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Abstract. The paper deals with freely quasiconformal and coarsely quasihyperbolic maps
between domains in Banach spaces. New characterizations for the free quasiconformality are given.
The correspondence of the boundary components is studied.

1. Introduction

This paper is continuation to [Va;] and [V&;]. We assume that the reader
is familiar with these papers. They will be cited as I and II. For example, 1.2.5
means the result 2.5 of [Va,].

We shall use the notation and terminology of I and II. In particular, E and E'
will be real Banach spaces of dimension at least 2, and G C E and G' C E' will
be domains. Whenever a statement involves the quasihyperbolic metric k = kg
of G or the distance §(z) = d(z,dG), we shall tacitly assume that G # E.

Suppose that f: G — G' is a homeomorphism with G # E, G' # E'. In
11.4.14 we gave the following quantitative implications:

M-QH = ¢-FQC = ¢-solid = (M, C)-CQH.

Here M > 1, C >0, and ¢: [0,00) — [0,00) is a homeomorphism with ¢(t) > ¢.
We recall that QH = quasihyperbolic, FQC = freely quasiconformal and CQH =

coarsely quasihyperbolic. The main object of this paper will be the class of CQH
maps. We recall that a homeomorphism f: G — G' is (M,C)-CQH if

(k(z,y) — C)/M < ¥'(fz, fy) < Mk(z,y) + C
for all z,y € G, where k = kg and k' = kg/. The map f is M-QH if it is
(M, 0)-CQH. The definitions of the other classes were given in 1.3.4, and they will
be recalled in 2.18.

In Section 2 we analyze the concept of CQH maps and also obtain new char-
acterizations for FQC maps. Section 3 deals with the boundary correspondence
and the cluster sets of CQH maps. The difference between the cases dim E < oo
and dim E = oo is essential but less striking than in the case of arbitrary homeo-
morphisms. An example in a function space is given in Section 4.

I thank again Pekka Alestalo, Jouni Luukkainen and Olli Martio for useful

discussions.

1991 Mathematics Subject Classification: Primary 30C65; Secondary 46B20.

doi:10.5186/aasfm.1992.1732


koskenoj
Typewritten text
doi:10.5186/aasfm.1992.1732


394 Jussi Vaisala

2. CQH maps

2.1. Introduction to Section 2. In 1.3.8 we characterized the solid maps in
terms of relativity. It turns out that the corresponding result for CQH maps is
false in general but true for a large class of domains, called natural domains. All
finite-dimensional domains and all uniform domains are natural. We also show
that quasimobius maps relative to the boundary of natural domains are CQH.
We next show that fully (M, C)-CQH maps are precisely the FQC maps and also
obtain the following simple geometric characterization for FQC maps: There is
M > 0 such that

d(fB(z,r)) < Md(fB(x,r), 8fB(z,2r))

for each z € G and r < d(z,0G)/2 and such that f~! satisfies the same condition.
We recall from I1.6.8 that the relative distance of points z,y € G # E is

lz —yl
re(z,y) = 5@ A 6(y)

where as always 6(z) = d(z,0G).
Each domain G # E with its QH metric k is unbounded and c-quasiconvex
for each ¢ > 1. Hence I1.4.8 gives almost directly the following result:

2.2. Theorem. For a homeomorphism f: G — G', the following conditions
are quantitatively equivalent:
(1) fis (M,C)-CQH.
(2) There are t; > 0 and M; > 1 such that

k(z,y)/M: < k'(fz, fy) < Mik(z,y)

whenever z,y € G and k(z,y) > t;.
(3) There are to > 0 and My > 0 such that

k(z,y) < to implies k'(fz, fy) < Mo,
k'(fz, fy) < to implies k(z,y) < M.

Proof. Since each domain is unbounded and c-quasiconvex in the QH metric
for every ¢ > 1, the equivalence of (1) and (3) follows readily from I1.4.8. Further-
more, (1) implies (2) with t; = 2C, M; = 2M. Finally assume that (2) holds.
If k'(fz,fy) > t1, then k(z,y) < t; or k(z,y)/M1 < k'(fz, fy). In both cases
k(z,y) < Myk'(fz, fy). Hence both f and f~! satisfy the condition (2) of I1.4.8
in the QH metric. Consequently, they are C-coarsely M -Lipschitz with (M, C)
depending on (Mi,t;) and we obtain (1). o
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2.3. Theorem. Suppose that a map f: G — G' is C-coarsely M -Lipschitz
in the QH metric. Then there is an increasing function 6: [0,1) — [0,00), depend-
ing only on (M, C'), such that

|fz = fyl
6'(fz)

1) <ra(fa, fy) < o(Z=4)

é(z)

whenever |z — y| < §(z), and

(2) re(fz, fy) < 8(rg(z,v))

whenever rg(z,y) < 1.

Proof. Observe that 6(t) is not required to tend to zero as t — 0. Assume
that |y — z| = té(z) with 0 <t < 1. Then 1.2.2 implies k(z,y) <t/(1 —t) and

logre: (fz, fy) < ¥'(fz, fy) < Mk(z,y) + C < Mt/(1 —t) + C.

This proves (1), and (2) is a direct corollary. o
2.4. Example. If f: G —» G' is an (M, C)-CQH homeomorphism, both f

and f~! satisfy the conditions of 2.3. The converse is not true as is seen from the
following example; cf. 1.4.12.
Let E be a Hilbert space with an orthonormal base (e;);ez. We consider the
broken line
A=U{lej-1,¢j]:j € Z},

and for r = 1/20, the broken tubes
D = B(A,r), G= B(A,2r).

Suppose that f: G — G is a homeomorphism with f | G\ D =id. Since f | A
is rather arbitrary, f need not be CQH. However, we show that it satisfies the
condition (1) of 2.3.

Write M = d(G) < oo and observe that §(z) > r for z € D. Suppose that
z,y € G with |z —y|=1té(z), 0<t< 1. If z € D, then

[fe - fyl . M
§(fz) — r’

If ¢ D and y € D, then §(z) > 6(y) — |y — z| > r — té(z), which implies

8'(fz) = 6() 2

r
1+t
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and hence
fz = ful _ M(1+9)
8'(fz) — r '
Finally, if z ¢ D and y ¢ D, then
[fz =yl _le—yl _,
§'(fz) 6() '

Hence the condition (1) of 2.3 is true with the constant function 6(¢t) = 2M/r. Of
course, f~! satisfies the same condition.

We next introduce the class of natural domains and prove in 2.10 a converse
of 2.3 for these domains.

2.5. Natural domains. Suppose that § # A C G # E. We write

d(A)

r6(4) = suplra(e,v) o € Ay € 4}, Ta(4) = g5

The number 7g(A) was written as rg(A) and called the relative size of A in [TV].
However, these numbers are not essentially different, since we always have

(2.6) ra(A4) < 7g(A4) < 2rg(A).
The first inequality is clear. To prove the second one, let a,b,c € A. Then

|c—b]
8(c)

la—b] _ |a—c|
6(c) — 4(c)
and hence Tg(A) < 2rg(A).

Let 3: [0,00) — [0,00) be an increasing function, but we do not require that

1(0) = 0. We say that a domain G # E is v -natural if either G = F or

kG(4) < $(ra(4))

+ <rg(a,c) +rg(e,b) < 2rg(A),

for every nonempty connected set A C G with rg(A) < co. Here kg(A) is the
QH diameter of A. A domain is called natural if it is 1 -natural for some .

The broken tube G of 2.4 is not a natural domain, since we have kg(A) = oo,
ra(A) < M/2r < oo for the broken line A. However, the next results show that
the class of natural domains is fairly large:

2.7. Theorem. Suppose that dimE = n < oo. Then each domain in E is
Y -natural with ¢ depending only on n.

Proof. There is a y/n-bilipschitz map of E onto R"; cf. 1.6.1. Hence we may
assume that E = R™. The result follows from [TV, 6.9] or from [Vu, 2.18]. o
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2.8. Theorem. A QH 1) -uniform domain is ¢ -natural. A c-uniform domain
is v -natural with ¢ = ..

Proof. The first part follows directly from the definition of QH % -uniformity
in I1.6.8. The second part follows from II.6.16. o

2.9. Corollary. A convex domain is v -natural with (t) =t. o

2.10. Theorem. Suppose that G # E, G' # E', that G' is v -natural and
that f: G — G' is a continuous map. Suppose also that 0 < to <1, My >0, and
that

|fe — fy| < Mo6'(fz)
whenever z,y € G and |t —y| < toé(z). Then f is C-coarsely M -Lipschitz in the
QH metrics of G and G'. Moreover, M and C depend only on v = (to, Mo, ).

Proof. By I1.4.8 it suffices to find M = M(v) such that k(a,b) < t,/6
implies k'(fa, fb) < M. Assume that a,b € G with k(a,b) < to/6 and write
A = B(a,t06(a)/3). Since k(a,b) < 1, 1.2.5 yields

|a — b|
é(a)
and hence a,b € A. Thus it suffices to find an estimate k'(fA) < M. For each
pair z,y € A we have
|z — y| 2t96(a)/3 2to
< = < tp.
§(2) = 6(a)—tob(@)/3 _ 3—tg =0
Hence r¢/(fz, fy) < My, which implies rg/(fA) < Mp. Since G' is 9 -natural,
this yields k'(fA) < y(My) = M(v). o

2.11. Corollary. Suppose that G # E, G' # E', that G and G' are -
natural and that f: G — G' is a homeomorphism. Suppose also that 0 < ty < 1,
M, > 0, and that
(1) |o =yl < to8(z) implies |fz — fy| < Mo8'(fz),

(2) |fz — fy| < toé'(fz) implies |x — y| < Moé(x).
Then f is (M,C)-CQH with M,C depending only on v = (to, My,¢). 0

2.12. CQH and relative quasimébius. Recall from 1.5.18 that every QM (=
quasimobius) homeomorphism f: G — G’ is FQC. The converse is true for uniform
domains by I1.7.16. Analogously, we proved in I1.7.9 that a CQH map f: G — G’
between uniform domains can be extended to a homeomorphism f: G — G',
which is QM rel 0G. The relatively QM maps were defined in 11.5.2. It is natural
to ask whether QM rel G implies CQH. The answer is negative, as is easily seen
from the example in 2.4. In I1.7.22 we showed that the answer is positive if the
domains G and G' are QH uniform. In 2.17 we shall extend this result to all
natural domains and hence to all domains in R"™. Before that we prove the QM
invariance of natural domains.

< 2k(a,b) < %"
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2.13. Lemma. Let u(z) = z/|z|?, and let G be a domain with 0 ¢ G.
Then )
ruc(ua,ub) < 18(1 + rg(a, b))

for all a,b € G.

Proof. This was proved in Case 1 of the proof of I11.6.25. In fact, the constant
18 could be replaced by 9 with a more careful choice of the point . o

2.14. Lemma. Suppose that f: G — G' is n-QMrel 0G and that fG = G'.
Suppose also that a,b € G with rg(a,b) <t. Then rg/(fa, fb) < u(t,n) < co.

Proof. If f is the inversion u, the result follows from 2.13. In the general
case we use auxiliary inversions and translations to reduce the situation to the
case where co € G and f(oo) = co. Forgetting the point oo, f is then n-QS rel
0G.

We may assume that §'(fa) < é§'(fb). Choose z € G such that |fa — fz| <
26'(fa). Then

a— fb b— fz
otfe =ty <25 7)

<2(i4a(E22) <2(1ea(1+ 22
<2(1+9(1+1).0

2.15. Lemma. Suppose that f: G — G' is an n-QM homeomorphism and
that G is v -natural. Then G' is 11 -natural with ¢, depending only on v and 7.

Proof. Let A" C G' be a connected set with rg/(A4') < ¢, and write A =
f7A'. Since f! is n'-QM with 7'(r) = p~'(r~1)~! and since absolute n-QM
implies n-QM rel 8G for the extension f: G — G', 2.14 gives an estimate
rc(A) < u(t,n). Hence k(A) < v¥(u(t,n)). Now f is ¢-FQC with ¢ = ¢,

by 1.5.18. Thus
F'(A) < o(¥(u(t,n)) =1(t). o

2.16. Question. Is 2.15 true for QM maps rel G ?

2.17. Theorem. Suppose that f: G — G' is n-QM rel G with fG = &
and that G and G' are 1 -natural. Then f is (M,C)-CQH with M,C depending
only on n and 1.

Proof. Performing auxiliary inversions and translations and using 2.15 we may

assume that oo € G and f(oo) = co. Then f is 7-QS rel 8G. By symmetry
and by 2.11, it suffices to find My = My(n,) such that

|fz — fyl < Moé'(fz)
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whenever z,y € G with 2|z — y| < §(z).
So assume that 2|z — y| < §(z). Choose z € G with |fz — fz| < 28'(fz).
Using the relative n-quasisymmetry of f we obtain

fe—f fe—f _
| 5’(f:c)y| = Z:fz—fz: - 2(1+ :;z—;::) 52(1+U(:j_:=))

<2(1+n(1+: x:))<2(1+n(3/2)) -0

2.18. FQC maps. We recall some terminology of Section 3 of I. Let ¢: [0, 00)
— [0,00) be a growth function, that is, a homeomorphism with ¢(t) > ¢t. A
homeomorphism f: G — G’ is ¢-semisolid if

K (fz, fy) < o(k(z,y))

for all z,y € G, and p-solid if f and f~! satisfy this condition. For a domain
D C G, welet fp: D — fD denote the restriction of f. The homeomorphism
f has fully a given property if fp has this property for each proper subdomain
D C G. This definition slightly differs from that given in 1.3.4, where we asked
that also f has this property in the case G # E, G' # E'. However, it is easy
to see that these definitions are equivalent for all classes of maps considered in I
and II; only the QHQS maps need a special argument. For example, assume that
G # E, G' # E', and that f: G — G' is fully ¢-semisolid. We show that f
is @-semisolid. Let a,b € G. Choose a sequence (z,) in G\ {a,b} such that
8(zn) — 0. Write D, = G\ {z,}. Then

k'(fa, fb) < k¢p,(fa, fb) < ¢(kp,(a,b)) — ¢(k(a,b))

as n — 0o.

A fully ¢-solid homeomorphism is called ¢-FQC. It follows that a ¢-FQC
homeomorphism is fully (M,C)-CQH with (M,C) depending only on ¢. We
shall prove the converse in 2.21. Simultaneously we shall give a simple explicit
characterization for free quasiconformality. We first give the one-sided version:

2.19. Theorem. For a homeomorphism f: G — G', the following conditions
are quantitatively equivalent:
(1) f is fully ¢ -semisolid.
(2) f is fully C-coarsely M -Lipschitz in the QH metric.
(3) There is M > 0 such that

d(fﬁ(z, r)) < Md(fB(z,r),0fB(z,2r))

whenever B(z,2r) C G.
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Proof. We show that (1) = (2) = (3) = (1). The implication (1) = (2)
follows from I1.4.8. Indeed, the proof shows that we can choose an arbitrary C > 0
and then M = C/p~1(C); cf. 11.4.14.

(2) = (3): Assume that B(z,2r) = D C G and write B = B(z,r). With
the notation of 2.5 we must find My = My(M,C) such that

(2.20) 7p(fB) < Mo.
The basic inequalities 1.2.2 of the QH metric yield

kp(B) <2, k¢p(fB)>logrsp(fB).
Using these, (2), and (2.6) we obtain (2.20) with M, = 2¢2M+C

(3) = (1): It suffices to show that f is ¢-semisolid with ¢ = ¢3s. By 1.3.7,
it suffices to show that |z — y| < §(z)/16 implies

|fz — fyl lz —yl
6’(fx)y <6( 6(z)y)

with some function 6 = 6s: [0,1/16] — [0,00) such that 6(¢t) — 0 as t — 0.
Suppose that z,y € G with |z —y| = té(z), 0 <t < 1/16. Let n be the
unique integer with 277! < ¢t < 27"; then n > 4. For j = 0,...,n, the balls
Dj = B(z,27té(z)) lie in G. Choose a point z € 8G" with |fz — z| < 2¢'(fz).
The condition (3) implies that d(fD;,8G’) > 0 for j < n — 1. Hence for these

J we can choose the last point y; of the line segment [fz,z) in 0fD;. Set
A =|y1 — fz|. Then

A < yj-1 = fe| < Mlyj—1 -y
for all 2 <3 <n—1. After summation we get
(n—=2)A < M|fz — z| < 2Mé'(fz).
On the other hand,

|fz — fy| < d(fDo) < Md(fDo,8fD1) < M.

Hence )
|[fz — fy| . 2M
8(fz) ~n-2
Since 277! < t, we obtain
nt1> los/t)

log 2
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Here t <1/16 implies log(1/t) > 4log2, and hence

n_2> log(1/t)
4log2

Combining these inequalities yields the desired estimate

|fz — fy| < 8M? log2 .
§(f) < log(1/t)

2.21. Corollary. For a homeomorphism f: G — G', the following conditions
are quantitatively equivalent:
(1) f is ¢-FQC,
(2) f isfully (M,C)-CQH,
(3) f and f~! satisfy (3) of 2.19. 0

3. Boundary behavior

3.1. Introduction to Section 3. Suppose that f: G — E' is a map. We recall
that the closures and boundaries of sets in E are always taken in the extended
space E = E U {oo}. The cluster set of f at a point a € G is defined as

clus(a, f) = Nel fIlU NG,

where U runs through all neighborhoods of @ in E. If a # oo, it suffices to take
the balls U = B(a,r), r > 0; for a = co we can take the sets U = [B(r) where C
denotes the complement in E. Equivalently, a point y € E' is in clus(a, f) if and
only if there is a sequence (z;) in G such that z; —» a and fr; —» y. A point y
is an asymptotic value of f at a if there is an endcut v of G at a, cf. I11.3.6, such
that fr » y as ¢ — a on 7. We let asy(a, f) denote the set of all asymptotic
values of f at a. Then obviously

asy (a, f) C clus(a, f).

We shall only consider homeomorphisms f: G — G'. Then clearly
clus(a, f) C 3G’

for all @ € G. In the finite-dimensional case the cluster set is never empty
since E' is compact. In the infinite-dimensional case the situation is completely
different. For example, using the example of Klee [KI| it is easy to construct
a homeomorphism f: B(1) — B(1) of the unit ball in a separable Hilbert space
such that f | S(1/2) = id and such that f interchanges the domains D; = B(1/2)
and D, = B(1)\ B(1/2). Such a map cannot be CQH, since k(D;) < oo and
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k(D2) = oo. Infact, since B(1) is a uniform domain, a CQH map f: B(1) — B(1)
extends to a homeomorphism of B(1) by I1.7.9. On the other hand, we constructed
in 1.4.12 a QH map of a half space onto a broken tube with clus(a, f) =0 at the
points a = 0, 00.

We conjecture that if f is CQH, then clus(a, f) # @ for some a € G. We
show in 3.2 that the conjecture is true if G or G' is uniform. Next we consider
the correspondence of the boundary components in a CQH map f: G — G'. Let
v(G) denote the number of components of G. In the finite-dimensional case we
have v(G) = v(G") for topological reasons. We show that v(G) = v(G') also in
the general case provided that the boundary components can be separated by a
set of finite QH diameter. Without this condition, however, one can find a QH
map f: G — G' such that G is connected while G’ is not.

3.2. Theorem. Suppose that f: G — G' is CQH and that G' is a uniform
domain. Then there is a set A C 0G such that A is dense in 0G and such that
asy (a, f) # 0 for every a € A.

Proof. By I1.3.10, there is A C G with A = 0G such that each a € A is
the endpoint of an endcut v, which is a neargeodesic in G. By I1.4.15, fv, is a
solid arc in G'. Since G' is uniform, it follows from I1.6.28 that fv, is an endcut
of G'. Thus the point in fy, N G’ is an asymptotic value of f at a. o

3.3. Lemma. Suppose that G # E is a domain and that F is closed in E
with F C G. If k(OF) < ¢ < oo, then k(F) < ¢;(c) < o0.

Proof. Let a,b € F. Suppose first that [a,b] C F. Integration along [a,}]
gives
et _ _d(F)
(F,0G) — d(F,0G)’
Since F' is bounded, we have d(F) = d(dF). Since d(F,8G) = d(dF,dG), we
obtain by (2.6) and 1.2.2

<
k(a’ b) _— d

k(a,b) < TG(OF) < 2(e° — 1).

Next assume that [a,b] ¢ F. Choose ay,b; € [a,b]NOF such that [a,a;] C F,
[bl,b] C F. Then

k(a,b) < k(a,a1) + k(ay,b1) + k(b1,b) < 4(e—1) +c.

Hence we can choose ¢; = 4(e —1)+c. o

3.4. Remark. It is natural to ask whether 3.2 holds with ¢; = ¢. The
following example shows that this is not the case: Let E = R? and let n be a
positive integer. Write a = 27/n, r = sin(a/2) and z; = €Y for j =0,...,n—1.
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3w

Then |zj—1 — zj| = 2r. We choose n so large that r < e~ Next choose

R>1+¢€"/r and write
A= {.’Eo,. .. ,In_l},
G = R?\ 4,

n—1
F=B(R)\ | B(z;.r).
7=0
Then F is compact and connected in G. Writing
n—1
¢ = S(zj,m)
J=0
we have 0F = S(R)U C'. Straightforward arguments based on 1.2.2 show that
k(F) > 2log E + log(R — 1).
r
Using suitable arcs joining points in F it is possible to show that
1
k(OF) < log - + log(R — 1) + 3.

Since r < 73", we see that k(9F) < k(F).

However, the bound in 3.3 is probably far from the best possible. Indeed, I
conjecture that one can choose ¢; = 2c.

3.5. Phragmén—-Brouwer properties. It is well known that for n > 2, the n-
sphere S™ has the Phragmén—Brouwer properties listed in [Wi, p. 47] or in [HY,
p- 359]. It seems to be less known that several other spaces have these properties
as well. We let H,(X) denote the integral singular homology groups of a space
X . The key result is the following:

3.6. Theorem. Let X be a topological space with H1(X) = 0. Suppose
that U and V are pathwise connected open sets in X with U UV = X. Then
U NV is pathwise connected.

Proof. We use the fact that a pair of points a,b can be joined by a path in
a set A C X if and only if the singular 0-cycle a — b represents the zero class in
the reduced homology group Hy(A). Since U and V are open, there is an exact
reduced Mayer—Vietoris sequence

Hy(U)® Hy(V) < Hy(UNV) «— Hy(X).

Let a,b € UNV , and let o € Hy(UNV) be the element represented by a—b. Then
a is mapped to zero by the homomorphisms induced by the inclusions UNV — U
and UNV — V. Hence oa = 0. Since H1(X) = 0, it follows from exactness that
a =0. Hence a and b can be joined by apathin UNV. o
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3.7. Theorem. The one-point extension E of a Banach space E with
dim E > 2 has all the Phragmén—Brouwer properties.

Proof. First observe that E is simply connected. Indeed, if dimE =n < oo,
E is homeomorphic to $". If dimE = oo, E is noncompact. Hence each loop
a: S' 5 Eis nonsurjective and can therefore be deformed to the constant loop co.

It follows that H,(E) = 0. Moreover, E is connected and locally pathwise
connected. By 3.6, E has the Phragmén-Brouwer property [Wi, Property I',
p. 47]. Since E is metrizable, the theorem follows from [Wi, I1.4.12]. o

3.8. Holes. Consider a domain G C E. A component of (G = E\ G is said
to be a hole of G. The number of all holes of G is written as ¥(G). Then v(G)
is either a positive integer or co. By the following result, v(G) is also the number
of the boundary components of G:

3.9. Theorem. If C is a hole of G, then
(1) C=CNG=CNIG #,
(2) GUC is connected,
(3) CC is connected,
(4) C contains exactly one component of G, namely CNG.

Proof. Clearly
CNAG=CnNG CaC #9.

Suppose that there is @ € C \ (C N G). Then a has a connected neighborhood
U c (G. Now CUU is a connected subset of (G and strictly larger than C.
This is impossible since C' is a hole, and (1) follows.

The property (2) is an obvious consequence of (1). Since (C is the union of
the sets GU C' over all holes C' # C, we obtain (3).

Each component of G is contained in a hole of G. To prove (4) it suffices
to show that C NG is connected. By (3), the set G; = (C is a domain with the
single hole C'. Using (1) twice we get

CNG=090C=CnNnaG, = 0G,.

By 3.7, E has the Brouwer property [Wi, p. 47]. Hence 8G; is connected. o

3.10. Lemma. Suppose that G C E is a domain and that F C E is a closed
set which is the union of a family of holes of G. Suppose also that U is a domain
in E containing F'. Then U \ F is connected.

Proof. The open set V = [F is the union of sets of the form G U C, where
the sets C' are holes of G. From 3.9 (2) it follows that V' is connected. Moreover,
UUV = E. Since U\ F = UNV, the lemma follows from the Phragmén-Brouwer
property of E, given in 3.6 and 3.7. o
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3.11. Corollary. If U is a domain in E with 8U C G, then UNG is a
domain. o

3.12. Definition. A set F C E separates the sets A and B if these sets
are contained in different components of CF'.

3.13. Theorem. Suppose that f: G — G' is CQH. Suppose also that each
pair of holes of G can be separated by a set in G of finite QH diameter. Then
v(G") > v(G).

Proof. Assume that v(G') = s < ¥(G). Choose holes C,...,Cyy1 of G. For
each pair 1 <7 <j < s+1 we choose a set Fj; C G with k(Fj;) < oo separating
C; and C; in E. Taking closures we may assume that each Fj; is closed in E. Let
F be the union of the sets F;;. Then F is closed in E, k(F) < 00, and the holes
Ci1,...,Cey1 lie in different components of CF. Since f is CQH, k'(fF) < 00,
which implies that fF is bounded and d(fF,0G"') > 0. Thus fF is closed in E.

Let Q be a hole of G', and let Vg be the Q-component of CfF. Then
0Vo C fF C G'. By 3.11, the open set Wg = Vg NG’ is connected. Hence
f~'Wg is a domain in G\ F, and thus contained in a component of (F. Since
v(G') = s, there is a component U of [F which contains a hole Cx but does not
meet f~1Wg for any hole Q of G'.

Since OU C F, the set D = U N G is a domain by 3.11. Let U’ be the fD-
component of CfF. If U' = Vg for some hole Q of G, then D C f~'Wy, which
is impossible. Hence U’ C G'. Moreover, U' C U'U fF C G'. Since 8U' C fF,
we have k'(0U') < k'(fF) < co. By 3.3 k¥'(U') < o0, and hence k'(fD) < oo,
which yields k(D) < oco. This gives a contradiction, since d(D,0G) =0. o

3.14. Remarks. 1. In the finite-dimensional case the condition of the
theorem is always true.

2. We made use of the CQH property in the form k(A) < oo © k(fA) < co.
Hence the theorem holds for all homeomorphisms with this property.

3.15. Example. We construct a QH map f: G — G' such that 0G is
connected but G’ is not. Let E be a separable Hilbert space. Combining a
Mobius map and the map given in 1.4.12 we obtain a QH map ¢ of the unit ball
B(1) onto a broken tube D' such that clus(e,g) = clus(—e,g) = @ for some
e € 0B(1). Set G = B(1) \ [—e,¢] and G' = fG. Then g defines a QH map
f:G—-G. Now v(G)=1, v(G') =

3.16. Question. Does there exist a CQH map of a ball onto a domain with
nonconnected boundary?
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4. An example

4.1. Introduction to Section 4. The most interesting examples of QH maps
in infinite-dimensional spaces considered so far in these papers are the map onto
a tube in 1.4.11 and onto a broken tube in 1.4.12. Moreover, the radial power map
has been considered in 1.4.10 and in 1.6.5. In this section we give a variation of
the tube map in a function space.

4.2. L-formulas. Suppose that f: G — E' is a continuous map. Exception-
ally, E' is allowed to be 1-dimensional. Recall from 1.4.2 the notation

L(z, f) = limsup |fy-_-—fa:[
vz |y —z

The following formulas are easily verified:

(1) L(z, f £9) < L(z, f) + L(z,9),

(2) L(z,Af) = |\ L(z, f),

(3) L(z, fg) < L(z, f)lgz| + | fz|L(=, g),
(4) L(z, f o g) < L(gz, f)L(z, g).

They are valid whenever they make sense and contain no product of the form 0-oco
or 0o+ 0. In (3), one of the functions f,g must be real-valued.

4.3. A function space. Suppose that T is a compact Hausdorff space contain-
ing at least two points. Let E = C(T') be the space of all continuous real-valued
functions on T'. Then E is a Banach space with the norm

el = sup {|=(t)| : t € T).

For z € E we let M(z) and m(z) denote the maximum and minimum of =, and
we write oscz = M(z) — m(z).

4.4, The map f. The sets
G = {z : m(z) > 0}, G' = {z:o0scz <1}
are clearly domains in E. Alternatively,
G ={z:d(z,A) < 1/2},

where A is the line of all constant functions. We define a map f: G — G' by

T

M(z)

z

fle) = B

+log M(z) = - + log||z[|,
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or more precisely,

f(z)(t) = % + log M(z).

To verify that f(z) isin G' observe that
M(f(a:)) =1+ log M(z), m(f(x)) =m(z)/M(z) + log M(z),
and hence
osc f(z) =1—m(z)/M(z) < 1.

4.5. Theorem. The map f: G — G' defined in 4.4 is a 6-QH homeomor-
phism.

Proof. We first define a map ¢g: G' — E by

g(y) =My - M(y) +1).

Since
m(g(y)) = eM(y)_l(l —oscy) >0,

g(y) € G. It is easy to verify that fog = id and go f = id. Since f and g are
clearly continuous, f is a homeomorphism with f~! = g.
It is easy to see that

G = {z :m(z) =0} U {0}, 0G' = {z :0scz =1} U {oo}.
Furthermore,

(4.6) 6(z) = m(z),  8(y)=(1-oscy)/2

for r € G, y € G'. The first equality is obvious, and we prove the second one.
Let y € G' and write @« = 1 —oscy > 0. Assume that z € 8G', z # co. Since
oscz = 1, we have either M(z) > M(y) + a/2 or m(z) < m(y) — «/2. Hence
lly—=z|| > /2, which implies §'(y) > a/2. To prove that §'(y) < a/2 we construct
z € 0G" with ||z—vy|| = a/2. If y is a constant function y(t) = ¢, we use Uryson’s
lemma to find z € E with M(z) =c+1/2, m(z) =c—1/2. Then z € G’ and
|z —y|| =1/2 = a/2. If y is not constant, let

vi [m(y), M(y)] = [m(y) — a/2,M(y) + /2]

be the affine increasing homeomorphism. Then z = voy € 8G', and ||z—y|| = «/2.
To prove that f: G — G' is 6-Lipschitz in the QH metric it suffices to show,
by 1.4.6, that

(4.7) L(z, f)§(z) < 66'(fz)
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at an arbitrary point z € G. We obviously have L(z,M) <1 and L(z,id) = 1.
Writing h(z) = 1/M(z) we obtain from the L-formulas in 4.2

L(z,h) < 1/M(z)*,
L(z, f) < L(z,h)M(z) + h(z)L(z,id) + L(z, M)/M(z) < 3/M(z).

Since (4.6) gives =) @)
—osc f(z m(z

, 1
S = =57 = 2@y

we obtain (4.7).
It remains to show that ¢ is 6-Lipschitz in the QH metric. Let y € G'. Then
0<y—M(y)+1<1. Using the formulas of 4.2 we obtain

L(y,g) = MWLy, M)(y — M(y) + 1) + M~ (L(y,id) + L(y, M))
< 3eM(y) -1

By (4.6) we have

8(gy) = m(gy) = e™®71(1 —oscy)

and thus
L(y,9)8'(y) < 3eM® (1 —oscy)/2 = 36(gy)/2.

Hence g¢ is indeed (3/2)-Lipschitz in the QH metric. o

4.8. Remark. Consider the special case of the example above where T
consists of two points. Then E is the plane R? with the norm ||z|| = |z1]| V |z2],
G is the quarter plane z; > 0, z2 > 0, and G' is the parallel strip |z; — z2| < 1.
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