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FACTORS FOR |N,p,|x SUMMABILITY
OF INFINITE SERIES

Hiseyin Bor

Abstract. In this paper we prove a theorem on |N, p,|x summability factors, which gener-
alizes a result of Sulaiman [3] on |C, 1| summability factors.

1. Introduction. Let Y o  a. be a given infinite series of complex numbers
with the sequence of partial sums (s,). Let (p,) be a sequence of positive numbers
such that

(1.1) Pn=Zp,,—>oo as n — oo (P-i=p-i=0,12>1).

v=0

The sequence-to-sequence transformation
1 n
(1.2) tn= - ;pusu, n >0,

defines the sequence (t,) of the (N,p,) means of the series 3" a,, generated by
the sequence of coefficients (p,) (see [2]). The series )y a, is said to be summable
|N,pn|k, where k > 1, if (see [1])

[e <]

(1.3) > (Pa/pn)*tn = ta-1]* < co.

n=1

In the special case when p, =1 for all values of n (respectively k = 1), |N,pn|z
summability is the same as |C, 1|z (respectively |N,p,|) summability.

For any sequence (A,) we write A\, = A\, — Apny1.

Sulaiman [3] has proved the following theorem for |C,1| = |C, 1|; summability
factors of infinite series.
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Theorem A. Let (X,)n>0 be a given sequence of positive numbers and let
(1.4) sn = 0(Xn) as n — oo.

If (An)n>0 is a sequence of complex numbers such that

2 XnlAn|
(15) Z T < o0,
n=1
(1.6) Y~ XalAXa| < oo,
n=0

then the series Y oo anAn is summable |C,1|.

2. The aim of this paper is to generalize Theorem A for |N, p,|x summability.
Now, we shall prove the following theorem.

Theorem. Let (X,)n>0 be a given sequence of positive numbers and let
condition (1.4) of Theorem A be satisfied. If (An)n>0 Is a sequence of complex
numbers such that

(2.1) > n/Pa)(1AnlXa)" < o0

n=0
and the condition (1.6) of Theorem A is satisfied, then the series Y ._( anAn is
summable |N,pp|k, where k > 1.

Remark. If we take p, = 1 for all values of n in this theorem, then we
get |C,1|x summability of the series }_ an)\,; in particular, the case k = 1 yields
Theorem A.

Proof. Let (T,) be the sequence of the (N, p,) means of the series 3 anAs.
Then, by definition, we have

n v n
Tn= %;p”;aﬂ\z= Pin;(Pn_PV—I)aVAU, nZO‘

Then, for n > 1, we have

Pn =
Th—Th1 = E P,_1a,\,.
1 P.P,_, Z v—1Qy
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Using Abel’s transformation we get

PrnSnin
P,

ZPSAA +

To =Tt =~ 5p, IEpus A+ 5

v=0

n,1 + Tn,2 + Tn,3a say.

To complete the proof of the theorem, by Minkowski’s inequality, it is sufficient to
show that

(oo}

Z(Pn/pn)k—l|Tn,z|k < 00 for 2=1,2,3.

n=1

First, applying Hoélder’s inequality and using the fact that

m—+1 p
n;-lp P_ = O(I/Pv)v
we get
m+1 - \ o, n-1 k
;(p,,/p,,) |Tn1|* < ; Pnpj_l{;p”“””’\”'}
m+1 n—1 k
m+1 n—l k—1
—0(1)EPPn I{Zpu (X))} x { 1;,””}
m+1
_ k Dn
= 0(1) Y (pu/P) (XM N)* = 01)
v=0

as m — 0o, by virtue of (1.4) and (2.1). Again, we have
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m+1 m+1 n—1
3 (Baln) Tl < 2; B L2 Plslin}

m++1 n— k

_0(1)2 7 Pk { > ,,X,,|A,\,,|}

m+1

—0(1>pr,, {"‘ PoXo AN} X {P,,l__

HPX AV
lu; L X1 |}
=0(1) Zx,mu; =0(1)

v=0

as m — oo, by (1.4) and (1.6). Finally, we get

m

E(Pn/Pn)k_llTn,Slk =0(1) Z(Pn/Pn)(XnMnl)k =0(1)

n=1

as m — oo, by virtue of (1.4) and (2.1). This completes the proof of the theorem.
The author would like to express his sincerest thanks to the referee for his
kind interest and helpful suggestions for the improvement of this paper.

References

(1] Bor, H.: On two summability methods. - Math. Proc. Cambridge Philos. Soc. 97, 1985,

147-149.
[2] HarDY, G.H.: Divergent series. - Oxford University Press, Oxford, 1973.
[3] SuLaiMAN, W.T.: Multipliers for |C,1| summability of Jacobi series. - Indian J. Pure

Appl. Math. 18, 1987, 1121-1130.

Erciyes University
Kayseri 38039
Turkey

Received 14 June 1990



