi+t)] , u ) 0

ifu-0

t H;p;+t, ifu*w(s-1
i:rs*ut*L
0, ifu*w:g-t,

PN: P2 * "'*P" '

These results have been extended also to the case of a non-homogeneous
multinomial scheme, i.e., when we consider a sequence of independent experiments
in a "triangular array"scheme (N experiments in the series number N) with s

outcomes in each, and the probability of outcomes depends not only on N but
also on the number of the experiment in earh series.

To derive these results for schemes with dependent events let us consider the
case when the events are connected to a Markov chain. For example when the
Markov chain has two states we ca^rr describe the class of all limit distributions for
functions of the statistics of its parameters.
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