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HIGHER INTEGRABILITY AND
THE BOUNDARY DIMENSION

Bruce Hanson and Pekka Koskela

Abstract. We answer a question posed by K. Astala and P. Koskela in the negative by
producing examples for each n > 2 and each K > 1 of bounded domains D, D’ in R" quasi-
conformally equivalent to the unit ball of R and a K -quasiconformal mapping f of D onto D’
such that f lies in locLip,(D) for all 0 < a < 1 and dimg(9D) = dimg(6D’) = n — 1 but the
derivative of of f does not belong to L?(D) for any exponent p > n.

Introduction

Let D, D' be domains in R™ with D' bounded and let f be a K -quasiconfor-
mal mapping of D onto D'. Then, as is well-known, f is differentiable a.e. on
D and [, |f'|"dm < oo; in fact, [, |f'|"dm < Klf(D)] (where |S| denotes the
n-measure of S C R"). On the other hand, it need not be true that

(1) / |f'|Pdmn < oo  for some p>n.
D

Astala and Koskela [AK] recently showed that the higher integrability (1) is closely
connected with the local Hélder continuity properties of f on D. They point out
that (1) implies

(2) f € locLip, (D) for some 0 < a<1.

Moreover, they show that the converse is true if one assumes that 0D’ is not
“too thick” in the sense of the Minkowski dimension. They also ask whether
the converse remains true without the additional assumption on dD’'. The main
purpose of this note is to give an example which shows that some assumption of
this type is necessary. Before stating our results, we define some of the terms used
above and state Astala and Koskela’s result as well.

The research for this paper was done while the first author was visiting at the University of
Uppsala in Sweden and the second author at the Institut Mittag-Leffler. They wish to thank the
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We first define the class locLip, (D), introduced by Gehring and Martio [GM].
If D C R" is a domain and ¢ is a continuous function on D, we say that g belongs
to the class locLip,(D), 0 < a < 1, if there is a constant M < co such that

l9(z) — g(y)| < M|z —y|*

whenever z,y lie in a ball B contained in D. As usual, we write g € Lip, (D) if
the above inequality is valid for each pair z,y of pointsin D.

Next we define Minkowski dimension which gives a measure of the size of a
set in R™ and which is analogous to Hausdorff dimension. If E is a compact set
in R", 0<é§<n,and r >0, set

M4(E;r) = inf{k‘r‘s :EC OB(I,T‘)}.

The Minkowski content of E is now

M®(E) = limsup M°(E,r)

r—0

and the Minkowski dimension of E is given by
dim(E) = inf {6 : M’(E) < oo}.

Note that the Hausdorff dimension dimg(E) of E satisfies dimpy(E) < dimp(E);
see [F] or [MV] for the relations between these two dimensions. We can now state

Astala and Koskela’s result [AK, Theorem 4.4].
Theorem A. Let D' be a bounded domain with

3) dim(8D') < n.

If f: D — D' is K -quasiconformal, then (1) and (2) are equivalent. Here a and
p depend only on each other, n, K, and dimps(8D').

Our example shows that some condition like (3) is necessary in Theorem A,
and, in particular, one can not replace the Minkowski dimension by the Hausdorff
dimension:

Theorem B. For each n > 2 and each K > 1 there are bounded domains
D and D' in R" quasiconformally equivalent to the unit ball of R" and a K -
quasiconformal mapping f: D — D' such that dimy(0D) = dimg(8D') =n —1
and (2) holds for all 0 < « < 1 but

(4) / |f'lPdm =00  for all p>n.
D
Astala and Koskela [AK, 5.1] also showed that if in the above situation f

satisfies (2) and a > dimps(8D)/n, then (1) holds. Our second result shows that
the dependence of o on dimp(8D) in their theorem is essential.
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Theorem C. For each n > 2, each K > 1, and each 0 < a < 1 there exist
bounded domains D and D' in R™ quasiconformally equivalent to the unit ball
of R" and a K -quasiconformal mapping f: D — D' such that dimp(0D) < n
and dimy(0D) = dimy(0D') =n — 1 and both (2) and (4) hold.

Still another result of Astala and Koskela [AK] states that if 0D is sufficiently
smooth, say D satisfies a quasihyperbolic boundary condition [GM], then (2)
implies (1). Hence neither of the domains D and D' in Theorem B (Theorem C
respectively) can be too regular.

The basic idea behind our construction of f,D, and D’ is the following: In
order for (4) to be satisfied, we need to construct f and D so that |f'| will be
large on a significant portion of D. However, if B is a ball contained in D, then
f € Lip,(B) (we want f to satisfy (2)) and hence Holder’s inequality implies
that [ |f'|dm < Cdiam(B)"~'** where C is a constant independent of B.
Consequently, the average of |f'| on B is inversely related to the size of B. If
for each z € D we let B, be the largest ball satisfying z € B, C D, it follows
that we must construct D so that B, is small “most of the time”. In order to
accomplish this, we form D by adjoining an infinite sequence of narrower and
narrower projections to a rectangular domain.

We first prove Theorem C. Theorem B will then be established by a similar
construction.

Proof of Theorem C

To simplify our notation, we only consider the case n = 3 and leave the
modifications needed for the general case to the reader. Let Ko > 1, 0 < a <1
and define Dy = {(:v,y,z) 0 <z < ap,0 < y,z < 1}; the value of aq is
determined by the formulas (5), (10), and (11) below. Then D (respectively D')
is constructed by adjoining projections P; (respectively P}) to the bottom of Dy
as pictured in Figures 1 and 2.

The projections P; (respectively P}) consist of upper and lower chambers
Ui and L; (respectively U] and L}). Moreover, P; and P! are attached to D,

1

in an identical way so that Dy N P; = Dy N 72. The location patterns of these
attachments will be defined below.

The mapping f will be the identity on Dy and map each U; (respectively
L;) onto U] (respectively L}). On each L;, f will be a similarity mapping with
a streching factor s; that increases to infinity as ¢ approaches infinity. This will
allow us to deduce (4). In order to make f Kj-quasiconformal we use the regions
U; as decompression chambers so that as one travels from L; to D, through
U; the streching factor gradually reduces from s; to 1. In order to define the
subregions U;, L;, U], L} precisely, as well as give the mapping f on U; and L;,
we fix a positive integer ¢ and translate U;UL; and U: Uf; to UUL and U UT’
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Figure 1.

so that UUL and U'U L' are symmetric with respect to the z-axis and UNL
and U NI are contained in the plane z = 0. (see Figure 2).

Here U is bounded by the planes z = 0 and z = Cr”Y and by the surface
obtained by rotating the curve

B+1
2=C'(r —rﬂ> r

x r—rf

about the z-axis, L = B(0,r) x (=r'7#,0), L' = B(0,7%) x (=1,0) and U’ =
B(0,7%) x (0,Cr" X (r + rP)/2) where B(0,s) = {(z,y) : 2% + y* < s?}.

Figure 2.

Above r = r; is a number between 0 and 1 to be determined later, C > 1 is
a constant to be determined later,

2 -« 4}

(5) ﬂ=max{m,g
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and

(6) y=28-1.

It follows from (5), and (6) that y > 0.
We define g on U U L as follows

(7) 9(z,y,2) = {Efﬁ“ﬁffﬁb’f‘l’?jﬂ—lz), E;,Zig 2%
where 8
b TC:*:H 240
and 8
w2 = 2TC_r:+1 &4z

Then it is easy to verify that g is a homeomorphism of U U L onto U Ul and
g is C® in UU L. We then define f on U; U L; by composing ¢ in an obvious
way with translations so that f maps U; U L; onto U} U L.

We next show that if we take C large enough, then ¢ is Ky-quasiconformal on
UULU{B(0,r)x {0}}. It obviously suffices to show that g is Ko -quasiconformal
on U. From (7) we have

w; 0 zws
(8) Dg(z,y,z)=| 0 w1 yuws
0 0 wi

for all (z,y,z) € U; here w3 = (r — r?)/(Cr'*!). Denote the operator norm of
Dgy(z,y,z) by ||Dg(z,y, z)|| and its determinant by |Dg(a:,y,z)|.
It follows that

|Dg(z,y, 2)||? 2
—_— = su hiwy 4+ zhsw
|Dg(z,y, 2)| |h|£x{[( i ws)

+ (howy + yhaws)? + h32w12]3/2w1—3}
3/2
< [1 + w3?(z? + y?)wi % + 2(|zws| + Iywsl)lwll'l] .

This last quantity is maximized for (z,y,z) € U when |z| = |y| = r# and z = Cr";

so using (6) we get

||Dg(x,y,z)||3 28—2v—2 - ——1,~—113/2
— 2 < (142r T 2(r — PV C72 4 PP (PP — )0
|Dg(z,y,2)| [ r=r") ("= ]

<[1+6CT1P72,
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Hence, taking the constant C' large enough, [V, 14.3] yields K < K,. It follows
that f is Ko-quasiconformal on U;UL; and hence Kj-quasiconformal on all of D.

We now describe how we choose the sequence {r;} and how each P; (respec-
tively P!) is attached to Dy. For each i, let E; = P; N Dy = ?; N Dy. Then
from the definition of P; and P] it follows that E; is a closed disk in the z-plane
with radius r;#. We take the r;’s to be positive integer powers of % and for each
positive integer j we let 1(j) be the number of r;’s equal to 277. We arrange the
corresponding E;’s in a square pattern @; and then place the Q;’s so that Q;
and Q;41 are adjacent and all the @;’s lie along the line segment y =0, z = 0,
0 <z <aop, (see Figure 1).

If follows easily from Theorem 10.3 in [GV] that D' is quasiconformally equiv-
alent to the unit ball of R?, and, consequently, the same holds for D.

We next show that (4) is satisfied as long as 9 is defined judiciously.

Let p > 3. Since |f'| = 7#~! on L; and L; is a cylinder with dimensions
r; X r}_ﬂ , we have

If'|Pdm > / If/Pdm =7 ) ;)27 11— a-2ig=i(p(F-1)
Jp iz pran =3

9) oo
— Z 1/)(1')2"1'((P—1)(ﬂ-1)+2).
1

On the other hand, by the definitions of D and D', D and D' will be bounded
if (and only if)

(10) a =Y $(i)'/?27% < co.
1

From (5) it follows that 8 < 1 and hence

(P-DB-1)+2=28+(p-3)(F-1) <25

Therefore, from (9) and (10) it follows that it is possible to choose ¥ so that (4)
is satisfied and both D and D’ are bounded. For example, take

(11) ¥(3) ~ 228 /it

Next we estimate the dimensions of 8D and 6D'.

Note first that 0D and D' are both a union of a countable number of sets of
finite 2-dimensional measure; hence dimy(0D) = dimg(dD') = 2. Now we sketch
the estimate for the Minkowski dimension of the boundary of D. Let 2 < § < 3,
0 < r < 1, and pick an integer iy with 27% < r < 27%+1  For each positive



Higher integrability and the boundary dimension 329

integer ¢ there are ¥(¢) subdomains of D, say ‘Gf‘, j=1,...,9(2), corresponding
to the sets P; constructed above with r; = 27%. Since M?(dD,) < oo, we have

(12) M*(9D\ UUaG{;r) <
i g

where the constant C; is independent of r. Thus it suffices to consider the
Minkowski content of U; U; 8G?. We estimate this content in two parts. A simple
calculation which makes use of (5) and (6) shows that the 2-dimensional measure
of the boundary of G} for each 7,j is comparable to 2i(F-2)

By the geometry of the sets G{ one observes that if ¢ < i, then the surface
area of the intersection of the boundary of G'Z with any ball B of radius r cen-
tered at the boundary of G{ is comparable to 272" . Hence a standard covering
argument (e.g. using the Vitali theorem) shows that

(13) Mm? ( U UaG{;r) < 027508 N p(i)21 PR < 042037,

i<ip J 1<ig
where Cs is a constant independent of iy. Finally, we consider the Minkowski
content of the rest of the boundary of D. By the definition of the sets G7,
Uizio U i G? is contained in a rectangular region G of dimensions comparable to
2-10(1=8) % 5,72 x 5,~!. Hence
(14) M”( U UGEr) < M¥(Gir) < Cuamio?2ioBaiosy =8 < Cpaie3+7-9),

i>i0 J

here C, is independent of io. We conclude from (12), (13), and (14) that M°(8D)
is finite provided § > 2+ . Thus (5) yields

d]iwm(BD) <2+ max{(2-a)/(3-2a),4/5} <3

as desired.
It remains to show that f € locLip, (D). Clearly f € Lip,(Do) and

() = ()] < |z = 2P
whenever z,z' € L; satisfy |z — 2| < r;. Since 8 > a, it suffices to show
that f € Lip,(U;) for each positive integer : with the Lip,(U;) constant of f
independent of :.
Fix a positive integer ;. We again translate U; and U] to U and U’ and
work with ¢ as defined by (7). We need to show that ¢ € Lip,(U). Let

B
r/r—r
gl(:vayaz) = ( k4 +rﬂ)a

r\ Crv

B
_2 r—r ﬂ)
g'Z(‘Tayaz)_ ’f'( Crv z+r"),

1/r—1rP
93(z,y,2) = ;(sz + Tﬂ2>.
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It clearly suffices to show that g1, g2, and g3 are each in Lip,(U).
We first note that (5) and (6) imply the following inequality

1-5

1—a

(15) v >

Let (z1,91,21),(%2,Y2,22) € U. Then

1 T—Tﬂ 2 2 8
|93($1,y1,21)—93(552,112,22)! = ;(W(Zl —22°) + (2 —22))I
<l< a (21 — 22)(z21 + 22)| + P2 —22|) < 27871z — 2
= r\agm A 2 )\ %1 2 1 =

< 2Cl_°’rﬁ_lr"(l"°)|zl — 23|* < 2C|21 — 2|

where the last inequality follows from (15). Consequently g3 € Lip(U).
We show that g and g, belong to Lip,(U); by symmetry it suffices to verify
that g, € Lip,(U). Observe that

Igl(l'l,yl,zl) —91(12,112,22)]
(16) < |g1(z1,y1,21) — g1(z1,y1, 22)| + l91(z1, 91, 22) — 91(1”2,?!2722)]
=1 +Iz

We estimate I; and I, separately. We have

1/r—1rf 1
(Gt ) =] < L= )

< 2rﬂ_1|x1 — 22| < 2rﬁ"12rﬂ(1—°’)lxl — z2|* < 4|zy — x|

I, =

(17)

where the last inequality follows from (6) and (15). Estimating I; we get

T‘—Tﬂ(
Tl ———(2
ICT’7+1 1

SCTIPT g — 5] <2y — 2.

Il = - 22) S C'"I:clrﬁ_7"1|zl - 22|

(18)

From (16), (17), and (18) it follows that g; € Lip,(U).

Hence g € Lip,(U) and the above estimates show that the corresponding
constant is independent of i. Therefore f € Lip,(U;) with the Lip,(U;) constant
independent of i and the proof is complete.



Higher integrability and the boundary dimension 331

Proof of Theorem B

Again, we only consider the case n = 3. We modify the construction used to
prove Theorem C as follows. Replace r? with rlog(1/r), r7 with r(log(1 /r))2
and r'=# with 1/log(1/r). Instead of taking the r;’s to be positive integer powers
of -;—, the r;’s will now be of the form 2"2i, and we denote the number of r;’s
equal to 2-% by ¥(j). Construct D, D' and f as above with these replacements.

Now

oo fo'e) )
f'Pdm > / f'IPdm = n(log2)P~1 Y 4p(3)2iP~D2~2(2)
[ 2 3 [ 17pam = xog2 =" 3040
and D and D' are bounded if (and only if)
3 p(i) /22727 < co.
1

Hence defining _
w(z) ~ 22(2')2—211:—4

(4) is satisfied and both D and D' are bounded.
It is left to the reader to check that the mapping f satisfies all the remaining
requiments.
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