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LP-AVERAGING DOMAINS AND
THE POINCARE INEQUALITY

Susan G. Staples*

1. Introduction

We shall assume in this paper that @ and D are proper subdomains of R"
with n > 2. For such domains Q and bounded D, we say that a function v €
Ll () is of bounded mean oscillation in Q with respect to D, u € BMO(Q, D),

if [Jull, p < oo, where

Jul 57 [ lu=upldn
= Sup ——< - ! .
*,D D’CPQ m(D') D D

Here D' is any domain in  obtained by a similarity transformation of D and
up is the average of u over D', i.e.

1
| = — d = d .
Uup m(D’) DI’LL m 7/,11 m

In the standard definition of BMO the supremum is taken either over balls or cubes
in Q. It is a well known fact that these two give equivalent norms in R™; that it
is also true for arbitrary domains is an elementary consequence of the main result
of this paper. We denote the usual BMO norm over balls by ||ul|, g» = [|u|,. The
question naturally arises for which types of domains D can we say

(1.1) et llull, < lully p < e2lull,,

where c¢; and ¢, are constants independent of u.
The first half of (1.1) holds for all bounded domains D. This fact follows
directly from the inequality

1 1
1.2) su —/ u—upgldm <c¢ su ——/ u—upgl|dm, c=c(n,T).
( )BCI:I))m(B) Bl 5l chpo(B) Bl 5l (m,7)
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104 Susan G. Staples

Here the supremum on the right hand side is taken over balls B satisfying 7B C D
for some constant 7 > 1 and ¢ is a constant independent of u [RR].

We determine which domains D satisfy the latter half of (1.1) by reformu-
lating this question more generally as a localization problem. Let D be a domain
with m(D) < co. The bounded domains in question are precisely those for which
u € BMO(D) implies u € L*(D) and the following inequality holds for p = 1:

1/p

09 (g [ emvobam) <o s [ - uaram) "

where ¢ is a constant independent of u and B is any ball in D. We say that D is
an L?-averaging domain if it satisfies (1.3). Bounded L!-averaging domains then
satisfy (1.1).

In Section 2 we characterize these domains in terms of the quasihyperbolic
metricon D, k(z,y). In particular, we show that for p > 1, D is an LP-averaging
domain if and only if k(z,y) is L? integrable over D. In the proof for sufficiency
we actually prove the stronger result, namely that for each 7 > 1

where ¢ = ¢(7). Since balls are LP-averaging domains (1.2) is a special case of
this result.

Properties and examples of L?-averaging domains are examined in Section 3.
For example, we show that L?-averaging domains satisfy a Poincaré type inequal-
ity and that John domains are L?-averaging domains. We also prove that the
class of LP-averaging domains is preserved under quasi-isometries, but not under
quasiconformal maps.

We can regard the quantity

57 [ lu-upld
_— u—up|ldm = avgoscu
m(D) Jp Dg
as a seminorm for v over D. The BMO seminorm

77 [ Ju—usld ( )
su —_— Uu—u m = su avg osc u ).
BC% m(B) Jp B BC% Bg

then gives a corresponding local seminorm. By definition L!-averaging domains
have the local to global norm property given by (1.3), namely

(1.5) avgoscu < ¢ sup (avgoscu).
D BCD B
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We can also ask which types of domains satisfy the same type of inequality for
seminorms other than the one given by average oscillation. Gehring and Martio
[GM] have answered this question for the Lipschitz class of mappings, denoted by
Lip,(D).

A mapping f: D — R" isin Lip,(D), 0 < a <1 if for some m < oo,

(1.6) |f(z1) = f(z2)| < mlzy — zo*

in D. The mapping f belongs to locLip,(D) if there exists a constant m < oo
such that (1.6) holds whenever z; and z, lie in any open ball which is contained in
D. The seminorms ||f]|, and ||f||1;’° are defined as the smallest m for which (1.6)
holds in the respective sets. Gehring and Martio have characterized the domains
which satisfy

£l < cllfllee

for all f € locLip,(D).
In Section 4 we consider the domains D which satisfy (1.5) with average
oscillation replaced by the maximal oscillation of u over D, namely

(1.7) Oge U = supu — 1%fu.

The corresponding local norm is given by the maximal oscillation of u over balls
in D. We call domains satisfying

1.8 oscu < ¢ sup (oscu
(1.8) s sup (oscu)

oscillation domains.

Finally we study the geometry of such domains D. If D is an oscillation
domain it is necessary that each point in the boundary of D is contained in the
closure of some ball B in D. Moreover if each point in D lies in a ball B C D of
fixed radius § > 0 then D is an oscillation domain.

2. L?-averaging domains

We establish some notation and definitions first. We let D denote a proper
open subdomain of R™ with m(D) < oo; here m(D) is the n-dimensional
Lebesgue measure of D, d(z,0D) is the distance from z to the boundary of
D, and dm represents Lebesgue measure. We let B and B' denote open balls in
R" , w, the volume of the unit ball in R™ , @ any cube in R" and /(@) the
side length of @, and 7B (similarly ¢@ ) that ball with the same center as B and
expanded by a constant factor of 7 > 1.
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Definition. The quasihyperbolic distance between = and y in D is given by
k(z,y) = k(z,y; D) = i f/ _1 4
= N =1
Z,y z,Y, I; .Yd(z,aD) 9

where 7 is any rectifiable curve in D joining z to y. Gehring and Osgood have
proven that for any two points  and y in D there is a quasihyperbolic geodesic
arc joining them [GO].

In this section we determine which domains satisfy (1.3).

2.1. Theorem. If D is an L?-averaging domain, then

(2.2) ( fD k(z, zo)? dm)l/p <a

for each zo in D where a depends only on d(zo,0D), n, p, m(D), and the
constant ¢ in (1.3).

Proof. Let B be any ball in D with center z; and radius r. We first show

(2.3) (]{Bk(x,xl)f’ dm)l/p <a,

where « is a constant depending only on n and p. We may assume that z; = 0.
Then for each = € B, d(z,0D) > r — |z| and thus

P
k:v,O”de/(lo i ) dm.
/B( ) B g7°—|$|

Switching to polar coordinates and integrating one verifies (2.3). Let u(z) =
k(z,zo). From the triangle inequality we obtain

(]{9 |u(z) - “B|pdm>l/p <2 (7{3 lu(z) — u(zq)|? dm) v < 2a.

Since D is an LP-averaging domain, we have

1/p
(2.4) <]f |u(:c)—uD|pdm) < 2ca.
D
Let r = d(z¢,0D) and B = B(wo,r/2). Assume up > 2, and then on B,

u(z) < log—r— <log2 <up/2,
7‘_

|z — 2ol
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so that

(2.5) /D|u(:8)—uD|Pdm2 /B|u(m)_uDlpdmZ %

Combining (2.4) and (2.5) yields
up < 4ca(2"m(D) d(z, 3D)_"/wn)l/p.

By Minkowski’s inequality we also have

<][D|u(z)[”dm)l/p s (][D|U(z) - uD|pdm>1/p + (J[D ub dm) N

< (2¢ca) + 4ca(2"m(D) d(=, 3D)_"/wn)l/p =aq.0

2.6. Theorem. Suppose D satisfies

(2.7) (fD k(z,xo)pdm>l/p <a

for some fixed point zo in D. Then D is an LP -averaging domain and the constant
¢ in (1.3) depends only on n, p and a.

Note that the choice of the fixed point z, is immaterial.

In proving Theorem 2.6 we use the following three lemmas and obtain the
stronger conclusion, namely that if (2.7) holds then D satisfies (1.4) where ¢
depends only on 7, n, p, and a.

2.8. Lemma. If

1 1/p
2.9 su —_— u—uplPdm < co,
29 rBeD (m(B) /B| | ) =

then there exist positive constants s and q¢ = q'/co with s and ¢' depending only
on n such that,

(2.10) m{z € B: |u(z) —up| >t} < se”?m(B)
for all balls B satisfying ntB C D.

Lemma 2.8 follows from elementary geometry and the John—Nirenberg theo-
rem [JN] and the observation that for p > 1,

The key step in the proof of Theorem 2.6 involves comparing the average
of u over various balls in D. Lemma 2.11 gives an estimate in terms of the
quasihyperbolic metric alone.
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2.11. Lemma. Suppose that s, q, T are constants with 7 > 1 and that
(2.12) m{z € B: |u—up| >t} < se""m(B)

for each t > 0 and each B satisfying 7B C D. Then there exists a constant
¢ =¢(1,8,q,n) such that

(2.13) |uB() — uB(y| < c(k(z,y) +1),

for all z and y in D; here B(z) and B(y) denote the balls B(z,d(z,dD)/r) and

Proof. To simplify computations, assume 7 > 3; the same proof holds for
7 € (1,3) with minor changes. For each z € D, let B(z) = B(z,r), with
r = d/7t where d = d(z,0D), so that 7B(z) C D. Fix z,y € D and choose a
quasihyperbolic geodesic arc v joining z to y in D. We use induction to define an
ordered sequence of points {z;} on v as follows. First set z; = z. Next suppose
that z;, ..., z; have been defined and let 3; = 7(z;,y) denote that part of
from z; to y and +; the component of §;N B(z;) which contains zj. Define z;1;
as the other endpoint of ;.

We simplify notation as follows: B; = B(zj;), r; = r(B;), d; = d(z;,0D)
and y = zpm41. From our definition of {z;}, we see that

(2.14)  |zj41—zjl=7r; for j=1tom—1, and  |zm41 — zm| < T
For j =1,...,m—1 pick z; € 9D so that d(z;,0D) = |z; — 2. If z € v; C

Bj, then
d(2,0D) < |z — zj| < |z — z;] + |z; — 25| < 4d;/3.

1 3 3IZ'+1—Z'I 3
—ds> [ dsx Al
/%. d(z,0D) = ad; J, =T 4d, ar

Hence

Summing the above over j gives

3m — 1
(2.15) $m—1) 21:/ iG.0D) /d( D) ds = k(z,y),

and we conclude m < oo.

Consider now the relative size of neighboring balls. Fix j and choose z,
z' € D so that d; = |z — z;| and dj41 = |z’ — zj41]. Then d; < dj41 +r; and
djy1 < dj + r;, with the first inequality yielding

7']'+1 = dj+1/T 2 (d] - 7‘]')/7' Z 27']‘/3,
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and the second yielding r; > 2r;j41/3 if rj41 > r;. Hence
(2.16) 2rj/3 < rjp1 < 3rj/2.

Next we show that
(2.17) m(B; N Bj41) > e1(m(Bj) + m(Bj+1)),

where ¢; = 6™"/2. Fix j and set w = (zj + 2j41)/2, s = (max(r;,7j4+1))/6 and
B = B(w,s). In the case r; > rj;; we have s = r;/6 < rji1/4; similarly if
riy1 >r; we get s <r;/4. Thus for z € B we have,

|z — z;| < |z —w|+ |lw—zj| < s+ 3lz; — zjpal < rj;

a similar argument shows |z — z;41] < rj41. Hence we conclude B C B; N Bjt4
and (2.17) follows.
Now for j=1,2, ..., m+1 let

E; ={z € B; : |u(z) — up;| > t},
where t = (log2s/c1)/q. By (2.12),
(2.18) m(E;) < erm(B;)/2
and combining (2.17) and (2.18) yields
m((BjN Bj+1) \ (E; U Ejt1)) > 0.
Therefore there exists = € (Bj N Bj4+1) \ (E; U Ej41) and hence
lup, —up,,,| < |[u(z) —up;| + [u(z) — ug;,,| < 2t.

Summing and using (2.15) we obtain

m

[uB(z) — uB(y)' < Z]qu — qu+1| <2mt < 8T(k(w,y))t/3 + 2t.
1

Then (2.13) follows with ¢ = 87log(4s6™)/3¢. o

2.19. Lemma. Suppose s, ¢q, and 7 are constants with 7 > 1 and that
(2.20) m{z € B : |u(z) —up| >t} < se”m(B)
for each t > 0 and each ball B satisfying TB C D. If D satisfies (2.7), then

(2.21) (ﬁ /D lu—upl? dm) I/P <b,

where b= b(s,q,7,n,p,a).
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Proof. Let A(t) = m{z € D: k(z,z0) > t}. Then by (2.7),
/ ptPIN(t) dt = / k(z,z9)? dm < aPm(D).
0 D

Let ¢ be the constant in (2.13), fix ¢ > 0 and let
E;= {x €D :|u(z)— UB(z0)| > t},

F={z€D:k(z,z0) <t}
Here t; is a function of ¢ to be chosen later. We estimate m(E;) by first noting
that
(2.22) m(E\ F) < m(D\ F) = A1)

By Lemma 2.11, for each = € F we get a closed ball B(z) with 7B(z) C D
such that
[uB(zo) — uB(@)| < c(k(z,20) + 1) < c(t2 +1).

The set F' is bounded since for any points z,y € F we have k(z,y) < 2t; < oo
[GP]. Here for each z € F,
d(z,0D) < diam F + d(z¢,0D) = d,

so that the radii of the balls B(z) are uniformly bounded. The union of all such
balls covers F' and we can apply a well known covering theorem from page 9 of [S]
to obtain a subcover of balls B; = B(z;), z; € F with the following properties:

(ii) The balls B} = B;/5 are pairwise disjoint.

This gives the useful relation:

(2.23) > m(B,)=5"Y m(B}) < 5"m(D).

j J
Now fix z € E; N B;. Then since z;,z9 € F,
[u(z) = up(s;)| = [u(z) = uB(ze)| = [UB(z;) = UB(o)| =t —c(tz +1) =11,
and hence

(2.24) m(E;NF) <Y m(E,NB;) < 5"se”""m(D),
i
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by (2.20) and (2.23). Combining (2.22) and (2.24) then yields
m(E;) < 5"se” M m(D) + A(t2).
Let t2 = (t/2c¢) so that t; = (¢/2) — ¢, and then

m(EBy) < 5"se?%™1/2m(D) + A\(t/2c¢).

As
1 » 1/p 1 o 1/p
(57 J sl am) == (5 [ iz )
we have
1 1/p
(2.25) <W/D'u(x)_“3“°>|P dm) < (c1g™" + caaPe? )7,

where ¢; and ¢, depend only on n, s, 7, and p. Now (2.21) follows with
b=2(c1q™? 4 cyaPcP)/P o

We prove Theorem 2.6 by recalling the definitions of the appropriate constants
in each of the three lemmas. Only ¢ = ¢'/co and the constant ¢ in (2.13) depend
on ¢g in (2.9) and (2.21) can be rewritten to give

1 1/p ,
- _ P <
(m(D)/D'u up| dm) < ey,

where ¢' = ¢/(n,7,qa,p).

2.26. Corollary. Let 7 > 1 be a constant. If

1
sup ——— u—upgldn<ec
chme(B)/BI | 0

for some constant cq, then u € BMO(Q), with ||u||, < cco, ¢ = ¢(n,7).

Proof. From the calculations in Theorem 2.1 we see balls satisfy (2.7) for
p=1. Theorem 2.6 then gives

su u—ugldm <c su u—upg|ldm. o
Bc%m(B)/| pldm < chme(B)/l |
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3. The Poincaré inequality and examples of L?-averaging domains

We begin this section by observing that L?-averaging domains are preserved
under quasi-isometries. This result will aid our computations in proving the
Poincaré inequality theorem and other theorems throughout Section 3.

Definition. A mapping f defined in D is said to be a K -quasi-isometry,
K>1,if

L _l@-fwl .

K |z -yl

for all z,y € D.

3.1. Theorem. If f: D — D' is a quasi-isometry and D is an LP-averaging
domain, then D' is an LP-averaging domain.

Proof. If f is a K -quasi-isometry, then 1/K™ < J(f) < K" a.e., where J(f)
is the Jacobian of f. Let v be a quasihyperbolic geodesic joining z to y in D
and set v' = f(v). We can easily check that

k(f(2), f(y); D) < L d(f(j;'aD,) S/vd(ligz) = K*k(z,y; D).

Combining these observations yields

(]2 k(f(z), f(z0); D')? dm) v < a(K2n+2p)L/p,

where a is as in (2.7). o

Using Theorem 3.1 we can easily estimate the integral of k(z,zq) over a cube
Q with center zg. This result will be needed when we cover the domain D with
cubes, such as in the Whitney cube decomposition of D.

3.2. Corollary. For any cube @ with center g, we have

(3.3) <][Qk(:c,xQ)"dm>1/p§c, ¢ = c(n,p).

Proof. For any cube () there exists a quasi-iscmetry f mapping @ to
B(zg,1(Q)/2) with f(zg) = zg. By the calculations done for balls in Theo-
rem 2.1 and by Theorem 3.1 we have (3.3).

L?-averaging domains constitute a large class of domains in R™ which satisfy
a Poincaré type inequality [H], [M].
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3.4. Theorem. If D is an LP-averaging domain, p > n, then there exists a
constant c, such that

0 (75 [, Iu—upl”dm)l/pScm(D)”" (=5 L. IVui"dm>1/p,

for each function u in the Sobolev class W{ (D).

Proof. For each ball B C D, we see from (7.45) in [GT] that

1 v (a/m=-(/p) pam)
_ P < n)= Vul?d
(m(B)/Blu up| dm) < cym(B) (/B| u| m)

< eym(D)V/ (m—(lequwdm)l/p.

Thus (3.5) follows from (1.3). o
The following shows that the hypothesis p > n is essential in Theorem 3.4.

3.6. Theorem. If p < n, there exists a domain D C R"™ which is L7-
averaging for all ¢ < oo, such that (3.5) does not hold for any constant c.

Proof. Construct D by alternately adjoining large cubes, {Q;}, with small
cubes, {R;}, with centers z; and y; respectively, so that
(i) Qo is centered at the origin,
(ii) each cube is centered on the positive z; axis, and
(iii) the z; coordinates of the centers form an increasing sequence when the centers
are ordered as follows:

{an Y1,T1,Y2, T2y« 'axiayi+l}-

Next join this domain to its reflection in z; = 0 to get a symmetric domain. The
sidelengths of the cubes in D are

Q) =UQ-i)=4q¢i= 2~ (i+1) for 7=0,1,2,...

and ‘
(R)=1UR-;))=r;=2"" for 1=1,2,... witha>1,

where Q_; and R_; are the reflections of @; and R; respectively.
We show first that D is an L?-averaging domain for each finite ¢. Decom-
posing D gives

(3.7) /Dk(z,O)qdm < 2%(/@_1 k(z,O)qdm+/Ri k(z,o)qdm).

1
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By (3.3) we have

(3.8) /Q k(z,0)7dm < / '(k(z,:c,') + k(24,0)) dm < 29(cq + k(z4,0)7)m(Q;).

€

We get a similar statement for each R; with center y;. Now estimating the
quasihyperbolic metric geometrically we get

k(zi-1,0) < k(y;,0) < 2 (Z? +log r%) = cyi + cai,
0 J
Thus
(3.9) k(:c,-_l,O)q S k(y,-,O)q < c4i2q.

Substituting (3.8) and (3.9) in (3.7) yields

(3.10) / k(z,0)?dm < 2(2 29(cy + cqi??) (27 + 2-"‘“‘)) < oo,
D 1

so that D is an L%-averaging domain for each ¢ < oo.
Now we construct a function u so that (3.5) does not hold in D. Define u
to be the piecewise linear function in z; which satisfies ©u =0 on Q¢ and

du _ 21l on R; for all i,
dz, 0 on @Q; for all ¢

so that up = 0. Here b is chosen so that
n + pa na

p

<b<

(3.11)

This is possible if and only if we choose a so that a > n/(n —p).
Now let us estimate each of the integrals in (3.5). On the right hand side we

have,
(3.12) / [VulP dm =2 " 200p=*mi < oo,
D 1

by (3.11).
We get a lower bound on the left hand side by noting,

lu] > 2%  on Q;and Q_; for i> 1.
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Thus
o .
(3.13) / |u — up|? dm > 222“1’—“?-")' = oo,
D 1

by (3.11). Therefore (3.5) does not hold in the case p <n. o

John domains, studied by Martio and Sarvas [MS] in their work on injectivity,
are a subclass of LP-averaging domains. Many well known domains are John
domains including bounded convex domains, bounded quasidisks and bounded
uniform domains. Martio has recently shown that John domains satisfy a Poincaré
inequality for exponents p > 1 [M].

Definition. Let 0 < @ < 8 < 0. A domain D C R" is called an («,f3)
John domain, if there is an o € D such that every ¢ € D has a rectifiable path
4:[0,d] — D with arclength as parameter such that ¥(0) =z, y(d) = z¢, d <
and

d('y(t),aD)Z%t for all ¢ € [0,d].

We prove that John domains are L?-averaging domains.
3.14. Theorem. If D is a John domain, then D is an LP? -averaging domain.

Proof. By a result of Boman [B], there exist constants 7 >1, N > 1, and a
covering I' for D consisting of open cubes @ and a distinguished cube Qo with
the following properties:

(3.15) Y ger Xr@(z) £ Nxp(z), € R", and
(3.16) Each cube @ in T’ can be connected to Qo by a chain of cubes Qq¢, @1,...,

Qs = Q from T such that for each j =0,1,...,s -1, Q C NQ,, and there
exists a cube R; C @; N Q41 which satisfies Q; U Q41 C NR;.

We proceed using integration techniques found in [IN] and the notation

kg = 7[ k(z,zo)dm.
Q

Let zo be the center of Qo. From (3.3) we deduce
(3.17)

1/p 1/p
(7[|k(x,:v0)—kQ|pdm> §2<f|k(:c,x0)—k(a:0,zq)|pdm) < 2c.
Q Q

Now using the cover I' and the elementary inequality

|a+ B[P < 27(Jal? + [b]7),
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we have
(3.18) / |k(z,z0) — kg, |pdm
D

S2P< /|k(:c wo)—kQ|pdm+Z/]kQ—k‘Qo| dm)
Qer

Qer
Estimating the first term using (3.15) and (3.17) gives,
P
Z / |k(z,20) — kg|F dm < Z(2c)pm(Q) < (2¢)’Nm(D).
Qer Q€T

For the second term, fix a cube @ = @, and let Qy, @Q1,..., Q, be the chain
given in (3.16). Since Q; U Qj4+1 C NR;,

7/ |k(z,z0) — ko, |” dm < m(4;) ][ |k(z, z0) — ko, |" dm < (2¢)PN™,
R; m(RJ) Q;

and thus
|ij - ij+1 |p S 2(4C)pNn.
Property (3.16) gives
Iij - ij+1 IPXQ(Z‘) < 2(4c)pNnXNQj (z),

so that
s—1

14
k@, — kol xq(z) < (Z kg, — ij+1|XQ($)>
0

< 2(4¢)PN" (Z XNR(‘T)> ”'

ReT

Now any point z is in at most N cubes @ in I’ by (3.15); thus

L ¥ ke = kaPxa(a)dm < 265ernm+t [ (5 (o)) dm.
Qer Rel
By Lemma 4 of [IN],

g o (o) o

Rer
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with ¢; = ¢;(N,n,p) so that
> / lkg, — kol? dm < 2¢,(4c)P N"+1+Pm(D).
Qer”’e

Substituting these two estimates in (3.18) and using (3.3), we obtain,

1/p
(7[ k(z,zo)? dm) <a, a=a(N,n,p). o
D

John domains may have internal cusps, but no external cusps. Certain out-
wardly directed spires are allowed in LP-averaging domains and the following
theorem characterizes such finite spires.

3.19. Theorem. Let D be the domain Q U S C R™, where Q) is the cube
Q= {(wl,xg,...,wn) Der = 2|, |z, |2al < 1},

and S is the spire
(3.20) S={(z1,22,...,2n) : Z(wi)z <g(z1)? 0<z1< 1}
2

and where g(z) satisfies the following properties:
(i) ¢(0)=0, g(1) <1,

(i) 0<g'(z) <M, for0 <z <1,

(iii) ¢"(z) >0,for 0 <z < 1.

Then D is an LP-averaging domain if and only if

(3.21) /01 g(z)*! (/11 g_(lt_) dt)pdz < o0.

Proof. We take zg = (1,0,0,...,0) for our fixed point and estimate k(z, zo)
for z = (a1, as,...,a,) € S as follows. We let z; = (a1,0,...,0) and obtain an
upper bound on k(z, z;) by examining the cross section of § where z; = a;. This
gives

(3.22) k(z,2z1) <log RR

n
, where R =g(a;) and r2=Z(ai)2.
2

For any point y = (z1,0,...,0), note that the distance to the boundary
satisfies

g(zy) > d(y,0D) > g(zy)cos¥, where tanf = g'(z,).
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Thus

1 1 2 2 o _¢
(3:23) 0 S om0 T S
by (ii).

Combining (3.22) and (3.23) yields

(/lﬁdg gk(z,zo)rgzp((1ogg(i(l+jr)1’+ (/lg(l_t)dt)p>

By a change of coordinates, we have

/ k(z,z0)P dm < ¢y / /9(1) (log g(i() 3 r)p'r"_2 dr dz
+c2/ /9(1) (/; @dt)pr"-2 drdz.

The first integral is finite for all n > 2 and 1 < p < oo, so we need only
consider the behavior of the second integral. After integration with respect to r
this reduces to (3.21). By (3.3) we can get a bound on the integral of k(z,zo)?
over (), thus completing the proof. o

Similarly we can prove that an infinite spire of revolution S in R™ given by

S—_—{(171,$2,-~,$n):Z(xi)2<g($1)2, 0<z, <OO}
2

is an LP?-averaging domain if and only if

(3.24) /Ooog(at)"—l (/Ox Fol dt)p < oo.

The above two results can be applied to get specific examples. For instance,
finite spires S of revolution generated by g(z;) = z{,for a > 1 and p+1 > n,
are LP-averaging domains if and only if

p+1
(3.25) a<p+1—n'
Similarly the infinite spire S generated by g(z;) = z§, for p+ 1 < n is an
L?-averaging domain if and only if (3.25) holds.
These examples serve to differentiate LP-averaging domains from John do-
mains in another way. Using these domains we can show that the class of L?-
averaging domains is not preserved under quasiconformal maps.



L? -averaging domains and the Poincaré inequality 119

3.26. Theorem. LP?-averaging domains are not invariant with respect to
quasiconformal self mappings of R™.

Proof. We use spires of revolution S in each of the following three cases and
the quasiconformal mapping, f(z) = |2|*~!2z. Denote f(S) by S'.
Case i: p+ 1 > n. Here consider the finite spire S generated by

. p+1
g(z1) = 27, with a > m,
so that S is not an LP-averaging domain. The spire S’ is an L?-averaging domain
for large values of K.

Case ii: p+ 1 < n. We take the infinite spire S generated by

g(z1) = 27, with a < pi+in’
so that S is an L?-averaging domain. Now S’ is not an L?-averaging domain for
large values of K.
Case iii: p+ 1 = n. In this case consider the infinite spire S generated by
g(z1) = x}’Ke_’“K, with K > ——
n—1
so that by (3.24) S is an L?-averaging domain. By means of (3.24) again, we see
that S’ is not an L?-averaging domain. o
Also in contrast to the situation for John domains, the boundary of an LP-
averaging domain can have positive n-dimensional measure. Specifically, for p <
n—1, we can construct an L?-averaging domain satisfying m(9D) = co. Since the
class of LP-averaging domains is a decreasing set with respect to p, an example
for the case p = n — 1 will suffice. We give the proof here for the case n =2 and
p =1 and sketch the idea for the generalization to p=n—1, n > 2.

3.27. Example. We construct an L!-averaging domain D in R? with
m(9dD) = co. Let @ be the unit square centered at zo = (—1/2,0) and let F be
the edge ¢ = 0.

On F we choose a countable dense set of points as follows. Let F; denote the
dyadic decomposition of F into 2! intervals and define C; as the set of all centers

of F;. The set of all centers,
c=Ja

1

is dense in F' and the number of points in each C; is

Cy| = 2",
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Now for each point z;; in C;, we take the closed interval B;; of length r; = 2-2i-1
centered at z;;. The lengths are thus chosen so that

m(Bij)lC,I =271,
We define the set E as
E=F\U( U B,,).
1z €C;

(Note that for all future unions over both ¢ and j as above the notation will be
abbreviated U; ;.) We have

m(E) > m(F)-Y 271 =1/2.

We attach the spire S;; to base B;; where S;; is a suitable translation of the
spire S; generated by

g(z) = e (2t)"¢7,  with t=(r;)""

Finally define D as
D=QuU U S; j
i,J
The boundary of D contains [0,00) X E, so that m(9D) =
Now we show that D is an LP-averaging domain. In the following computa-
tions, ¢ denotes any positive constant depending only on the dimension n.
First by using the technique in Theorem 3.19 we obtain

/k(z O)dm<M/ /(I) <1og (i()zr /0 g(ls) ds) dr dz,

M = mg,())c(g'(ac)2 + 1)1/2 < 2+ log2t.

where

After performing the integration the above simplifies to
(3.28) / k(z,0)dm < ct™2.
S

We have the following inequality,
(3.29)

/Dk(zg,O)dm<;(/Sijk(zo,z,'j)dm+/S”k(zij,z)dm) +/Qk(z,zo)dm.

i
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We can obtain the following estimates for k(zg, z;;) and m(Sy;),
k(zo,2ij) <1 —clogr; and m(S;;) < ct™2

Substituting these and the value of r; into 3.29, and using (3.3), we see that the
sum in (3.29) converges or that D is an L!-averaging domain.

To generalize to the case p = n—1 for all n > 2, we take the countable dense
set of centers generated by the dyadic decomposition of the face z; = 0 in the
n-dimensional cube Q. Define balls B;; of radius

r; = 2(—ni—l)/(n—l)(wn_l)—l/(n—l)

and attach spires of revolution generated by the function g(z;). The desired
conclusions follow after similar but more involved computations. o

The classical case of the Poincaré inequality, with p = n = 2, has been
studied more extensively. For this case we can get the following stronger version
of Theorem 3.4.

3.30. Theorem. Let D be a simply connected domain in R?. If D is an
L!-averaging domain, then there is a constant ¢, such that

(3:31) (ﬁfplu—um?dm)l/z < em(D)'/? (ﬁ/ﬂ)quPdm)l/z,

for each function u € L*(D) N WE(D).

Proof. Hamilton [H] has shown that if there exists a point zp € D and
constant ¢ such that

(332) /D flPdm < c /D | Pdm,

for all f analytic in D normalized so that f(z9) =0, then D satisfies (3.31).
Also note that the quasihyperbolic metric, k(z,y;D), and the hyperbolic
metric, h(z,y; D) are equivalent metrics in simply connected domains D in R?
[G].
With the above two results the proof of Theorem 3.30 can now be reduced to
showing that for some zo € D and for all f analytic in D we have

e3) [l - s dm s ([ 1rPan) [ hezpyan

We show (3.33) as follows. Let B denote the unit disk, choose ¢: B — D
conformal with ¢(0) = zo, and set g = f o .
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Next suppose that
(e o]
g(w) = Zanw".
0

Then
2

|£(=) - f(Zo)f2 = |g(w) — g(0)|2 =

o0

5
1

By Hoélder’s inequality we have,

oo

ot (£) (£12)

1

(¢ poton) (=)
< (2 [ 1s1am) og 4
= (%/le'Vdm)h(w,o;B): (%/D|f’|2dm>h(2,zo;D)~

This pointwise estimate clearly gives (3.33). o

Combining Theorem 3.30 with Example 3.27 gives us a domain D with infinite
boundary measure that satisfies the Poincaré inequality. Theorem 3.30 also clearly
shows that the hypothesis that D is an L?-averaging domain in Theorem 3.4 is
not necessary.

Finally we observe that L?-averaging domains can be characterized in terms
of their covers by Whitney cubes [S].

3.34. Theorem. If the Whitney cube cover F' of D consists of cubes Q;
with centers zj, then the following two conditions are equivalent:

(3.35) (m—gii/lak(x,xo)p dm)l/P < oo,

1/p
(3.36) (ﬁ Z k(xj,xo)pm(Qj)) < oo.

Q;EF
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Proof. Assume (3.35) holds. Then by (3.3),

( /D Kz, 20)? dm)l/"

< 21/.»((%; /Qj k(.z'j,:v)p>l/p - (; /Q,. k(wj,ﬂco)P)l/p)

1/p
< (2m(D))1/pcn +21/P (Z k(z;, a:o)Pm(Qj)> .
Qj
Thus (3.36) follows clearly. The implication in the other direction is proven simi-

larly. o

3.37. Corollary. If D is an LP-averaging domain and if N; denotes the
number of cubes of side length 277 in the Whitney decomposition F' of D, then

(3.38) D jP2THN; < 0.
J
Proof. From Gehring—Palka [GP] we have the inequality
d(z¢,0D)
d(z,8D) "
Let Qo with center zg be the largest cube in F', and let @; with center z; be of
side length 277. From the Whitney cube cover properties,

d(zo,dD)n=1/?
51(Q:)
Substituting this estimate in (3.36) we deduce (3.38). o
3.39. Remark. An example exists proving condition (3.38) is not sufficient.

k(zo, ) > log

k(zo,z;) > log =c+ jlog2.

4. Oscillation domains

We now turn our attention to the class of oscillation domains, i.e. the ana-
logues of LP-averaging domains with the average oscillation,

(i fy-osro)”

replaced by the maximal oscillation,

oscu = sup u — inf u.
D D D

Definition. We say that D is an oscillation domain if D satisfies

1.8 oscu < ¢ sup (oscu).
(1) sou < c sup (ogcu)

These domains can be characterized by a special chaining property.
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4.1. Theorem. A bounded domain D C R" satisfies (1.8) if and only if
for some constant N each pair of points ¢ and y in D can be joined by a chain
of balls By, By, ..., Bs in D such that z € By, y € B, BjN Bjy; # 0 and
s<N.

Proof. Assume first that D does not have this chaining property. We assign
each ball B in D to an open set L; asfollows. Let By be the largest ball contained
in D and set Ly = By. Next suppose that Lo, L1, ..., Lj—; have been defined
for some j > 1 and let L; be the union of all balls B contained in D which

satisfy:

(i) BN Lj_.l #0,

() B\UIT'Li#0.
Clearly D = J;° L;.

Next define u so that

_ 0 on Ly,
Y= onLj\Ué_lLi,forj=1,2,...

Since D does not have the chaining property, oscpu = .
To show suppgcp(oscpu) is bounded, let B be any ball in D and set

k=inf{j:(L;nB)+#0}.

Then
k-1
B C (LyULin)\ | Lj,
0

and hence u assumes at most the two values £k and £+ 1 in B. Thus

oscu =supu —infu < 1.

B B B

For the sufficiency, suppose that supg-poscu < m. Next for any two points
z and y in D, let By, By, ..., B, be the chain of balls connecting them and

choose z; in Bj_; N B;. Then
s—1
u(z) — u(y)] < |u(z) - w(z1)] + Y _|u(z;) — w(zp)| + |ules) - u(y)|
1
<(s+1)m < (N +1)m.
We have
(4.2) oscu < (N +1) sup (oscu). o
D BcD B

We conclude this paper by giving two geometric conditions, one necessary and
one sufficient, for D to be an oscillation domain.
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4.3. Theorem. If D is an oscillation domain, then each point in the bound-
ary of D is contained in the closure of a ball B C D.

Proof. We proceed by induction on N, where N is the chaining constant
given in Theorem 4.1. For the case N =0, D itself is a ball and each z € 9D is
in the closed ball D.

Assume that the result has been established for N = k. Consider all balls B
in D and assign each to the open set L; defined in the proof of Theorem 4.1. Let
D be a domain with chaining constant k£ + 1. Each ball B C D is then in some
L; for j <k+1. We write

k+1 k
D=|JLj=DxULkp1, where Dp=|]L;.
1 1

Choose zg € 8D. We want to show there exists a ball B, with
(4.4) z€B, BcCD.

If 2o € 8Dy, then (4.4) follows directly from the induction hypothesis. If z, &
ODy, then there exists a sequence of points {z;} C L4 \ Dy which converges
to zo. For each j choose a ball Bj(yj,r;) which lies in L4y, intersects Ly,
and contains z;. By passing to subsequences we may assume that {y;} and {r;}
converge. Setting ro = limr; and yo = limy;, we have

|20 — yol < |20 = 251 + |25 — ;| + ly; — yol;
hence given any ¢ > 0 there exists an M such that
lz0 —yo| Sro+e

for all j > M. We conclude 2o € B(yo,70). If ro > 0 we have (4.4); hence we
assume that 7o = 0 or yo = z9. To show ro = 0 implies zo € Dy , we let
€ > 0 be given and choose j such that both |y; — 20| < ¢/3 and r; < ¢/3. Then
B(yj,rj) C B(z0,¢), so that B(zo,¢) intersects Ly for all ¢ > 0,1i.e. z9 € 0Dy. o

Domains with outwardly directed corners or spires are not oscillation domains.
In particular the slit domain formed from a disc by removing an arc containing a
right angle is not an oscillation domain, even though it does satisfy the conclusion
of Theorem 4.3. The following theorem provides a sufficient condition.

4.5. Theorem. Let D be a domain in R™ and suppose each point in D lies
in a ball B C D of fixed radius § > 0. Then D is an oscillation domain.
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Proof. We show D has the chaining property of Theorem 4.1 with N =
N(n, m(D), 5) . Consider the cover T" of D given by taking all balls B C D such
that the radius of B > §. Let 7 < 1 be a constant, define

(4.6) E=|] B,
BeTl’

and let m denote the number of components of E. As each component of E
contains at least one ball of radius greater than or equal to 76,

m(D)
< —.
T TR W,

We show now that the set E can be covered by M balls B C D where
M = M (n,m(D),§). Observe first that

(4.8) EcC{zeD|d(z,0D) >r}, where r=(1-r71)éb.

For each point z € E, we define the ball B(z) = B(z,r). By (4.8) B(z) C D and
the union of all such balls covers E. We again use the covering lemma [S] as in
the proof of Lemma 2.19 to extract a subcover {B;} such that

(4.9) Z 57 "m(B;) = Z 57 "r"w, < m(D).

Thus {B;} contains at most M balls, where

(4.10) M< <§)n <T-g—)) .

(4.7)

Denote the components of E by Ei, ..., E, and define
1
(4.11) r={ =(B).
BCE;

The union of the sets F; covers D by hypothesis and since D is connected each
F; must intersect some F; for ¢ # j. Observe that if F; intersects F}, then we
can find balls B;, B; in D such that B; intersects E;, B; intersects E;, and B;
intersects Bj; this gives us a means to chain across the components of E.

Consider any two points z and y in D and take for By and B, any balls of
radius 6 containing z and y respectively. Then By intersects E; for some ¢ and
B, intersects E; for some j. Connecting component E; to E; requires at most
2m balls and E itself can be covered by M balls. Therefore a chain By, By, ...,
B, exists joining z to y with

(4.12) s<2m+M+1.a

The condition in Theorem 4.8 is not necessary as can be seen in the following
example.
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4.13. Example. Let By be any ball, take a sequence of disjoint balls B;
intersecting By, but not contained in By, whose radii tend to zero and define
D = UB;j. Clearly D has the covering property of Theorem 4.1 with N = 2, but
the hypothesis of Theorem 4.5 is not satisfied. o
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