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AN ESTIMATE FOR PSEUDOCONFORMAT
CAPACITIES ON Ti{E SPHERE

H.M. Reimann

The group SU(1,n) acts as a group of pseudoconformal transformations on
the sphere S : {* € C" : ltol : 1}, (n >- 2). Each element g € SU(1,r2)
preserves both the contact structure given by the differential form

n

t9 : i »(- wi d'wi + Qi dai)
i=1

and the pseudoconformal structure determined by the Leviform .ts.
There is a notion of capacity for condensers (,S, Cr,Ct) on the sphere, which

is invariant under biholomorphic mappings (cf. [6] or [a]). If Co and C1 are two
disjoint non empty compact subsets of ,S, then the class of admissible functions
F : F(Co,C1) is defined as

F: {f € c-(,s) : flco < o,"flc, > 1}.

The horizontal gradient Yf of. / e C-(S) is the unique tangent vector in

such that tr"(V.f, X) : X f for all X e PS. The capacity of the condenser is now
defined by

where lV/l' : Ls(Vf ,Vf).
In particular, the capacity is invariant under the action of SU(1,n.). In fact

any g € SU(1,n) is a contact transformation. Therefore

PS: {X €TS: t9(r)-0}

cap( s,co,ct) - ;$ lrlY f l'ndo

g* ,9 - .\?,

g* d,Slps - ,\ d9lps
and

koskenoj
Typewritten text
doi:10.5186/aasfm.1989.1426



316 H.M. Reima,nn

for some real valued function l. The Leviform Zs is determined by d0 and the
complex structure J of the underlying space

ra 0 ,a a : 1ta"t: au taw:-d-, J:Lt"'ttu

Lt(x,Y) : dt9(x, JY) x, Y e PS .

Since g is the restriction to ^9 of a biholomorphic mapping, it follows that

L"(g*x,9*Y) : d,O(g*x, Js*Y) : dfi(g*x,g*J Y)
: (s"dfl)(X, JY) : 

^d$(X, 
JY) : 

^L9(X,Y).
The volume element da is equal tro 2-zn-ttrl A (dtl)"-t and the (real) Jacobian
determinant of g: § -+ ^9 is thus

detg*: )'.

The admissible functions for the condenser (S,gCo,gC1) are the functions / with
fog€F(Co,Cr).

Flom the relation

lv(/o ill:»t/21vy1"n
it then follows that

cap(^9, gco,gcr) : 
rcr1lobfo,nc,t 1,slv fl2"do

: 
,"r.i?å., .,, l"lo{r 

o s)12" s-* det s*d'o

: 
u.riä{,", , Jrlvnl'"aa: caP(s' co'cr)'

The u(n)-invariant distance on the sphere ,s c c" which will be used in the
sequel is

d,(z,w)-2r/zV-k,dl"'
with

n

(z,wl -l,riai.j:r
In particular, the diameter of a set in ,9 is defined in terms of this distance.
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Theorem. There exists a positive constant K (depending on the dimension
only) with the following property: If Co and C1 are disjoint compact continua,
each of diameter ) 6, then

The Cayley transform ^l

cap( S,Co,Ct) > K6.

,.: tui 
i -1,...rn-\'x - I +wn'

.l-woPr'-o!*wn

maps the unit ball B C C biholomorphically onto the domain

D:{(r,zo)e cn-r xc: Imz"-lzl2>o}.

It is a pseudoconformal mapping of S \ {-""} onto 6D. This boundary is a

realisation of the Heisenberg group H - H"-L (" 2 2). Expressed in the
coordinates (z,t) € C'-1 x R (t : Puezn) the contact structure is determined by
the differential form

n-l

e:i»ezid,z1*zidz)+dt
j=7

and the Leviform on PH : {o € TH : co(c) : g} It

L'(x,Y): d,,t(x, JY).

The Cayley transform 7, restricted to ^9\ {-",} satisfies

^l*''): ,*frl'
L, (l*x,%y) - d,a(1*x, Jt.y): 

E *|7 Ls(x,y).

The pseudoconformal capacity for a condenser (I/, Co,Ct) on the Heisenberg
group ca,rl now be defined as before:

cap(ä , co, ct) - ;tl lrtv f l'n d,

with
du - drr A dyt A . . . A dyn A dt - 2-2n*2, A (dw)'-',
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The norm of the horizontal gradient V f is of course defined with
Leviform LH .

Since the Cayley transform I is a
S \ {-r"} + H, it follows that

pseudoconformal transformation l:

respect to the

cap(ä, l1o, lCt) : 2 cap(,S, Co, Cr).

The factor 2 has its origin in the volume relations

1*dv - 2-2n*2r*, n(l*d-)^-t -2-2n*25"$ A(dg)-t :2\nd,o.

In addition to the preceding considerations, the proofrequires a standard approx-
imation argument, showing that functions / in C."(S \ {-""}) with /" lVflr"
< oo can be suitably approximated by functions in C-(,s). with these observa-
tions, the theorem can be reformulated for the Heisenberg group. The following
corollary is then a special case.

corollary. If Co a,nd Ct are closed disjoint continua, if Cs connects the
origin to the unit sphere

U

and if Cl connects

- {(r,t) € H , llQ,r)ll : (lrln +r')'/n- 1}

the unit sphere to the point oo (i.". Ct is unbounded), then

cap(ä,,Co,Ct) > zK\n.

observe that tl is the image of the sphere E - {ra € ,S :For the proof,
Re u.,,, _ 0) under
j : 7,2.

For the theory of quasiconformal mappings on the Heisenberg group, this es-
timate is crucial in establishing the passage from the "analytic" to the ,,metric,,

definition of quasiconformality. Also, local Hölder estimates and various results on
normal families of quasiconformal mappings are intimately related to this inequal-
ity. The corresponding capacity estimate for rings in R" is based on symmetriza-
tion (Gehri"S [2]) or on modulus estimates for curve families on hypersurfaces
(Väsåilä [9]). So far, neither of these methods could be transferred to the analysis
on the Heisenberg group. on the other hand, the proof of the theorem, which is
stated here for the Heisenberg group, simplifies on R'. It provides a direct access
to the basic capacity estimate for the theory of quasiconformal mappings in R".

The remainder of this paper contains the complete proof for the theorem.
Various auxiliary results, which are of an elementary nature, are assembled in the
following lemmata.
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Lemma L. If f € C-(,9) iåea

|/(",)_/(_",)l<(n-1)o,_,|"l,ttt,l(ffi=6),"_,oo
with ao-1 - 2n-t'n-n(f(å(" - 1)))'.

For the proof, consider a function u e C*(H',-t) with compact support.
The fundamental solution of the sublaplacian

r,: -idivV: -|ffz,r, + zizi)

is given by

g : ll(z,t)ll-'n*' on-r, o, : z*-rYJ
(see Folland-Stein [1]). Therefore

u(0) : lr^-,slu d'v : Ion-, lr.-,(ou,Ys) 
dt).

If one uses the fact that ([a, p. 15])

lvll(,,r)lll: -f:L
ll (r, t) ll

this leads to the estimate

I "(o) I < i o*-, l, ^ 
_,lv ul(2n - 2) lle, t)ll-2^+1 du.

The Cayley transform permits the transfer of this inequality to the sphere. Set

f : u o 7 and observe that /(-e,) : O. From the relations

1(,,t)ll :#* if Q,t):1Qt),

1* w : ),t9, ), : 4d(w, en)-a ,

lVul : ^tl'lvfl,du :2\" d,o

it then follows that

lf (",)- /(-",)l < (n - t)on-r lrv flx-r, (m1-'*' ».ao

I / 2 \2'-r: (n - !)on_r J,tvttl6#@=ril d,o.

This proves the lemma for functions / e C-(,S) with f :0 in a neighbourhood
of -en. The general case follows by approximation.
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Lemma 2. For *ry f e C-(S) we have

It@ -/(y)l < (n - 1.)an-12'"-' 
lrlvf(z)l(d(a,,2)-2n+r 

* d@,)-zn+t1do(z).

For fixed a, U e ,S choose an automorphism 9 € SU(1,n) with g(a): en,
S(y) : -en, g(z) : rp and set o : S-, (0) . The following identities will be applied
(see Rudin [8, p. 28]).

t - (se), g(a)) : !1 
- 1'''l) !1 - 1'''l) .\r\ /'!\ /' (1-(r,"))(1 - (o,*l)'

)(z):-1-(a'o)-'"\-'l 
lt - (2, a)12'

It follows that

1 _ \_1,,_\ lt - (o,0)ll1- (a,y)l

@:'\-1(z)
- 11-r,,,1 1- (r,Y)-r^\")w'

The change of variables w : g(r) in the integral of Lemma 1 then gives

l(/ " g)(,) _ (/ o s)(y)l : lf{"") _ f(_dl
: (n _ t)on_, l,lr,,r o ile)l(ffi)'"-' 0,1,y.

Together with the relation

(ffi)'"-'=(#.i6)
< 22n-r (dQ,x)-2"+' + d1r,v)-2n+1)

this shows that

16 . il@)- (/ o d@l < x l"lvff o ile)l(d,12, a)-2o+t + d(2,01-2,+t)do(z)

with K : (n - l)an_122"-r .

For the following consideration a volume estimate for the balls

B(r,r) : {u e S : d(x,y) < r} c.9
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is required. From the equation

ll(r,r)ll : m, (r,t):1(w),

it can be concluded that

lB (",,, r)l : I or*,.*r.,oo(-)

is of the order r2o for small r. There exists a constant c suchthat

"-7r2n 
a la(r, r)l<crzn, r € (0,2].

The integral in Lemma 2 can then be evaluated in the form

trlo ta\o(x, z)-2n+tdo(4 : 
lo' 

,-2n*7 (lor,,,r=,lo f (4lda)d,

where do : d?dr. Partial integration leads to the inequality

l rl, r Ollo(a, z)-2'+1 do (z)

< (2n - ,l l, ,-'" (lro,,,lv/{,)l o,@)d,r a 2-zn+r 
lrlv ra\d.o(z).

Lemma 3. For frxed f e C-(^9) and for any d, ) 0 set

F,: {x, t , 
lrr,,,rlYfl"do 

< a-2'r for allr e (0,21}.

There exist constants K1 , K2 depending on n only such that

lr(,) -/(v)l < * * o,llv/I|,,

for all n, y e Fo.

Hölder's inequality and the v«rlume estimate give the inequality

t tv/ l dr S "'-G 
tzn) r2*-' ( f lv/ l" do) 

t /zn

J ,tr,r) 
r I --- \/st r,r) )
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With the assumption a e Fo, this implies

t p fl do < 
"r-(t 

/2n) ,2n-L!(t /2n) o-r .
J B1x,r1' ' '

The previous evaluation of the integral in Lemma 2 then shows that

lr@-r@l
< (2n - t1 [',-,^ (l ru,nlv fl d,o * lr*,nlv fl d,) d,r + 2-2n+z 

l"lo tt o,
Jo

12
< 2(2n - ,) 

J, "t-(1/2n) 
,-r*(r /2n) o-t 4,

* 2-2n+z (1"*)7-(t/2n) (l"v tr"o,)','"
: Krq-t + K2llv f ll2,

provided that c, A € Fr.
The following covering lemma is taken from Korrinyi-Vågi [B].

Lemma4. Given a,nyfunction r: A --+ (0,21 definedon asubset A C s , there
exists a (finite or infinite) sequence {",} C A such that the baJls B (x*,r(",)) C S
are mutually disjoint and such that

,. 
V 

B(*n,Br(*,)).

The approximating linear Hausdorff measure of a set A c s is defined by

^(A) 
: i"r{» rn : A cl)B@*,,,)\.

The covering lemma shows that

^(^s 
\ rL) < 3a2n llv f ll;:

if .FL is the set defined in Lemma 3. In fact, for any point r € s \ rL there exists
r(r) with

t lv flr" > a-znr(x).
J B(x,r(x))

Choose mutually disjoint balls B((o1,r(c;)) with

(,e \ It) cl)B(x1,Br(c;))
j
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then

^(s\]7.) 
< Isrlr;) <so'n» [-, ..lvfl'"d,o 1,Ba2n l"§ ff"or.

i j J B(x;,r(a;))

With these preliminaries, the main result can now easily be proved. Given
a condenser (,S,Cg,C1) consistingof disjoint compact sets Ci C S, j:1,2 and
given e ) 0, there exists an admissiblefunction f e F(Co,C1) with

cap(.9, Co,Ci > llv f lllri - ,.

If the inequality llv/llr,> (2Kr)-r holds, then

cap(,9, Co,Ct)> (2K2)-2" - e.

Otherwise Lemma 3 will be applied with a :2Kr, showing that

l/(,) -r(v)l s * * *,llv/11,, < 1

for all n, U Q.FL. Since / is admissible, at most one of the sets C; can contain
points of Fo

CifiFo:$ forj-0orj:1.
But this implies in view of the covering lemma

^(ci) 
< 

^(s 
\ r") s saz" 11v |yf,i,

^(Ci) 
< 3(21{)2' (cap(,S, Co,C) + e).

In any case, this shows that the smallest of the numbers

(2Kr)-", 3-r(2Il)-2"^(Co), 3-L(2K)-2"Å(Cr)

is a lower bound for cap(,9, Co,Ct) and establishes the existence of a positive
constant .K such that

cap(,9, Co,Cr) > lr;"i",{^(Ci)}.

The observation that diam0; < zL(Cj) for any compact continuum Ci then
completes the proof of the theorem.

Remark. The method used in deriving this capacity estimate goes back to
Re§hetnjak [7]. As has been shown by Martio [5], various generalizations can be
obtained, if approximating Hausdorff measures of any dimension are considered.
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