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CENTR,AL LIMIT THEOREM FOR THE SOLUTION
OF THE MULTIDIMENSIONAL BURGERS

EQUATION \MITH RANDOM DATA

A.V. Bulinskii
Moscow State University, Department of Mechanics and Mathematics

119 899 Moscow, Russia

Abstract. For multidimensional Burgers equation the potential case is considered. This
model for nonlinear diffusion is studied for shot-noise random fields as initial potentials. For the
solution o- the limitingbehavior of thefield i(at,ali) isinvestigated as J + oo (a € R,1,o € R,d).

The objective of this paper is to apply the Central Limit Theorem for ra^n-

dom fields defined on a d-dimensional lattice Zd to investigate the asymptotical
behavior of some integral functionals depending on random fields defined on Rd.
A nontrivial example of such nonlinear vector valued functionals, arising in cer-
tain physical problems, is provided by the solution of the Cauchy problem for the
multidimensional Burgers equation

d(0,n) - rio(r),

with random initial data. Here (.,.) stands for a scalar product in Rd, and z is
some positive constant (viscosity coefficient). We are interested in the behavior
of the solution for large values of the time parameter f . This equation has been
widely used to model nonlinear diffusion, especially in the cases d:7,2,3. In
particular it has been applied in astro-physical scenarios of the early Universe, see

[1], [8], [12]. The present paper continues and in some aspects extends the joint
work with S.A. Molchanov [6], see also [3], [4].

One advantage of using Burgers equation is the existence of an analytic so-
lution in a very important (from the cosmological point of view) case of motion
of potential type, i.e., d(t,a): VO(r,o) and Ös being the potential of u-e. The
well-known Hopf-Cole substitution leads to an explicit formula
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here l. l denotes the Euclidean norm, and the integral of the vector-valued function
is taken in the usual sense.

In order to indicate the dependence of the solution on (D6 and u we write
ö(trx;Oo, z). After a transformation of variables we examine the asymptotic be-

havior of the vector field

Z1(a,a;ö0, z) - u-(at,a{t;Qo,u), a € Ra,o € Rd as t -r oo.

Since for any z ) 0

Zr(d,, ai Q o, u) - tE Z, (o, a, I tE;Ao ( .\8, 
) I 2r,, +),

*" 
" 1:;:T t"? "-;*:::,:äJlå:t:: t*,ilTJ Jff ffi ,,1 J,

I
2'
the shot-noise fields

(1)

(2)

where g,Ro + R is a nonrandom function, {rl")} is the Poisson point process
on Rd with values in Rd a^nd intensity function )"(r) :,\s(er), r € Rd, and
((;, gi), i € N, is a sequence of i.d.d. random vectors with values in R x R-' having
the same distribution as (€,d) (here 0 > 0 a.s.) with d.f. G(.,.); all the random
objects are considered on some probability space (Q,9,P). Further assumptions
on ((,0), p(.), ,\o(.) are given below. The shot-noise fields are discussed e.g. in
[7], [e], [10].

Let us denote by Z[')@,a), a € R+, q € Rd, the field, Z{a,";O["),å)
corresponding to O[')(r; : -6(")1r), where the minus sign is used only for the sake

of convenience. The behavior of. Z[")1o,,o) will be different for time parameters
with different dependence on the scale e.

We deal with scalings having the properties

6(e)(r) - » €;p((, - nl")) lo,), n € R',

€--+0, t+oo, €\ft1c,, 0< cSoo.

From the physical point of view it is interesting to consider a periodical func-
tion ,\6(.). However, in the case 0 1c 1oo we can proceed without this assump-
tion (see [4]).

Note that a different asymptotic problem for the Burgers equation was in-
vestigated by M.S. Rosenblatt [11]. For d : 1 and , > 0 fixed he studied the
behavior of integrals with respect to a for the solution of the Burgers equation.
Special attention was paid in [11] to strongly mixing initial data u6(o) and to the
Gaussian case. It is worth emphasizing that we consider non-gaussian shot-noise
fields which in general do not possess such mixing properties even for d, : L.
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Thus, we study the vector-valued fields

z:')(o,o) -vl")(o,a)144(o,o), ot € R+ ,a e Ro,

13

where

(3)

where

Y(') (o, o) -

J@ (o, o)_

"Ji ; Y exp
at

exp 
{e 

t')(v)

l*,

I*,

The analysis of the asymptotic behavior of the fields Z[") is based on the joint

study of the fields {") .nd .fj"), various approximation schemes and limit theo-
rems for sums of dependent multi-indexed random variables.

The main result is that (under specified conditions)

(4) ZI4@,4 : el4@,a){d+2)la2r(o,o) - *14,il14(a,o) 3 z.(a,a),

i.e., all the finite dimensional distributions of the freÅ Zl") converge weakly to the
corresponding finite dimensional distributions of a vector-valued centered Gaussian
freld Z. with the covariance structuregiven by the matrices T.(a,o;0,b), a,0 €
R+ i o, ö e Rd. The value of the parameter c is defined by the limit condition (2).
Moreover, explicit formulas are obtained for ?"(4, o;p,b) and the non-random

functions e!")@,o), ,/t!")1o,o) taking values in R and Rd, respectively.

We start with the following simply verified

Lemma 1. Let h(r), M(r), o € Rd, be real-valuedfunctions such that
U(.) e rt(R') (with respect to the Lebesgue measure) and h(.) is continuous
and periodical with a period (?1, . . . ,Ta). Then

l*,M(*)h(r*) 
d* -) ft) l*ou(r) 

d,r as r + oo,

rTa...Jo h@)d*.: (lI ,)-' l,n'l':l

(h)

The next two results give us the mean values of J@ and Vr(4
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Lemma 2. Suppose e(.) e ,t(R') n l-1Rd; , E?d 
"*p { llpll." l(l} < *

(cf. (L) ), and suppos" )o(.) belongs to the c/ass PC(Rd) of periodical conlinuous

functions. fhenE,J.j")(o,o) -ta/'E!')(o,a) for aJt a eR+, o € Rd, where

(5) 8@ (o,o): 
I*,"*p {

(".,
^[') 

@): I*, I*.1*^,(,,)
T.Jnder the scaling condition (2)

8@ (o, r) - 8"(o,o) +
Here, denoting

sl4 (o, o), with sl{ (o, o) -» o.

we have

( eo@): (2tra)d/z exp {.\e(0)ä}, c:0,
E (a,a): I Ä, "*, { - \# + \o(cfiH} dy, o < c < oo,

I a""(") : (2tra)dl2(exp{)6(.)If }), c: oo.

Lemma 3. Let the conditions of Lemma 2 be satisfied. Then

EVIG) 1o, a) : 1@-r) I 2 .r//') 1o, o1,

where

(6) .,il|")@,O: -I l*,@- a)exp {-ry + n!491\ ay,

t/4") @, o) : r/.(a, a) + h!') 1a, o7,

urrd h!")1cr,o) -» 0, provided (2) holds. Here

"//"(o,,,) 
: { -: l*,(v - o).-o {Vi# + \o(cv)H\ dv, 0 < c < oo,

I o, Y&- 
c:0, c: oo.

Now we consider the cut-off fields

(1")(,): 
T €;p,((,-"|"r)lr,n), r € Rd,

where p,(a): e(r)f{l"l S r}, r e Rd, and r:r(t), t > 0. Here 1{.} is

the indicator function. Substituting (l') instead of 6(') into the expressions (B)

for Jj") and Vj") we obtain approximating fields "fj,"J ""a Vl,l) u" the following
lemma shows.

Flom now on the index i to the left of the vector symbol denotes the i th
component.

H: 
l*, 1*.1*
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Lemma 4. Let the assumptions of Lemma 2 be strengthened by the hy-
potåesis E0dexp{Zllell-16l} < *. Thenfor dl a, t, €, r € R+ I a eF.d,
i:7,...rd,

nl"rj')1o, d - 4?@. ")l < L(at)d/2 R(e,r),

n 
I 
i %(") (o, 

") - ;vr(,",) (", 
") I S L(at1u - rl t' R(p, r),

where

Now

(7)

(8)

1,,,r,'(*) 
d.)')'''

fields

1,,,u,?'(') 
d't * (

of e , t, T, d) ct,.

following auxiliary

, €;P,((* - *l')

R(P,')- (

0 is in dependent

we introduce the

(l?(")-

and ret t[:),,@,, ,"n!)r', -:;'." defined according to (3) replacing 6(') uy d,"].
Put for S € N, 7 € R+

M(q, 7) :,5ilo El( l' eo L {0 > 7},

andfors>2

(9) eo(s) :inf {-K:K ) s(s -2)-',rr e N}.

Lemma 5. Let the assumptions of Lemma 2 be strengthened by the hy-
pothesis EOdexp {" llell." l(l} < oo for some s € (2,31 . Then for all a, t, €, r,
Z€R+; ae Ftd; i:7,,...,d,and go:qo(s)

nl"rj,"l1", "1- t[;),r1",o)l S k(afldlz max {M(s6 ,.y),Mrtoo(qo,t)},

nl;v!,i) 1o, "1 - vrt",)r1", 
") I S k(at1@ -r) I z max { M(qs, 1), M' I oo (so, 1)},

where k > 0 is independent of e, t, r,.1 , a and a.

The essential part of the study of the limiting behavior of the functionals
t[?,r, fr(i)- 

"orrrists 
of an analysis of the covariance structure of these fields.
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Denote for o,0 g R,+ and a, ä e Rd

Ko,p(x;a,b) :"*P { - E# - W},
Ko'(a,u) : (m) n" 

"*o { - ##\
Lemma 6. Let the conditions of Lemma 2 be strengthened by the hypothesis

Ei02dexp{zllell-l€l} < oo. Tåen for all d,§, t, €, r,'y € R+; a,beBd

co, (,rr(?r1 o,o1, /i),r(p,b)) : td/2 (o"(a,r;9,b) + o!?'r(",";0,b))

whete 
( K,,p(o,ä)/(o), c: o,

o"(a,a;A,b): | [*"X.,81a;a,b)I(cx)dx, 0 < c < oo,

I K,,p(o, äX/(')), c : oo,

I(z) :exp {z.ls(z) u\ l*,f (z,w) du,,

f(,,.): "*r{^o{,, l*,1*-l*("*p (,,P(;) - ,)

("*o (,r(T)) -,) dG(u,';a') - r,
)

*rd g!"),.r1o,,o;A,b) --+ 0 for each a,0 e R* ; a,b e Rd under the condition

(10) €-0, ,--'oo, ,t/l-c(0<c(oo), r(t)-'oo, Z(r)2Zo;

here 1s is some positive consta,nt.

The proof of this lemma is based on the following formulas:

cov ("rr(,"]r1 o, 
"1, 

t!),^,1B, u1)

: f / z 

I*, 
o., u@ ; a, b) H 

",,,',(, $ ) D 
",r,,,^,(* 

{i; B, b) d,x,

H",,,t(u)- exp 
U*1*.1*»s(ez)("xp 

(rir.,, (y - ",r)) - 1) d,G(u,rror\ ,
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F",,t(*,2) : exp{l*"|*_l*.\s(er)("*p (rlt,,,, (* - r,r)) - 1).

. ("*, (uV,,r(z - r,u)) - t) ac6,r; a, ) - r,

v,,-,(*,, : ,,(:j)r{trl 
= 
,r} 

)

Making a number of estimates of the above integrals, using the fact that for all
u,b e Rd; B,t €P.a

(11) jåå,"*, {-i(ry.ry-#l} :"*, {\f\,
and Lemma l- we can finish the proof of Lemma 6.

The next two lemmas can be established analogously by using, instead of (11),
the fact that for all t,be Rd; B,t €P.a i : 7,...,d,

,,i.'Xo "*, {- i(ry . ry - #1.' (#) }
u*o

. (,, - ;b)' * np)"' .-, {ry}
Lemma 7. Suppose the conditions of Lemma 6 are satisfred. Then for aJl

a,0 €R+i o,å e Rd I i,b : 7,...,d,

c"" (;rrfi)( ,,o),1,vr\",) (p,b)) : t@-2)/2 (a[i'&)1o, o; g,b) + H:';?,1@,, a; B,b)),

wherefor 0 < c < oo ; i,lc - 7,...,d,

Bfi'k) 1.., a; 0, b) : h I*,r,, - ;o)(* * - 1,b) K.,B @; a, b) I (cx) d,r,

and for c:0 and c : oo

(L2) Bli'k)(a,o;0,b) : -#N(;a - ;b)(*a - pb)o.(a,ai g,b), if i + k,

(13) Bfi,i)1a,a; p,b) : h(t - Gy-;!Y 
)o"@,at 0,b),

a;nd H::i?,1(o,o; g,å) -» 0 und,er the condition (10).



L8 A.V. Bulinskii

Lemma 8. Suppose the conditions of Lemma 6 are fulfrLled. Then for all
ar§ €R+i a,å e Rd I i : 1r...,d,

cou(;vr\|),r(o,o),tl?,r(o,å)) :1(a-tl/'(,o"1",,aiP,b)+,tli),r1",a;B,b)),,

where

Q"(a, a, 0,b) -

*ra tl"),.r1a,o; §,b) --+ 0 (in Rd) under tåe condition (10).

The next step of approximation consists of transferring the integration over

Rd, in expressions tor lj),, u"a Vrlil, to the integration over the cubes Q(ä) :
(l-n,nl)o with ä : h(t). Thereby we introduce the fields 4?,-,,u ""a Vl,j,)r,u.

Lemma 9. Let the conditions of Lemma 6 be satisfe d and let h(t) I tfi -'+ a
as I -+ oo. Then,underthecondition (10),foreach a € R1 | a€Fcd; i:
1r. . . ,d,

rdl2 var (t[:),.,(", ") - |?,.,,u(o, o)) -- o,

1Gd+2112 var (rvrl;l?( q,a) - ,vr\",)r,u@,o)) --+ 0.

To give an exact formulation of the limiting behavior of the normalized fields

Zl") *ehave to introduce the following matrices

(14) A"(a,a;9,b) : (a!i'*)1cr, ,; §,b))!,x:r, a, g € R+ia, å, € Rd;c € [0, oo],

where
a!t,o)(.) : a[,,0)(.) for i,b : L,. . . ,d;

A.(,dtr)(a,a; B,b) : AG+r,;)19,b;a,a) : ;Q"(a,a;0,b),

for i:7'"''d; 
4(d+r,d+r)1.):o"(.)

are defined as in Lemmas 6-8.
Let T"(a,a; P,b): (?"(''e)(o ,o;0,b))!,x=1 , where

T[i'k)(a,o,i P,b) : a$'k)1a,o.; B,b) - tZ.(o,QA@+t'*)1a,a; B,b)

- x9.(0,ä)/!i'd+l) 1o, o,; P, b) * ;9"(a, a) * 9"(§, b) A@+ t'd+ r) (a, a; B, b),

and

(16) 9"(o,a) : E" t (o,,a)-,il"(a,a).

The functio"r A"(.) and .,4"(.) have been introduced in Lemmas 2 and 3.

( 15)
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Remark 1. For c:0 and c: oo wehavefor all ar7 € R+i o,å e Rd

T"(a,a;0,b) : B.(a,a; p,b).

If Åe(c):const. then dj")(o,a): Eo(a), .rLl")(o,o) :0 for all o € R, o € Rd,
and B!i'r)1 ), i,k - L, . . .,d,, are given by (12) and (13).

Theorem 1. Let Ä6(.) € PC(Rd), let 90 € .Ll(Rd) n -D-(Rd) and
E02dexp{"llell"" l(l} < oo for some s € (2,3]. Assume there exist functions
r(t), 1(t), t ) 0, satisfying

(17) M(to,r(t)) : o(t-aw/+1 for qs : qs(s),

(18) r(t) --+ m, r(t)1(t) : o(t*), ,r : ä(s - 2)(" - 1)-',

a,nd

(19) R(e, r(r)) : o(t-o/n) as r --+ oo.

Then und,er the limit condition (2) the relation (4) is valid with Sla ard t//") de-
finedby (5) and (6), and the covariancematrices T" a.re givenby Oq (MGs,1),
Co(s) arrd R(p,r) were introducedby (8), (9), and (7), respectively).

We indicate the main steps of the proof. At first, it is not difficult to see that
for all a, e, t € R+; a € Rd

Z:4 (o, o) - (j') (o , o) - -g,(o,, o)rtl') (o, o) + Al") (o, o),

where

A

and the vector -9"

gl')(.) - t-@+2) /4 (Vt(')(.) - DVr(') (.)),

,ll')(.) -t-d/4At')(.) -EJ(o(.)) ,

l')(.) - -t-o/nql")(.)(s{')(.) + rdtErl') ( )) -r.

' {gi')(') - (el')(.))-' .,zl')(.)ryl') ( )}

+ {-r"(.) - (el")(.))-' .,al')1.)}rl")(.),

(.) is defined by (16). Next, one verifies that

(gi')(.), ,tl') (.)) g (("( .),\"(.))
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where (("(o, a),r1"(a,a)) is a (d+ 1)-dimensional centered Gaussian field on R.. x
Rd with a covariance structure given by A"(a,a;B,å), see (14).

Using the previous lemmas and well-known properties of weak convergence

and convergence in probability it suffices to show that (10) and h(t)ly'l + a
imply

((j,,),,,, (' ), ?j:1,,,u (')) 3 (("('), ?"(')) .

Here

€i,'], r, u (' ) : r @ +2) / 4 (vr\",),.,,uO - E yr1 i]r, u (' ) ),

,tl?,^,,u(.) : r o I n (J::),.y, r, 
(. ) - E 4,"]r, u (. )) .

'We can represent Q(ä) as a union of "unit" cubes. Let lz(l) € N, then

Q(h) :UierO)Ki, Kj :(1, - 1,lrl x ... x (ja - L,ja), T(h) C Zd.
Foreach n € N letusconsiderarbitraryfixed a, € R+; ao e Fcd; c, € Rd+l;

p : L, . . . ,n.. Then our problem is reduced to the CLT for the multi-indexed sums

sli),r,o - t-d/4 » (xi(e,t,r,i) - F.Xi(e ,t,r,^i)
ier6l

where

XiG,t',r,1)- L exp dy, j € T(h),

v(v,,) : 
å (o*,,0*f,,",@*i@) *, { -@#},, > o, v e*d.

Under the conditions (10) and h(t)ltfi --+ oo we have

(20) u*( » xi(u,r,r,-i)-b2k){/2.
ier6)

The dependence of å2(c) on ep1 ctp, cpt p - 1,...,n (see Lemmas 6-8) is not
indicated. It is enough to consider just the nontrivial case å2(c) f 0. Note that
the sums Di.rtul Xi(e,t,r,7) display irregular growth of variances (i.e. nonlinear

dependence of the variance on the number of summands because h(t)l\fi -) @

as I --+ oo). Note also that the fields Xi(e,t,r,1) are not stationary.
The field Xi(e,t,r,7) is rn(t)-dependent on the set T(h(t)) where m(t):

21Q)r(t) + \/4. So using the CLT for the series of m(t)-dependent fields on
T(h(t)) CZd (see [2], [5]), taking into account (20), the bound for

C"(e,t,r,1,h)- -EäTl (olxi1e, t,r,t)1")'1", s € (2,3),

the condition (18) and also the facts that l[')(a ,o)30 for every o € Ra, o € Rd

und, El")@,a) - E(a,a), till"\(o,a) +.//.(a,a) (see Lemmas 2,3) under (2),
we come to the statements of Theorem 1.

{(l:l(v)} v(v,t)
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Corollary 1. Suppose )o(.) e eC(Rd) ana

(21) lr(r)l . "o(1* lc;a+a;-t
for all a € Rd andsome cs, 6 ) 0, and suppose E,02dexp {rllell."l(l} < mfor
some s € (2,31 . If (17) issatisfied with 1(t): clt' forsome r € [0,ä(r-Z).
.(" - 1)-'), c1 ) 0, then the statements of Theorem 1 (referred in the sequel as

@) ) are vaJid if 6 > d((s - 2X" - 1)-' - 4r)-' . In particulan, we can choose r : 0
whenever 0 1 0o a.s. for some positive constant 0s.

Corollary 2. Let )o(.) € PC(Rd) andlet p(.) € .Dl(Rd)nr-(Rd). Assume
that for some s € (2,3] there exists a function r(t), t > 0, with the following
properties

(22) r(t) ---+ oo, .R(g,r(t)) : o(t-dlo), r(t): o11*1 as f --+ oo

and rc: l(r-2X"-1)-'.lf, inaddition, Eexp{sllell."l(li. * arld 0<-0s
a.s., then (4) åoJds.

Using the technique of cumulants (see Corollary 7.3 in [5]) and strengthening
the restrictions on the amplitudes (; we can relax the requirements on the function
gi Rd --+ R.

Theorem 2. Let ,fo(.) € PC(Rd), 9 € .Lt(Rd) n .[-(Rd) a.nd
E,02dexp{pl(l} ( oo for all p > 0. If the conditions (19) and, respectively,
(17) for eo : 2 are satisfied with r(t)1(t) = o(t") as f --+ oo for some r 4 f,, th",
(4) is valid.

Remark 2. This result can be considered as the limiting case of Theorem 1

as s --+ oo.

Corollary 3. Let )o(.) € PC(Rd), Eexp{p0} ( oo, Eexp{pl(l} < oo for
uJI p>0 andlet

(23) R(p,t'): o(t-dl4) for some r < f,.
Then (a) is true. Furthermore, instead of (23) we can assume that (2L) holds for
some co > 0 and 6 > d.

Remark 3. In [6] a single field ((.) of the type (1) with a Poisson point
field {r;} having the intensity function .\ :const. was considered and the limiting
behavior as f --+ oo of the field Zr1t,o1 : Eo(7)t@+z)/4zt(L,,a), a e Rd (i.e.
o: 1) was established (see Remark 1). In [6] also the independence of {€i}
and {d;} was supposed. The last hypothesis was used also in [3], [4] where the
limiting behavior "t Z[")1t,o) was investigated under the scaling condition (2)
with 0 ( c ( oo. Thus the results of [3], [4], [6] can be obtained from the results
in the present paper.

The author is grateful to Professor S.A. Molchanov for posing the problem as
well as indicating the effect of averaging (Lemma 1).
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