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Abstract. The work presented in this paper is motivated in largemeasureby the appearance
of Hencky{Prandtl nets (HP-nets) in the context of planar quasi-isometrieswith constant principal
stretching factors (cps-mappings) and by compelling analogiesbetween such mappings and those
given by analytic functions of one complex variable. We study the behavior of HP-nets in the
vicinit y of isolated singularities and use the results of this analysis to show that if an HP-net
is regular in the entire plane except for isolated singularities, then it can have at most two of
them, and that all possibe nets of this kind fall into �v e classeseach of which depends on a
small number of parameters. In light of the relationship between HP-nets and cps-mappingsit
follows that an analogousstatement holds for the latter as well, and this connection is further
exploited to prove that HP-nets regular except for isolated singularities in smoothly bounded
Jordan domains have nontangential limits in the appropriate senseat almost all boundary points.
The treatment includes, in addition, an interpretation of cps-mappingswith isolated singularities
as deformations producedby the cryptocrystalline solidi�cation with microscopic
a ws of a planar
�lm and a discussionof the problem of just how the singularities of such mappings can actually
be distributed in a given domain.

In tro duction

Disregarding considerationsof regularity and connectivity, two mutually or-
thogonal one-parameterfamilies of curves(called characteristics), covering a given
plane domain D , form a Hencky{Prandtl net (abbreviated as HP-net ) if for any
two �xed curvesC1 , C2 belongingto oneof the families, the changein the inclina-
tion of the tangent is the samealong all subarcsof curvesof the other family which
join a point of C1 to a point of C2 . Such nets are of importance in the theories of
plasticit y (see[Hi]) and optimal design(see[Hem]), and there is an extensive liter-
ature dealing with the analytic and numerical construction of HP-nets that satisfy
various boundary conditions arising in connection with these theories as well as
other applied problems. The local theory of such nets seemsto have beenworked
out fully by Prandtl [Pra], Hencky [Hen] and Carath�eodory{Schmidt [CS].A paper
of Collins [C] contains an excellent discussionof numerousaspectsof the theory of
Hencky{Prandtl nets and an encyclopedic bibliography. Moreover, G. Strang and
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R.V. Kohn [SK] have described a problem which involvesconstruction of HP-nets
in both the plasticit y and optimal design contexts in di�eren t parts of a given
domain.

The present discussionis motivated by yet another connection in which HP-
nets arise, namely that of planar deformations for which the principal strains are
distinct constants, henceforth called cps-mappings. Indeed, it is not di�cult to
show (seeProposition 1.1) that two mutually orthogonal families of curvescovering
a simply connecteddomain are the families of the lines of principal strain of a cps-
mapping if and only if they form an HP-net. This classof mappingspresents itself
as a natural object of study in various ways.

First of all, they constitute a simple classof quasi-isometries(essentially de-
formations with bounded principal stretching factors) introduced and studied by
F. John ([J1], [J2], [J3]). It is quite likely that for many of the as yet unresolved
distortion questionsfor quasi-isometriesraised by John, extremal behavior is dis-
played by cps-mappingsand their higher dimensional analogues. Regardlessof
whether this proves to be the case,cps-mappingsform a nontrivial but nonethe-
less tractable class of quasi-isometrieswhose study yields valuable insights into
the extent of global distortion consistent with given bounds on local stretching.

Secondly, although governedby a nonlinear hyperbolic system(equations(1.1)
in Section1.2) cps-mappingsbear, in many aspectsof their behavior, notable simi-
larities to conformal mappings,more precisely to conformal mappings f for which
Ref logf 0(z)g is bounded. There are several ways in which the analogy can be
drawn, but for the purposesat hand it is enough to say that the function which
givesthe inclination of the tangent line to the curvesof either of the families of the
associated HP-net (to be referred to asan HP-function in the sequel)takesthe role
of the harmonic function arg f 0(z) . A simple, but striking instance of this simi-
larit y is the HP-versionof Liouville's theorem on boundedharmonic functions: an
HP-function regular in the entire plane is necessarilya constant. Moreover, pos-
sibilities for developing a distortion theory for cps-mappingsparalleling parts of
the classicalgeometric theory of functions of one complex variable are described
at some length in [G1, Section 4] where a numerically sharp result in this vein
is established. In this paper we follow the function theory model in an inves-
tigation of isolated singularities of HP-nets and cps-mappings. In Section 1 we
set down formal de�nitions of HP-nets and cps-mappingswith minimal regularity
requirements, discusstheir basic properties (with proofs included for the sake of
completeness),describe several proceduresfor the construction of HP-nets and
de�ne several speci�c nets which play a fundamental role in the succeedingdevel-
opment. The following two sectionsare devoted to an analysis of the behavior of
HP-nets in the vicinit y of an isolated singularit y. Isolated singularities fall into two
distinct categoriesdepending on whether the associated HP-function is bounded
on somecharacteristic terminating at the singular point or not; these two cases
are fully analyzed in Sections2 and 3, respectively (see Theorems 2.1 and 3.1).
The results of this analysisyield information about the global consequencesof the
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presenceof a givensingularit y which stem from the hyperbolic nature of the under-
lying equations. It turns out that there are severe restrictions on the distribution
of isolated singularities of an HP-net in a given domain, the exact form of which
dependsto a large extent on its shape|the lesscontorted the boundary the more
di�cult it is for there to be a lot of singularities. The ultimate manifestation of
this phenomenon(that is, in the casein which there is no boundary) is contained
in one of the main results: in Section 4 we show that an HP-net regular in the
entire plane except for isolated singularities can have at most two singularities and
that every such net belongsto one of �v e families, each of which is described by
a few parameters (seeTheorem 4.1). The small number of possibilities for such
HP-nets is most consistent with the analogy we have beenpursuing|a harmonic
function whoseconjugate is boundedand regular in the whole plane except for iso-
lated singularities must be a constant. In a somewhatdi�eren t direction, we use
the relationship betweenHP-nets and cps-mappingsto show in Section 5 that an
HP-function regular exceptfor isolatedsingularities in a smoothly boundedJordan
domain D possessesnontangential limits at almost all points of @D . This result
closely parallels the classicalFatou theorem (see[Pri]) on the boundary behavior
of bounded harmonic functions (and their conjugates). This section also contains
a construction which shows that, in spite of the aforementioned limitations on the
distribution of isolated singularities, on any such domain there are cps-mappings
having in�nitely many of them (Theorem 5.2).

Finally , deformations with constant principal strains are of concrete interest
in connectionwith modelsof real situations, several of which are brie
y discussed
in [Y]. Consider, for example, a thin liquid �lm on a plane surface which upon
solidi�cation takeson a cryptocrystalline structure, that is, at each point a suitably
oriented in�nitesimal square of the original liquid becomesan (again, suitably
oriented in�nitesimal) rectangular crystal whosesidelengthsareconstant multiples
of the side length of the square. In this light global geometric results for cps-
mappingsacquire new signi�cance in asmuch as they tell oneabout the extent to
which the shape of the original �lm can changeas a result of such a solidi�cation
process. Furthermore, one can interpret isolated singularities in this context as
microscopic 
a ws in the crystallized lamina, as is explained in somedetail in the
�nal paragraph of Section 5.

1. Preliminaries

1.1. Notation and terminology . For conveniencewe treat the plane as C ,
rather than as R 2 , and denoteplanar vectorsascomplexnumbers. Let D � C be
a domain and let � be a locally Lipschitz contin uous real-valued function on D .
The complete integral curves of the �elds ei� and iei� will be called 1- and 2-
characteristics of � , respectively. The convention that f i; j g = f 1; 2g will hold
throughout. Arcs of i -characteristics will be called i -arcs, or less speci�cally ,
characteristic arcs. With referenceto a given � a characteristic arc joining points
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a;b 2 D will be denoted by ab and we shall usethe abbreviation

� � (ab) = � (b) � � (a):

A domain Q � D will be said to be a characteristic quadrilateral of � if @D is a
Jordan curve lying in D containing four points a, b, c, d occurring in that order
when @D is traversed(in either the positive or negative sense)and such that ab
and cd are i -arcs and bc and da are j -arcs. We will refer to such a Q as abcd
and usethe abbreviation

� 2(abcd) = � � (bc) � � � (ad) = � � (dc) � � � (ab):

Furthermore, D1 and D2 will denote di�eren tiation with respect to arc length in
the directions ei� and iei� , respectively; that is, for di�eren tiable u

D1u(z) = cos
�
� (z)

�
ux (z) + sin

�
� (z)

�
uy (z);

D2u(z) = � sin
�
� (z)

�
ux (z) + cos

�
� (z)

�
uy (z):

We use the symbol � (E ) to denote the 1-dimensional measureof the set E , so
that in particular � (C) is the length of the simple arc C .

1.2. De�nition and basic prop erties of HP-nets and cps-mappings.
In dealing with HP-nets it is frequently more convenient to work with the function
� which givesthe inclination of the tangent to the curvesbelonging to one or the
other of the two families that make up the net, rather than with the net itself.
Since,however, we shall be working with domains that are not simply connected,
an inevitable contingency in any discussionof singularities, a minor complication
arises;namely, that upon going around a hole � may changeits value by a multiple
of � , (not 2� ) . Thus, in the following de�nition we consider functions which,
although not necessarilysingle-valued in the entire domain D under consideration,
do have a single-valued branch on any simply-connectedsubdomain of D .

De�nition 1.1. Let D � C be a domain. A (possibly multiv alued) function
� on D is called an HP-function if it satis�es the following conditions:

(i) Every point p in D has a neighborhood E on which � has a Lipschitz
contin uous branch and satis�es � 2(abcd) = 0 for all characteristic quadrilaterals
abcd of � contained in E .

(ii) e2i� is single-valued in D .
The set of all HP-functions on D will be denoted by HP(D) .

It is necessaryto consider e2i� in (ii), rather than ei� , since,as noted above,
in going around a hole in D , � might changeby a multiple of � . We will usethe
term HP-net to refer to the families of integral curvesof the �elds ei� and iei� ;
through each point of D there passesexactly onecurveof each family. It is evident
that the corresponding net remains unchanged if we add 1

2 � to an HP-function;
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this causes,of course, an interchange of the two families of characteristics. We
use the notation HP(D) to denote the set of all HP-nets, as well as the set of all
HP-functions, on D ; this minor ambiguit y will causeno confusion.

To discusscps-mappingswe needthe following notation:

T(� ) =
�

cos� sin �
� sin � cos�

�
and S(m1; m2) =

�
m1 0
0 m2

�
;

where here and in what follows m1 and m2 are distinct positive numbers.

De�nition 1.2. A mapping of a domain D � C into C is calledan (m1; m2) -
mapping if each point of D hasa neighborhood N in which there are two Lipschitz
contin uous functions � = � f and � = � f such that the Jacobian matrix J f of f
is given by T(� � )S(m1; m2)T(� ) .

If � and � are Lipschitz contin uous in a simply-connecteddomain D , then
T(� � )S(m1; m2)T(� ) is the Jacobian matrix of a mapping if and only if

(1:1) D1(m1� � m2� ) = 0 and D2(m1� � m2� ) = 0 a.e. in D;

or in other words

(1:2) m i � � m j � is constant along i -arcs of � :

To seethis, it is enough to show, in light of the Lipschitz contin uit y of � and
� , that these conditions simply amount to the formal necessaryand su�cien t
compatibilit y conditions on the entries of a matrix in order for it to be the Jacobian
of a mapping. For a given �xed p 2 D , let � 0 = � (p) and � 0 = � (p) , and let
D1u , D2u denote the directional derivativesof u at p in the directions ei� 0 and
iei� 0 , respectively. Then functions A and B give D 1u and D2u if and only if
D2A = D1B . (Note that at p D1D2u is not the sameas D1D2u sincethe latter
involves derivatives of � and the former does not. The compatibilit y conditions
can, of course,be formulated in terms of D1D2u and D2D1u |see (1.4) below|
and we shall make subsequent useof that formulation also.) Let f = u + iv . Then
J f = T(� � )S(m1; m2)T(� ) is equivalent to

�
D1u D2u
D1v D2v

�
= T(� � )S(m1; m2)T(� )T(� � 0 ) = T(� � )S(m1; m2)T(� � � 0):

The compatibilit y conditions for this matrix are equivalent to those for any left
multiple by a constant invertible matrix, a convenient choice in this case be-
ing T(� 0) . If we write �� = � � � 0 and �� = � � � 0 then the compatibilit y
conditions simply state that the result of applying D 1 to the secondcolumn of
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T(� �� )S(m1; m2)T( �� ) is the same as that of applying D2 to the �rst column.
Since �� and �� are both 0 at p and

T(� �� )S(m1; m2)T( �� )

=
�

m1 cos�� cos�� + m2 sin �� sin �� m1 cos�� sin �� � m2 sin �� cos��
m1 sin �� cos�� � m2 cos�� sin �� m1 sin �� sin �� + m2 cos�� cos��

�
;

a trivial calculation shows that at p, and therefore at any point, the compatibilit y
equations take the form (1.1) as desired.

Equations (1.1) constitute the nonlinear hyperbolic system alluded to at the
beginning of the fourth paragraph of the introduction. We next have

Prop osition 1.1. Let D be a simply connecteddomain and m1 , m2 distinct
positive numbers. Then � = � f for some (m1; m2) -mapping f of D if and only
if � is an HP-function on D .

Proof. Let � and � be the functions associated with an (m1; m2) -mapping
f of D and let abcd � D be a characteristic quadrilateral with 1-sides ab;dc.
Then from (1.2) we have

� 2� (abcd) = � � (dc) � � � (ab) =
m1

m2

�
� � (dc) � � � (ab)

�
=

m1

m2
� 2� (abcd):

But if wewrite � 2� (abcd) as � � (bc) � � � (ad) , we seethat � 2� (abcd) alsoequals
(m2=m1)� 2� (abcd) , so that indeed � 2� (abcd) = 0.

Conversely, given that � is an HP-function, let Q be a closedcharacteristic
quadrilateral in D and let p be an interior point of Q. Then, since � 2� (Q0) = 0
for all characteristic quadrilaterals Q0 � Q, it is clear that once � (p) = � 0 has
beenassigned,there is a unique � in Q which satis�es (1.2). This � can then be
extendedbit by bit \from onecharacteristic quadrilateral to the next" to all of D
so that (1.2) holds, that the resulting � is single-valued follows from the simple
connectednessof D via the monodromy principle. By what wasestablishedabove
the matrix T(� � )S(m1; m2)T(� ) is the Jacobian of an (m1; m2) -mapping of D ,
as desired.

It is clear that given an (m1; m2) -mapping on a simply connecteddomain D ,
the (contin uous) HP-function � = � f is uniquely determined to within an additiv e
constant (which is a multiple of � ), and that all (m1; m2) -mappings g of D for
which � g = � f are of the form ei� f + z0 , � 2 R , z0 2 C . The i -characteristics
are the curvesalong which f changesarc length by a factor of m i .

For a function � 2 C2(D) straightforward formal calculation shows that each
of the equations

(1:3) D j D i � = (� 1)j (D i � )2
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when written in terms of di�eren tiation in the x and y directions takes the form
1
2 (sin 2� )( � yy � � xx ) + (cos2� )� xy = (cos2� )( � 2

x � � 2
y ) � 2(sin2� )� x � y ;

so that each caseof (1.3) implies the other. The meaningof equations(1.3) can be
expressedin the following geometricform. If � i (z) denotesthe unsignedcurvature
of the i -characteristic Ci (z) through z, then the derivative of � i in the direction
orthogonal to Ci (z) towards its concavesideis � 2

i . Of key importance in what is to
follow is the fact that the solution of the equation � 0(t) = � 2(t) , with � (0) = � 0 is
� (t) = � 0=(1� � 0t) . Equations (1.3) consequently imply that if � i 6= 0 it increases
as we move along Cj (z) towards the concave side of Ci (z) and decreasesas we
move along Cj (z) in the opposite direction. In particular the length of any j -arc
emanating from z towards the concave side of Ci (z) is at most 1=� i (z) .

Prop osition 1.2. Let D be a simply connected domain and � 2 C2(D) .
Then � is an HP-function if and only if equations (1.3) hold on D .

Proof. Let � 2 C2(D) . Straightforward calculations show that functions
A; B 2 C1(D) are of the form A = D1u and B = D2u for some u 2 C2(D) if
and only if

(1:4) D2A � D1B = AD 1� + BD2�

holds. That is, the compatibilit y conditions may be expressedin this form (seethe
discussionfollowing (1.2)). Assumethat � is an HP-function and let m1 , m2 be
distinct positive numbers. Let � be a function (whose existencewas established
in the preceding proposition) for which (1.1) holds. Applying (1.4) �rst with
A = D1� , B = D2� and then with

A = D1� =
m1

m2
D1� ; B = D2� =

m2

m1
D2� ;

we have

(1:5) D2D1� � D1D2� = (D1� )2 + (D2� )2;

and

(1:6)
m1

m2
D2D1� �

m2

m1
D1D2� =

m1

m2
(D1� )2 +

m2

m1
(D2� )2 ;

from which the equations (1.3) follow immediately.
Conversely, let � 2 C2(D) satisfy (1.3). We de�ne

P =
m1

m2
D1� and Q =

m2

m1
D2� :

Then it follows from (1.3) that

D2P � D1Q = PD1� + QD2� ;

so that there is a function � satisfying D1� = P and D2� = Q; that is, the
function � satis�es (1.1). Thus � is an HP-function by the precedingproposition.
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In order to proceedwith the development of the local analytic aspects of the
theory of HP-nets and cps-mappings,and to have an important tool for the con-
struction of such we need to introduce characteristic coordinate mappings. Let
� be an HP-function on a domain D . Let I i = [ai ; bi ] , � i 2 I i , i = 1; 2. Let
p 2 D and let z = zi (s) , s 2 I i be an arc length parametrization of the i -arc
through p with zi (� i ) = p, i = 1; 2. For (t1; t2) 2 S = I 1 � I 2 let � (t1; t2) be
the point common to the 1-characteristic through z2(t2) and the 2-characteristic
through z1(t1) . For � (I 1) and � (I 2) su�cien tly small � : S ! D is a bi-Lipschitz
homeomorphism, as follows from the Lipschitz contin uit y of � and simple facts
about the dependenceof solutions of ordinary di�eren tial equationson initial val-
ues. Without lossof generality we can assumethat j� (z)j < 1

4 � in the correspond-
ing characteristic quadrilateral � (S) , so that in what follows all arguments lie in
the interval

�
� 1

4 � ; 3
4 �

�
. We write � i (s) = argf z0

i (s)g. That � is an HP-function
is equivalent to

(1:7) ! (t1; t2) = �
�
� (t1; t2)

�
= � 1(t1) + � 2(t2) � � 2(� 2):

Because � is Lipschitz contin uous, � i is di�eren tiable a.e. on I i and � 0
i is a

bounded measurablefunction. If � = � + i� , then the functions � , � satisfy the
system

(1:8) � t 1 sin! � � t 1 cos! = 0; � t 2 cos! + � t 2 sin! = 0:

Writing
v = � � sin! + � cos! and u = � cos! + � sin! ;

that is, u + iv = � e� i! , the system (1.8) takes the form

(1:9) ut 2 = � 0
2(t2)v; vt 1 = � � 0

1(t1)u:

This is a very simple hyperbolic system which becomeseven more transparent
when expressedin integral form

v(t1; t2) = v0(t2) �
Z t 1

� 1

u(� ; t2)� 0
1(� ) d� ;

u(t1; t2) = u0(t1) +
Z t 2

� 2

v(t1; � )� 0
2(� ) d� ;

where

(1:10)
u0(t1) = Ref z1(t1)e� i� 1 ( t 1 ) g;

v0(t2) = Imf z2(t2)e� i ( � 2 ( t 2 )+ � 1 ( � 1 ) � � 2 ( � 2 )) g:

Clearly, u0 and v0 are Lipschitz contin uous.



Hencky{Prandtl nets and constant principal strain mappings 195

A straightforward and standard argument basedon iteration shows that given
contin uous u0 and v0 this system of integral equations has a global solution
u; v 2 C(S) which consequently satis�es (1.9) almost everywhere; the solution
is, moreover, unique. Furthermore, if the initial data as well as the functions � 1 ,
� 2 are C1 , then the solution is likewiseC1 on S; this standard regularity result
stems from the fact that the derivativesof u and v satisfy a system of the same
general form. Consequently, if we start with C1 arc length parametrizations
z = zi (s) , s 2 I i with

(1:11) z1(� 1) = z2(� 2) and z0
2(� 2) = iz 0

1(� 1);

then wewill obtain a C1 mapping � : S ! C . It is easyto seethat if this mapping
is one-to-one,then the imagesof the lines t i = const form an HP-net on � (S) ; that
is, that � (z) = !

�
� � 1(z)

�
will be an HP-function. In general, of course, � will

not even be locally one-to-one, becausethe imagesof lines t i = const can cross.
However, if we are given an upper bound K for the curvatures of the initial curves
zi (I i ) , then equations (1.3) allow one to deducethat there exist � = � (K ) and
L = L(K ) such that � will be one-to-onein N = [� 1 � � ; � 1 � � ] � [� 2 � � ; � 2 � � ] \ S ,
and that the corresponding � will satisfy a Lipschitz condition with constant L
in � (N ) . From this, via a simple approximation procedure and a compactness
argument, onecanshow that the sameis true if oneonly assumesthat the functions
argzi satisfy Lipschitz conditions with constant K (instead of the initial curves
being C1 with curvatures boundedby this constant). Summarizing, we have the
following

Prop osition 1.3. If z = zi (s) , s 2 I i , i = 1; 2 are arc length parametriza-
tions for which the argf z0

i (s)g are Lipschitz contin uous and satisfy (1.11), then
there is someneighborhood N of (� 1; � 2) in S on which � is one-to-oneand such
that � (z) = !

�
� � 1(z)

�
is an HP-function on � (N ) .

If � is one-to-oneon all of S, as will be the casewhen the Ci = zi (I i ) are
adjacent sidesof a characteristic quadrilateral of an already existing HP-function,
then we shall refer to the curves � (I 1 � f tg) , t 2 I 2 as translates of C1 along
each � (f tg � I 2) , t 2 I 1 and call them parallel arcs, and analogously when the
roles of the indices 1, 2 are reversed. We shall also refer to Ci and Cj as being
perpendicular or orthogonal to each other. We shall refer to the uniquely de�ned
net given by � (z) = !

�
� � 1(z)

�
in the image of any neighborhood of (� 1; � 2) in

which � is one-to-oneas HP(C1; C2) .

Prop osition 1.4. If, in addition to the hypothesesof Proposition 1.3, we
assumethat argf z0

1(s)g is nonincreasingon I +
1 = f t 2 I 1 : t � � 1g and argf z0

2(s)g
is nondecreasingon I +

2 = f t 2 I 2 : t � � 2g, then � is locally one-to-oneon I +
1 � I +

2
and � (z) = !

�
� � 1(z)

�
is an HP-function on � (J ) for any open J � I +

1 � I +
2 on

which � is one-to-one.
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Proof. The hypothesesimply that z1(I +
1 ) is convex toward its left-hand side

(i.e., toward the side corresponding to increasing t2 ) and that z2(I +
2 ) is convex

toward its right-hand side (i.e., toward the side corresponding to increasing t1 ).
In the C1 casethis means,in light of the signi�cance of equations (1.3) (seethe
paragraph immediately preceding Proposition 1.2), that both families of charac-
teristics diverge,that is, that the curvatures of the i -characteristics decreasewith
increasing t j . From this the locally one-to-onecharacter of � follows immediately.
(The mapping might fail to be globally one-to-onedue to the possibility that �
might not give a simple covering of � (I +

1 � I +
2 ) .) The general casefollows by

approximating the zi by sequencesf zi;n (s)g of C1 arc length parametrizations
for which the argf z0

i;n (s)g have the stipulated monotonicity as well as uniformly
bounded derivativeswhich tend to dargf z0

i (s)g=ds in measure.

Next, we explain the sensein which equations (1.3) hold for general(i.e., not
necessarilyC2 ) HP-functions � . We de�ne E i = E i (� ) to be the set of all points p
such that if z = z(s) , � " < s < " , with z(0) = p is an arc length parametrization
of an i -arc of � containing p, then �

�
z(s)

�
is di�eren tiable at s = 0. Obviously,

almost all points (with respect to arc length) of each i -characteristic belong to
E i and almost all points of the domain on which � is de�ned (with respect to
2-dimensional measure)belong to E1 \ E2 .

Prop osition 1.5. Let � be an HP-function on D and let Ck , k = 1; 2, be
the k -characteristic through p 2 E i . Then Cj � E i , and equation (1.3) holds
along Cj , when D j is iterpreted as arc length di�eren tiation along Ck in the
direction i k � 1ei� , k = 1; 2.

Proof. Without loss of generality we assume,for de�niteness, that p 2 E1 .
Let z = zi (s) , � � � s � � , i = 1; 2 be arc length parametrizations of small
pieces of C1 and C2 with zi (0) = p and with the directions of increasing s
correspond to ei� and iei� , respectively. Let � i (s) = dargf z0

i (s)g=ds. Let �
be the corresponding characteristic coordinate mapping and let F i (t1; t2) denote
the translate of zi ([0; t i ]) along Cj from p to zj (t j ) . Since � 0=(1 � t� 0) is the
solution of the initial value problem � 0 = � 2 , � (0) = � 0 , it is clearly enough to
show that for each t 2 (0; � ]

(1:12) lim
s! 0+

�
�
� (s; t)

�
� �

�
� (0; t)

�

�
�
F1(s; t)

� =
� 1(0)

1 � t� 1(0)
:

That (1.12) also holds for negative t and as s ! 0� , can be deducedwith
minor notational adjustments to the argument to follow. Becauseof trivial com-
pactnessconsiderationsthe sizeof � > 0 is not important, so that we may assume
that

(1:13) supfj � i (s)j : i = 1; 2; jsj � � g �
1

100�
:
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Here \ sup" is to be interpreted as \essential supremum". This condition implies
that the Fi (t1; t2) are very closeto being straight line segments, and in addition
that if we start with C1 zi satisfying it, then the corresponding characteristic
coordinate mapping will be one-to-one in [� �; � ] � [� �; � ] . We �x such an � .
Very simple estimatesshow that

lim
s! 0

�
�
F2(s; t)

�
= t; 0 < t � �;

uniformly over the classof all � arising from C1 zi satisfying (1.13).
The equation D2D1� = (D1)2 , expressedin terms of the radius of curvature

R1 = 1=� 1 , says that D2R1 = � 1. Now, for such C1 initial curves,a simple cal-
culus argument involving an appropriate Riemann sum and passageto the limiting
integral, together with this di�eren tial equation for R1 shows that

�
�
F1(s; t)

�
=

Z s

0
1 � � (� )�

�
F2(� ; t)

�
d� ;

so that

�
�
F1(s; t)

�
=

Z s

0
1 � � (� )

�
t + o(1)

�
d� =

Z s

0
1 � � (� )t d� + o(s)

= s � t
�
�
�
z1(s)

�
� � (z1(0)

� �
+ o(s);

where the \little- o" is uniform over the entire C1 class indicated above. From
the HP-property we have that

�
�
� (s; t)

�
� �

�
� (0; t)

�
= �

�
z1(s)

�
� �

�
z1(0)

�
:

Abbreviating this di�erence by � we seethat the di�erence quotient on the left-
hand side of (1.12) is equal to

�
s � t� + o(s)

=
� =s

1 � t� =s+ o(1)
:

By approximation by C1 functions as in the proof of the preceding proposition
we have that the sameholds for the original HP-net. But � =s ! � 1(0) , so that
(1.12) is indeed true.

Becauseof Proposition 1.5 the comments contained in the paragraph imme-
diately preceding Proposition 1.2 are relevant in the context of general (i.e., not
necessarily C2 ) HP-nets and their content will play a key role in much of what
follows. For conveniencewe formulate the next proposition, which gives a lower
bound for the area of a characteristic quadrilateral, in terms of the characteristic
coordinate mapping � discussedabove.
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Prop osition 1.6. Let the mapping � be one-to-oneon all of I 1 � I 2 , where
I i = [� i ; � i ] . If the lengths of all of the translates of C2 = z2(I 2) along C1 = z1(I 1)
are at least m , then the area of � (I 1 � I 2) is at least 1

2 m� (C1) .

Proof. Again, by a straightforward approximation procedure we can reduce
considerationto the casein which the arc length parametrizations z1 , z2 are C1 .
Consider a small subarc J = z1([� ; � + � ]) of C1 . The length of J is obvi-
ously � and the length of its translate t units along � (f � g � I 2) is easily found
(seethe proof of the preceding proposition) to be

�
1 � t� 1(� )

�
� + O(� 2) , where

� 1(� ) = dargz1(� )=d� . For small � the translates of J are virtually straight line
segments orthogonal to the curve � (f � g � I 2) . Since the lengths of the 2-arcs
of the characteristic quadrilateral in question are all at least m , equations (1.3)
imply that � 1(� ) � 1=m, so that the area of � f [� ; � + � ] � I 2g is then seento be
at least

�
Z m

0

�
1 �

t
m

�
dt + O(� 2) =

� m
2

+ O(� 2);

sothat upon consideringthe appropriate Riemann sumand passingto the limiting
integral, the area of � (I 1 � I 2) is indeed at least 1

2 m� (C1) .

We de�ne D +
i � (p) to be the upper limit of jD i � (z)j as z ! p. We have the

following simple consequenceof Proposition 1.5.

Prop osition 1.7. Let � be an HP-function on D . (i) If the j -characteristic
C through p is a simple curve, then

D +
i � (p) �

1
L

�
1

dist (p;@D)
;

where L is the length of the shorter of the two arcs into which p divides C .
(ii) If the j -characteristic through p is a closedcurve then D +

i � (p) = 0.

Proof. We prove (i), the proof of (ii) involving only minor variations. For
de�niteness and without loss of generality we assumethat i = 1. We can also
assumethat D +

i � (p) > 0, since otherwise there is nothing to prove. From the
de�nition of D +

i � (p) it follows that for any " > 0 there is a point q 2 E1(� )
within " of p for which jD1� (q)j > D +

i � (p) � " and such that there are 2-arcs
C+ and C� emanating from q in the directions iei� (q) and � iei� (q) , respectively,
which have length greater than L � " . Assume that D 1� (q) is positive. Then
applying Proposition 1.5 at the point z(s) which lies s units from q along C+ we
have that

D1�
�
z(s)

�
=

D1� (q)
1 � sD1� (q)

:

Thus
L � " < � (C+ ) �

1
D1� (q)

<
1

D +
i � (p) � "

;
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that is, that D +
i � (p) � " < 1=(L � " ) , which establishesthe desired bound. If

D1� (q) < 0 then one arriv es at the same conclusion by following C� instead
of C+ .

As an immediate corollary of Proposition 1.7 we have

Prop osition 1.8. If � is an HP-function on all of C , then D +

i � (p) = 0 for
all p 2 C , i = 1; 2, so that � is a constant.

Prop osition 1.9 (Compactnessprinciple). For any domain D the family
f e2i� : � 2 HP(D)g is compact in the topology of uniform convergenceon compact
subsetsof D .

Proof. This follows via elementary arguments, since Proposition 1.7 implies
that if U � D is a closeddisk, then � satis�es a Lipschitz condition with constant
at most 1=dist(U;@D) .

Weend this subsectionwith the discussionof an important limiting caseof the
characteristic coordinate mapping construction wehavebeenusing, namely that in
which oneof the initial curvesdegeneratesto a point. Let z = z(s) , s 2 I 1 = [0; � 1]
be an arc length parametrization with Lipschitz contin uous derivative, and let I 2

be an interval one of whoseendpoints is 0 and whoselength is lessthan 2� . Let
! (t1; t2) = argf z0(t1)g + t2 . We consider the same system (1.8) of di�eren tial
equations as before, but with initial conditions corresponding to � (t1; 0) = z(t1)
and � (0; t2) = z(0) , that is, for the functions u , v de�ned by u + iv = � e� i! , the
equationsare

ut 2 = v and vt 1 = � � 0(t1)u;

where � (t) = argf z1(t)g with the corresponding initial conditions

u0(t1) = Ref z(t1)e� i� ( t 1 ) g and v0(t2) = Imf z(0)e� i� (0) � t 2 g:

This characteristic initial valueproblem, in light of the discussionprecedingPropo-
sition 1.4, is well-posed.

Prop osition 1.10. The mapping � de�ned immediately above exists on
I 1 � I 2 and is one-to-oneon J = [0; " ] � I 2 for some" > 0. Moreover, the function
� (z) = !

�
� � 1(z)

�
is an HP-function on the interior of � (J ) .

Proof. This may be proved in a fashion directly analogousto that in which
Proposition 1.2 was justi�ed, or alternativ ely by applying the compactnessprinci-
ple to the family of HP-functions resulting from the original (i.e., nondegenerate)
characteristic coordinate mapping construction with z1(s) = z(s) , s 2 I 1 and

z2(s) = z(0) + � (eis=� � 1)z0(0); s 2 � I 2 = f � s : s 2 I 2g = I 2(� ):

The curve given by z2 is an arc of a circle of radius � orthogonal to z(I 1) at z(0)
for which z0(0) is an outward pointing normal. One then lets � ! 0 and obtains
the desiredresult by the compactnessprinciple together with the convexity of the
curve z2

�
I 2(� )

�
.
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It is to be noted that the characteristic arcs � (f t1g � I 2) , t1 2 (0; " ] are
convex (with their concave side towards z(0) ). The family of orthogonal arcs
� ((0; " ] � f t2g) , t2 2 I 2 is a fan of characteristic arcs which are con
uent at z(0) .
If � is one-to-onein all of the rectangle, and the curve parametrized by z is C ,
then we will denote the resulting uniquely de�ned net by Fan(C; I 2) .

1.3. Isolated singularities of HP-functions and cps-mappings. Hence-
forth the r -neighborhood of a point p 2 C will be denoted by N (p;r ) , and
N (p;r )nf pg will be denoted by N 0(p; r ) . If p is a point of the domain D , an
HP-function � on Dnf pg is said to have an isolated singularity at p. The point
p will be called a true singularity of � if � cannot be extendedto an HP-function
in D . We use the terms \singularit y" and \true singularit y" for HP-nets also.
An HP-function (HP-net) on DnA for some set A of isolated points of D will
be called an HP*-function (HP*-net) on D ; HP* (D) will denote both the class
of HP*-functions and that of HP*-nets on D . Furthermore, we shall denote by
cps*(D) (by cps*(D; m1; m2) ) the set of all cps-mappings( (m1; m2) -mappings)
which are de�ned on a set of the form DnA , where A is a set of isolated points
of D , and whosecontin uous extensionsto D are local homeomorphisms.

Prop osition 1.11. If � has a true singularit y at p, then the essential supre-
mum of r � is not �nite in N 0(p; " ) , for any " > 0.

Proof. If the essential supremum of r � is �nite in some such punctured
neighborhood N 0(p; " ) , then � is single valued and Lipschitz contin uous there,
and consequently can be extended by contin uit y to all of N (p;" ) with the same
Lipschitz constant. If abcd is any characteristic quadrilateral whoseclosure lies
in the punctured neighborhood, then � 2� (abcd) = 0. By a trivial limit argument
it then follows that this is true even if p is on the boundary of the quadrilateral.
If abcd is a characteristic quadrilateral of � which contains p in its interior, then
there are points a0 2 ab, b0 2 bc, c0 2 cd, and d0 2 da such that a0c0 and b0d0 are
characteristic arcs of � passingthrough p. But then

� 2� (abcd) = � 2� (a0bb0p) + � 2� (pb0cc0) + � 2� (d0pc0d) + � 2� (aa0pd0) = 0;

so that � is an HP-function in N (p;") , contrary to the hypothesis.

Prop osition 1.12. Let � be an HP-function which has a true singularit y.
Then there is a characteristic arc of � of �nite length oneof whoseendpoints is p.

Proof. Let � be de�ned in N 0(p; " ) . From the precedingproposition it follows
that there are points q 6= p in N (p;"=2) such that D +

i � (q) > 2=" for at least one
of i = 1 or 2. But then it follows from Proposition 1.7 that there is a j -arc of
length at most "=2 which joins q to p.

Proposition 1.12 suggeststhe following classi�cation of true singularities.
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De�nition 1.2. A true singularit y of an HP-function � is said to be a sin-
gularity of type R or a Riemann singularity if � is boundedon somecharacteristic
arc of �nite length which terminates at p. Otherwise it is said to be of type S or
a spiral singularity.

The reasonwe have chosen the names \Riemann" and \spiral" for the two
kinds of singularities will be made clear in what follows (see (i) and (ii) in the
following subsection, and Theorems 2.1 and 3.1). Here again, we apply these
terms to HP-nets also.

1.4. HP-nets with one or two singularities. In this paragraph we de�ne
four families of HP-nets; one of the main goals of this paper is to prove that
apart from the trivial nets corresponding to constant � , theseare the only nets in
HP* (C) .

(i) Spiral nets. For p 2 C , � 1
2 � � � � 1

2 � , we de�ne

� p;� (p + rei� ) = � + �:

To seethat � = � �;� is an HP-function, let r = jz � pj . Simple trigonometry
shows that D1� (z) = sin �=r and D2r = � sin � , from which it follows that
D2D1� (z) = (sin �=r )2 =

�
D1� (z)

� 2
, so that � �;� is indeed an HP-function by

Proposition 1.2. It is equally easy to seethat for 0< j� j < 1
2 � we have that

� p;� (z) ! �1 as z ! p along any i -characteristic ( �1 , if 0< � and i = 1 or
� < 0 and i = 2; + 1 otherwise), so that the characteristics spiral around p.
Quite speci�cally , for p = 0 the polar equations of the 1- and 2-characteristics
through the point r0ei� 0 are

(1:14) r = r0e( � � � 0 ) cot � and r = r0e� ( � � � 0 ) tan � ;

respectively. The values � = 0; � 1
2 � give rise to the degeneratecasein which the

families of 1-characteristics consist of rays emanating from p (when � = 0) and
circles centered at p (when � = � 1

2 � ). The net corresponding to � p;� will be
denoted by S p;� .

Let f 2 cps*(C; m1; m2) for which � f = � p;� . Then the curves f (C) are
congruent for all i -characteristics C , from which it follows that f

�
N (p; � )

�
is a

disk N
�
f (p); � 0

�
. Simple trigonometry implies that f changesarc length on circles

@N (p; � ) by a factor of
q

m2
1 sin2 � + m2

2 cos2 � . Since f changesareaby a factor
of m1m2 we have

m1m2� � 2 = �
�

�
q

m2
1 sin2 � + m2

2 cos2 �
� 2

;

so that if m1=m2 = � , we have

� sin2 � +
1
�

cos2 � = 1;
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from which it follows that � = cot2 � . Since � 6= 0; 1, we seethat in order for f to
exist, j� j must be in (0; 1

2 � )nf 1
4 � g. The argument just given is easily seento be

reversible, that is, for all such � there is an (essentially unique) (m1; m2) -mapping
for which � f = � p;� , provided that m1=m2 = cot2 � .

If for 0 < j� j < 1
2 � we follow the two characteristics of � p;� through z0 =

p + rei� 0 as they move toward p, they crossin�nitely often. For conveniencelet
0 < � < 1

2 � . Then a very simple calculation based on (1.14) shows that they
meet for the �rst time at the point a = p + z0eT ( i � tan � ) , where T = 2� cos2 � .
Let Ci denote the i -arc joining z0 to a. Arcs C1 and C2 together form a simple
closedcurve encircling p and are both convex toward the outside of this curve.
The interior anglesat z0 and a are seento be 1

2 � and 3
2 � , respectively, so that

if � i is the (unsigned) changein � along Ci we have

(1:15) � 1 + � 2 = 2� :

(ii) Riemann nets. For p 2 C , � real and 0 � � � � , we de�ne

� p;�;� (p + rei� ) =

8
><

>:

�; � � � � � + 1
2 � ,

� � 1
2 � ; � + 1

2 � � � � � + � + 1
2 � ,

� + � ; � + � + 1
2 � � � � � + � + � ,

� � � ; � + � + � � � < � + 2� ,

and then de�ne � p;�;� (p + rei ( � +2 � n ) ) to be � p;�;� (p + rei� ) � n� , for n =
� 1; � 2; : : : . It is easy to verify that the multiv alued function � p;�;� is indeed
an HP-function in Cnf pg; in each of the four sectorsit coincideswith one of the
degeneratecasesof � p;� or is constant, and it is contin uous (modulo � ). Quite
speci�cally , in the four sectorson the right-hand side of the de�nition of � p;�;�

the 1-characteristics are, respectively, the rays f p + siei� + tei� : t � 0g, s � 0,
circular arcs with center at p, rays f p + siei ( � + � ) � tei ( � + � ) : t � 0g, s � 0, and
rays f p+ tei� : t � 0g, � + � + � � � � � + 2� . We alsonote that � p;�;� increases
by � along any simple closedcurve which goesaround p in the positive direction
and that r � p;�;� has jumps along the rays that separatethe four sectors(because
along these rays characteristics of one or the other of the families change from
straight lines to circular arcs). The net corresponding to � p;�;� will be denoted
by R p;�;� . We have chosenthe term \Riemann nets", becausetheir restrictions
to half-planesarise in connectionwith certain \Riemann problems" for the hyper-
bolic system(1.1). A trivial calculation basedon (1.1) shows that � p;�;� is � f for
some f 2 cps*(C; m1; m2) if and only if (m1=m2)� + (m2=m1)( � � � ) = � (since
otherwise f

�
N (p; � )

�
would not give a simple covering of a neighborhood of f (p) ).

The remaining two nets are special casesof the following general construc-
tion; no simple formula for the corresponding HP-functions would appear to be
available. Let I k = [0; tk ] and zk : I k ! C be arc length parametrizations of
the curves Ck with Lipschitz contin uous derivatives for which z1(0) = z2(0) and
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z1(t1) = z2(t2) . Assume furthermore that argf z0
1(s)g and argf z0

2(s)g are non-
increasing and nondecreasing,respectively, that z1(0) , z1(t1) are the only two
points that thesecurveshave in common, and that

z0
2(0) = iz 0

1(0) and z0
2(t2) = iz 0

1(t1):

One seesthat the simple closedcurve C1 [ C2 is the boundary of a \heart-shaped"
domain whose\p oint" is at z1(t1) = z2(t2) . Now apply the characteristic coordi-
nate construction of Section1.2. By Proposition 1.4and simple geometry it follows
that the characteristic coordinate mapping is one-to-oneon [0; t1) � [0; t2) . Let
E (C1;C2) = �

�
[0; t1) � [0; t2)

�
, Z (C1) = � ([0; t1] � f t2g) , Z (C2) = � (f t1g� [0; t1]) .

From the convexity of the original curvesC1 and C2 together with the assumption
that they meet at right anglesat both endpoints, it easily follows that E (C1;C2)
lies in the complement of the interior of the simple closed curve C1 [ C2 and
that Z (C1) and Z (C2) satisfy exactly the sameconditions as the original curves
C1 and C2 did. We inductiv ely de�ne C (0)

i = Ci , C ( k+1)
i = Z (C ( k )

i ) , i = 1; 2,
k = 0; 1; 2; : : : . It is then easyto seethat the HP-nets so de�ned in the interiors
of the E(C ( k )

1; C ( k )
2 ) , k = 0; 1; 2; : : : , �t together to form a single HP-net in the

interior of their union, that is, in the doubly connecteddomain which constitutes
the exterior of the original simple closedcurve C1 [ C2 .

        Figure 1.

(iii) Double Riemann nets. We shall de�ne nets Dp;q;�;� ;
 where p 6= q are
points, 0 � � , 
 � � , � real, and 0 < arg

�
e� i� (q � p)

�
< 1

2 � . They are called
double Riemann nets becausein neighborhoods of p and q they coincide with
R p;�;� and R q;� + � ;
 , respectively. The construction is facilitated by referenceto
Figure 1, in which � = � 1

2 � , and 0 < � ; 
 < � . Changing � simply requires a
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rotation of the �gure; the casesin which � or 
 is 0 or � require self-evident
modi�cations which are left to the reader. This picture, in which somecharacter-
istic arcshave beendrawn, is merely descriptive and is not meant to show exactly
what thesearcs look like, but only their general form.

Since the nets R p;�;� and R p;� + � ;
 coincide in the rectangle prqs, the two
together give an HP-net in the curvilinear polygon whosesides(listed in positive
order) are the 2-arc ap00, the 2-arc p00r , the 1-arc rq0, the 1-arc q0b, the 2-
arc bq00, the 2-arc q00s, the 1-arc sp0, and the 1-arc p0a (except, of course,
at the singularities p and q). Note that the only jumps in the argument of
the tangent when this simple closedcurve is traversed in the positive direction
are jumps of 1

2 � at a and b and � 1
2 � at r and s. Using the characteristic

coordinate mapping construction and Proposition 1.4, it is clear that this net can
be extendedto the heart shapedregionboundedby the union of the curvesC1 and
C2 which aremadeup of the arcs rp00, p00a, ac, and rq0, q0b, bc, respectively. The
construction described in the paragraph immediately preceding this discussionof
double Riemann nets can then be usedto extend this net to the entire complement
of f p;qg. It is obvious that the only singularities of this net are the onesof type R
at p and q.

(iv) Degeneratedouble Riemann nets. We shall de�ne nets F p;q;� ;� ;
 where
p 6= q arepoints, 0 � � ; 
 � � , and � = + or � . Thesenetsariseaslimiting cases
of double Riemann nets as arg

�
e� i� (q � p)

�
tends to 0 or 1

2 � . The description is
again facilitated by referenceto the corresponding Figure 2 in which � = + , and
0 < � , 
 < � . The value of � indicates the sign of arg

�
(p0� p)=(q� p)

�
2 [� � ; � ] .

The casesin which � or 
 is 0 or � require self-evident modi�cations which are
left to the reader, and similarly for the case� = � . The net is de�ned initially as
R p;arg( q� p) � � =2;� and R q;arg (p� q) � � =2;
 inside the circular sectors pqp0 and qpq0,
respectively. One then usesthe fan construction summed up in Proposition 1.10
to de�ne Fan(pq0; [� � � ; 0]) and Fan(qp0; [
 � � ; 0]) , which givesan HP-net in the
interior of the curvilinear polygon pwq0qup0p. Onethen extendsthis net by tacking
on HP(qq0w; qu) (that is, the characteristic quadrilateral qwvu), so that the net
is now de�ned in the interior of the heart-shaped region boundedby the mutually
orthogonal characteristics pp0 [ p0u [ uv and pw [ wv (except at the singularities
p and q). Finally , the construction given just before the discussion of double
Riemann nets is applied to de�ne the net in the entire complement of f p;qg. The
case� = � is the sameexcept that (p0� p)=(q� p) and (q0� q)=(p � q) lie in the
lower half-plane.

2. Riemann singularities

We shall establish a seriesof lemmaswhich lead to the complete description
of singularities of type R given in Theorem 2.1. The reader is reminded that �
denotes1-dimensionalmeasureand that the term \translate" is usedin the sense
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explainedin the paragraph immediately following the statement of Proposition 1.3.
We begin with

        

Figure 2.

Lemma 2.1. Let � have a singularit y of type R at p. Then there is a
characteristic arc of � , one of whoseendpoints is p and along which � (z) has a
limit as z tends to p.

Proof. From the de�nition of this type of singularit y it follows that we can
assumethat � is regular in N = N (p; � )nf pg, and that there is an i -arc C of
� of �nite length which joins a point lying outside of N (p; � ) to p and on which
� is bounded. Let w = w(s) , 0 � s � � , with w(� ) = p be the arc length
parametrization of a �nal segment of C . Let � (s) = �

�
w(s)

�
. The curvature

� (s) = � 0(s) , exists for s 2 A , where � (A) = � . We may assumethat lim s! �

� (s) doesnot exist, sinceotherwise C is itself a characteristic arc of the kind we
are seeking. For any � 0 > 0 and 0 � � 0 < � we have

� (f s 2 (� 0; � ) \ A : � (s) > � 0g) > 0

and
� (f s 2 (� 0; � ) \ A : � (s) < � � 0g) > 0;

since if either of thesesetshad measurezero for any such � 0 and � 0, the bound-
ednessof � (s) on (0; � ) would imply the existenceof lim s! � � (s) . From this it is
easyto seethat there is an s1 2 (� =2; � ) such that � (s1) > 2=� , and s1 is a den-
sity point of f s 2 A : � (s) > 0g. The part C1 of the j -characteristic emanating
from w(s1) to the left of C (as it is traversed in the direction of increasing s)
has length at most � =2 (by Proposition 1.5), and so lies entirely in the punctured
neighborhood N and terminates at p. Similarly, there is an s2 2 (s1 ; � ) for which
� (s2) < � 2=� , and which is a density point of f s 2 A : � (s) < 0g. The part C2 of
the j -characteristic emanating from w(s2) to the right of C again has length at
most � =2, and so lies entirely in the punctured neighborhood N and terminates
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at p. Also, the opposite signs of the curvature of C at the points w(s1) and
w(s2) , together with simple topological considerationsshow that C1 \ C2 = f pg.
Now, we do not know a priori that C1 does not intersect C at more than one
point, sowe let s0

1 < s2 be the greatestnumber lessthan s2 such that w(s0
1) 2 C1

and we let C0
1 denote that part of C1 which connects w(s0

1) to p. (The arc C0
1

might, of course,be all of C1 .) It follows from the fact that p is the only point
common to C1 and C2 and the fact that the lengths of these curves as well as
that of C are all lessthan � , that C0

1 [ w([s0
1; s2]) [ C2 is a simple closedcurve

whoseinterior D lies entirely in the punctured neighborhood N of p; the exterior
of D is easily seento lie to the right as w([s0

1; s2]) is traversed from s0
1 to s2 .

We denote by E the part of the j -characteristic emanating to the left of C from
w(s2) ; obviously, E � D . Let v = v(s) , 0 � s < L be the arc length parametriza-
tion of E , with v(0) = w(s2) . (We are not a priori excluding the possibility that
L = 1 .) Sincewe chose s2 to be a density point of f s 2 A : � (s) < 0g, there is
a positive " < � � s2 , s2 � s0

1 such that

(2:1) � (f s 2 I \ A : � (s) < 0g) > 1
2 ";

both when I = I 1 and I = I 2 , where I 1 and I 2 are the left and right halves
of the interval J = [s2 � "; s2 + "] . Let L 0 > 0 denote the supremum of all
s 2 (0; L ) for which the translates of w(J ) along E down to v(s) exist. (Here
again we are not assuming a priori that L 0 is �nite, although we shall show
shortly that this must be the case.) These translates of w(J ) are all contained
in D . For t 2 [� "; " ] and s 2 [0; L 0) we let v(t; s) be the point which lies both
on the translate of w(J ) through v(s) and on the translate of an initial arc of
E through w(s2 + t) . Now, it follows from (2.1) that for s 2 [0; L 0) the lengths
of the translates of w(I 1) and w(I 2) down to v(s) , are both at least "=2, which
together with Proposition 1.6 implies that 1

2 "L 0 � � � 2 . Thus, L 0 is �nite. Also,
Proposition 1.7 implies that D +

j

�
v (s)

�
� 2=" , for s 2 (0; L 0) . This, together with

the �niteness of L 0 means that lim s! L 0 �
�
v(s)

�
exists, so that by the de�ning

property of HP-nets, lim s! L 0 �
�
v(t; s)

�
exists for each t 2 J . This then says that

lim s! L 0 v(t; s) exists for each t 2 J . But the de�nition of L 0 implies that for some
t = t0 2 J this limit is p. The j -arc parametrized by v(t0; s) , 0 � s < L 0, can
therefore be taken as the desiredarc.

Lemma 2.2. Let � be regular in N = N 0(p; � ) . Let Ck be a k -arc of �
lying in N and with arc length parametrization zk (s) , 0 � s < L k , k = 1; 2.
Let lim s! L i zi (s) = p and lim s! L i �

�
z(s)

�
exist. Let zi (0) = zj (0) . Then either

(i) for some " > 0 all translates of Ci along zj ([0; " ]) lie in N and terminate
at p, or (ii) for some " > 0 the translate of zj

�
(0; " ]

�
along Ci provides a j -arc

terminating at p, along which � (z) has a limit as z tends to p and which is
orthogonal to Ci at p.

Proof. By replacing Ci by a su�cien tly small �nal subarc,and � by a smaller
number if necessary, we may assumethat the valuesof � on Ci lie in somesmall
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interval, say of length 1=100. Let � > 0 be so small that the values of �
�
zj (s)

�

on [0; � ] also lie in an interval of length 1=100 and all translates of zj ([0; � ])
along Ci lie in N . Let Es denote the translate of Ci with initial point zj (s) ,
and let p(s) denote its terminal point. If for some s0 2 (0; � ] , p(s0) = p, then
the small variabilit y of � on zj ([0; � ]) implies that the length of the translates of
zj ([0; s0]) down to zi (s) tend to 0 as s tends to L i . This meansthat (i) holds
with " = s0 . In the opposite case p(s) , 0 < s � � , parametrizes a j -arc for
which lim s! 0 �

�
p(s)

�
exists. Now, becauseof the small variabilit y of � on Ci ,

supf � (Es) : 0 � s < L i g = L < 3� . It is easyto show by C1 approximation and
simple calculus that the length of all translates of zj ([0; s]) along Ci is at most
s+ L� (s) , where � (s) is the total variation of � on zj ([0; s]) . Since s+ L� (s) ! 0
as s ! 0, it follows that p(s) ! p as s ! 0, so that (ii) is true with " = � .
The orthogonality of p([0; � ]) to Ci at p follows immediately from the fact that
� (s) ! 0.

Lemma 2.3. Let � be regular in N = N 0(p; � ) . Let z(s) , 0 � s < L be an
arc length parametrization of an i -arc C of � lying in N . Let lim s! L z(s) = p
and let lim s! L �

�
z(s)

�
exist. Then one of the following must happen:

(i) There is an open j -arc containing somepoint of C such that none of the
translates of C along this arc terminates at p.

(ii) Passingthrough somepoint of C there is a closed j -arc C0 of positive
length such all translates of C along C0 terminate at p, but on one side of each
end point of C0 no nearby translates of C terminate at p. Furthermore, the
former translates are mutually nontangential at p.

(iii) � (z) is given by arg(z � p) or arg(z � p) � 1
2 � (to within an integral

multiple of � ) in a punctured neighborhood of p.

Proof. By replacing � by a smaller number if necessary, we may assumethat
� is regular in N 0(p;6� ) , that C joins @N (p;6� ) to p and that the valuesof � on
C all lie in a very small interval, of length 1=100, say. Let q denotethe point of C
for which jq � pj = � . To facilitate the exposition we assumethat j = 1 and that
at q the unit tangent to C pointing towards p is iei� (q) . Let w(s) , K < s < K 0,
be the arc length parametrization of the j -characteristic in N 0(p;3� ) for which
w(0) = q and such w0(s) = ei� (w (s)) . (It is possible that this j -characteristic is
a simple closedcurve or that it has in�nite length; to cover thesepossibilities we
allow either one or both of K , K 0 to be in�nite.) Assumethat (i) doesnot hold.
Let I denote the set of all subintervals I of (K ; K 0) which contain 0 and are
such that for all s in I , w(s) is joined to p by an i -arc Cs in N 0(p;2� ) (which is
just a translate of the part of C which joins q to p). By Lemma 2.2, I contains
intervals of positive length. Let I 2 I . By the de�ning property of HP-nets, the
set f � (z) : z 2 Csg is the samefor all s 2 I , and by assumption it is an interval
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of length lessthan 1=100. From this it follows that

(2:2)

�
�
�
�arg

w0(s)
i
�
w(s) � p

�
�
�
�
� < 1=100; s 2 I ;

and that

(2:3) jw(s) � pj � � (Cs) � 2jw(s) � pj; s 2 I :

(The constant 2 is, of course,much larger than necessary.) It furthermore follows
from the fact that all of the Cs , s 2 I , meet at p, together with Proposition 1.5
that,

(2:4) d�
�
w(s)

�
=ds= 1=� (Cs); a.e. on I :

Indeed, were this not the case,a simple argument shows that there would be a
positive distancebetweentwo of the arcs Cs , which is not consistent with their all
meetingat p. Let � (s) denotethe argument of the tangent (the onepointing away
from p, to be de�nite) to Cs at p. Note that by the de�ning property of HP-nets
all of the Cs have tangents at p becausethe original C did. A straightforward
argument based on this property shows that � 0(s) = d�

�
w(s)

�
=ds. From this,

together with (2.3) and (2.4) it follows that

(2:5) � 0(s) = d�
�
w(s)

�
=ds � 1=

�
2jw(s) � pj

�
a.e. on I :

If �
�
�
�
w(I )

� �
� 2� , it follows from (2.2) and the fact that jq � pj = � that

(2:6) � =2 < jw(s) � pj < 2� ; s 2 I ;

and in particular that w(I ) � N 0(p;3� ) .
First, assumethat sup

�
�

�
�
�
w(I )

��
: I 2 I

	
< 2� . Then it is easy to see

that [f I : I 2 I g = I 0 2 I is closed. This gives the �rst sentence in (ii); the
secondsentence follows from the lower bound for � 0(s) in (2.5).

To complete the proof it therefore su�ces to assumethat sup
�

�
�
� (I )

�
: I 2

I
	

� 2� . If this is the case,then there is an I = [�; � ] 2 I , such that for all s
in I , w(s) is joined to p by an i -characteristic arc Cs in N 0(p;3� ) and such that
� (� ) = � (� ) + 2� . But then it follows that either C� and C� coincide or one is a
proper subarcof the other, sincedistinct characteristics cannot be tangent at p, as
follows immediately from the positivenessof � 0(s) . First we considerthe casethat
they coincide, that is, that w([�; � ]) is a simple closedconvex curve (recall that
arg

�
w0(s)

�
is nondecreasing)containing p in its interior. Let w(
 ) be the point

on this curve at maximum distance from p. Then D +
j �

�
w(
 )

�
� 1=jw(
 ) � pj , so

that by Proposition 1.7, C
 must be a straight line segment, from which it follows
that all of Cs are straight line segments. This means that there are straight
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line j -characteristics terminating at p at all angles � , 0 � � � 2� , so that (iii)
holds. The other possibility cannot, in fact occur. To seethis, we assumefor
de�niteness that C� is a proper subarc of C� . Thus w([�; � ]) starts at a point
w(� ) on C� , goes around p once and ends up at a point w(� ) on C� between
w(� ) and p. But then it is easy to seethat on [�; K 0) , w(s) winds around p
in�nitely many times in the counterclockwise direction, crossing C� successively
at points w(sn ) , n = 0; 1; 2; : : : , each of which lies farther along C� towards p
than its predecessor.Since the arcs w(sn )w(sn +1 ) are translates of each other,
if there were any variation of � on the j -arc w(s0)w(s1) , � (z) would not have
a limit as z ! p along C� , an obvious contradiction, since C� is parallel to a
terminal segment of our original i -arc C . But then the arcs w(sn )w(sn +1 ) are all
line segments of the samelength, which is obviously impossible.

De�nition 2.1. In the case that (ii) of the preceding lemma holds, the
family F (C) of translates of the i -arc C joining the points of the j -arc C0 to
p will be called an i -fan of the net at p, and the characteristics passingthrough
the endpoints of C0 are called the bounding characteristics of F (C) . The angle
formed at p by the bounding characteristics is called the angle of the fan. In the
casethat (i) holds we regard C aloneasconstituting a (degenerate)fan with angle
0 and both bounding characteristics coinciding with C .

In dealing with such fans we will usually restrict attention to a small neigh-
borhood of p sothat on C , � takesvaluesin a small interval (taken to have length
lessthan 1=100, to be speci�c). In this way all of the i -arcs making up an i -fan
are virtually straight line segments and join p to the boundary of the disk about
p in which we are working. These i -arcs are connectedby almost circular j -arcs
whosecurvature increasesuniformly to in�nit y as they approach p.

With these preliminaries out of the way we are in a position to derive a de-
scription of singularities of typeR. For the sakeof descriptivesimplicit y weassume,
without lossof generality, that p = 0. We apply Lemma 2.1 and then Lemma 2.3
and assumethat we are not in case(iii) of the latter. There is therefore an i -fan
of characteristic arcs terminating at 0 (which might consist of a single arc|case
(i) of Lemma 2.3), which, without lossof generality, we assumeto be \symmetric"
with respect to the positive x -axis, that is, that the bounding characteristics C +

i
and C �

i have outgoing tangents which make anglesof � 1
2 � , respectively, with the

positive x -axis. As we saw in the proof of Lemma 2.3, 0 � � < 2� (since we
are not in case(iii)). By choosing an appropriate � > 0, we can assumethat �
is regular in N 0(0; 2� ) , and that along each of the characteristics of the fan the
values of � lie in an interval of length 1=100, say. From the de�nition of fan in
conjunction with Lemma 2.2, we seethat there are distinct j -characteristics C +

j

and C �
j emanating from 0, whoseoutgoing tangents at 0 form angles of � 1

2 �
with those of C+

i and C �
i , respectively. By picking a smaller � , if necessary, we

can assumethat along each of these j -characteristics the values of � lie in an
interval of length 1=100. We note the following.
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(1) � � � . This is clearsincewere � < � < 2� , nearby translatesof C +
j would

crossnearby translates of C �
j in N 0(0; 2� ) and form an angle strictly between 0

and � , a patent impossibility.
(2) If � = 0, the fans F (C +

j ) and F (C �
j ) cannot both consist of a single

characteristic. To seethat this is so, assumeotherwise. Then there would be an
i -characteristic, E , tangent to the x -axis and emanating to the left of 0. We can
assumeas before that along E the valuesof � lie in an interval of length 1=100.
But this meansthat through each point of C +

i = C �
i , C+

j , C �
j and E there passes

a perpendicular characteristic which joins two points of @N (0; 2� ) without passing
through p. This, in turn, implies that jr � (z)j � 2=� , a.e. in N 0(0; � ) , which, by
Proposition 1.11, is impossible,becausewe are assumingthat the net has a true
singularit y at 0.

(3) F (C+
j ) = F (C �

j ) . This is obvious if � = � , since then C +
j and C �

j are
tangent at 0 and consequently coincide (see (ii) of Lemma 2.3), and the corre-
sponding fan is degenerate.To handle the casein which 0 � � < � , we assumeto
the contrary that these fans are disjoint. Let E + and E � be the other bounding
j -characteristics of F (C +

j ) and F (C �
j ) , respectively. Then it follows from (2), or

the condition 0 < � < � , whichever is applicable, that the angle between these
distinct j -characteristics is strictly between 0 and � . But then by the de�ni-
tion of fan there are i -characteristics perpendicular to E + and E � , respectively,
which intersect in N 0(0; � ) and form an angle strictly between 0 and � , which is
obviously absurd.

We are now in a position to state in the form of several theorems the basic
facts about Riemann singularities which we shall use in what follows.

Theorem 2.1. Let p be a Riemann singularit y of an HP-function � . Then
there exists a � > 0 such that one of the following holds.

(A) � (z) is given by arg(z � p) or arg(z � p) � 1
2 � (to within an integral

multiple of � ) in N 0(p; � ) .
(B) There are four arcs C +

i , C+
j , C �

j , C �
i with the following properties:

(1) Each one joins @N (p; � ) to p.
(2) The arc length parametrization each of them has a Lipschitz contin uous

derivative.
(3) C+

i and C+
j have their single common point at p, where they meet at

right angles,and similarly for C �

i and C �

j .
(4) C+

k and C �

k either have their single common point at p or coincide,
k = 1; 2.

(5) The four arcs occur in the indicated order in the counterclockwise sense.
(6) If � k 2 [0; � ] denotes the (unsigned) angle between C �

k and C+

k , k =
1; 2, then in the smaller curvilinear sector of N (p; 1

2 � ) between C �
i and C+

i the
characteristics of the net coincidewith thoseof Fan(C �

i ; [0; � i ]) and in the smaller
curvilinear sector of N (p; 1

2 � ) between C+
j and C �

j they coincide with those of
Fan(C+

j ; [0; � j ]) .
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(7) In the two parts into which N (0; 1
2 � ) is divided by the removal of these

fans, the characteristic arcs of the net coincide with those of HP(C +
i ; C+

j ) and
HP(C �

j ; C �
i ) , respectively.

(8) � i + � j = � .

Proof. If (A) (which is (iii) of Lemma 2.3) doesnot occur, then it follows from
the precedingdiscussionthat there is onefan of i -arcsand oneof j -arcs,and that
at most one of these fans can be degenerate. If, as above, we assumethat � is
regular in N 0(0; 2� ) , and that along each of the curvesbelonging to thesefans the
valuesof � lie in a small interval (say of length 1=100), then, by Proposition 1.7,
the curvature on the parts of these curves lying in N 0(0; � ) is bounded above by
1=� , since for any point on any thesecurves there is an orthogonal characteristic
arc of length at least � emanating to either sideand lying in N 0(0; 2� ) ; this proves
point (2). Points (3) and (4) follow from the preceding discussionand point (5)
is merely of a notational nature. Point (6) follows from Proposition 1.10 and the
discussionpreceding it. It follows from point (2) and the discussionpreceding
Proposition 1.4 that in each of the two parts into which N (0; � ) is divided by the
removal of the fans, � is the solution of the characteristic initial value problem
corresponding to bounding characteristics of the two fans; that is, in thoseregions
the HP-net is given by HP(C +

i ; C+
j ) and HP(C �

j ; C �
i ) , respectively. That the

anglesof the fans sum to � , follows from the precedingdiscussion.

De�nition 2.2. In case(A) of the precedingtheorem the singularit y p will be
called a degenerate spiral singularity ; in case(B) it will be called a nondegenerate
Riemann singularity.

The following theorem is essentially the converseof Theorem 2.1; its proof is
an immediate consequenceof the constructions of HP-nets given in Section 1.2.

Theorem 2.2. Let C1 , C2 be closed arcs with bounded curvature (i.e.,
whosearc length parametrizations haveLipschitz contin uous�rst derivatives) with
an endpoint p in common and which form a right angle at p. Let � 1; � 2 � 0 and
� 1 + � 2 = � . Then in somepunctured neighborhood N of p there is a unique HP-
net which coincideswith HP(C1; C2) in the part of N in the smaller curvilinear
sector determined by these curves and which has fans F (C1) and F (C2) with
angles � 1 , � 2 , respectively.

As an immediate consequenceof the foregoing discussionwe also have the
following

Theorem 2.3. Let p be a Riemann singularit y of an HP-net. Let Ci be
an i -characteristic arc which terminates at p and let Cj be an open j -arc which
intersects Ci . If all of the translates of Ci along Cj exist and terminate at p,
then Cj is strictly concave towards p.

Herewemean,of course,that if z(s) , a < s < b, is an arc length parametriza-
tion of Cj for which iz 0(s) points in the direction along i -arcs towards p, then
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the essential in�m um of dargz0(s)=ds is strictly positive. The following theorem
follows immediately from Theorem 2.1 together with Proposition 1.5.

Theorem 2.4. Let p be a Riemann singularit y of an HP-net for which the
angle of the i -fan is � and let E1 and E2 be the bounding characteristic arcs of
the i -fan at p. Then E1 and E2 cannot be both concave or both convex towards
the (unique) j -characteristic terminating at p.

We end this section with

Theorem 2.5. If H is an HP -net regular in C except for a single nonde-
generateRiemann singularit y at p, then H is an R p;�;� .

Proof. It is clearly su�cien t to prove that the fans at p consist entirely of
straight lines. If this were not so, then one, and henceall of the characteristics in
the i -fan, say, would havenonvanishing curvature on someset of positive measure.
Thus, there would bea j -arc Cj which joins a point q on a bounding characteristic
Ci of the i -fan to p. The i -arc E joining q to p (including the endpoints) together
with Cj forms a simple closedcurve. Simple topological considerationsshow that
either Cj is an initial arc of oneof the bounding characteristics of the j -fan at p,
or one of these bounding characteristics has an initial arc lying in the interior of
the simple closedcurve E [ Cj and joining p to somepoint q0 on E . But then
consideration of nearby translates of E producesan i -arc joining two points of a
j -characteristic, yielding an i -arc and a j -arc joining a pair of distinct points and
thereby forming a simple closedcurve on and inside of which the net is regular, a
patent absurdity.

3. Spiral singularities

Now that we have completely described Riemann (t ype R) singularities, we
deal with the remaining possibility, spiral or type S singularities. In this section
we shall consequently assumethat p is an isolated singularit y of an HP-function
such that if C is a characteristic arc joining q 6= p to p, then either C has in�nite
length or � (z) is unboundedas z tends to p along C .

Lemma 3.1. Let � be regular in N 0(p;2� ) and have a spiral singularit y at p.
Let C be an i -arc of � lying in N 0(p; � ) , oneof whoseendpoints is p. Then C is
not tangent to any of the concentric circles @N (p;d) , 0 < d < � .

Proof. Without lossof generality we may assumethat p = 0. Assume,to the
contrary , that z(s) , 0 � s < L , is the arc length parametrization of a subarc of
C0 of C with lim s! L z(s) = 0, such that z0(0) � z(0) = 0, where for simplicit y we
regard complex numbers as vectors and use the dot notation for inner product.
Let w(s) = z0(s) � z(s) . Since z(s) tends to 0 as s tends to L , lim s! L w(s) = 0.
Thus there is a point � 2 (0; L ) at which jwj attains its maximum. Arbitrarily
closeto � there are numbers s1 < s2 such that

0 = w(s2) � w(s1) =
�
z0(s2) � z0(s1)

�
� z(s2) + z0(s1) �

�
z(s2) � z(s1)

�
:
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Dividing by s2 � s1 , and taking into account that z0 is contin uousand jz0(� )j = 1,
we seethat jz(� )jD +

i

�
z(� )

�
� 1. But then it follows from Proposition 1.7 that

z(� ) is joined to p by a j -arc which is a straight line segment. But this contradicts
the hypothesisthat p is a spiral singularit y.

The following lemma is similar to Lemma 2.2; we have chosennot to combine
the two in a single more general lemma, since to do so requires somediscussion
not necessaryfor the purposesat hand.

Lemma 3.2. Let � be regular in N 0(p;2� ) and have a spiral singularit y at p.
Let Ck be a k -arc of � lying in N 0(p; � ) with arc length parametrization zk (s) ,
0 � s < L k , k = 1; 2. Let lim s! L i zi (s) = p. Let zi (0) = zj (0) . Then for some
" > 0 each point of zj ([0; " ]) is joined to p by an i -arc lying in N (p; � ) .

Proof. We begin with the following observation. Let wn (s) , 0 � s � � n ,
n = 1; 2; : : : , be arc length parametrizations of j -arcs En � N 0(p; � ) of � for
which � (En ) � � > 0 and �

�
� (En )

�
< 1=100. Becauseof the latter condition

the En are closeto being line segments, so that in particular � � � (En ) � 3� for
all n � 1. Thus, the sequenceof functions vn (t) = wn

�
� (En )t

�
, 0 � t � 1, is

uniformly boundedand equicontin uous,and consequently hasa subsequencewhich
convergesuniformly on [0; 1] to some function v . A straightforward argument
shows that either v(t) , 0 � t � 1, gives a parametrization of a j -arc of � in
N (p; � )nf pg with oneendpoint possibly coinciding with p, or there is a t0 2 (0; 1)
such that v , when restricted to each of the intervals [0; t0] and [t0; 1], parametrizes
such a j -arc. Furthermore, the valuesof � on any of thesearcs parametrized by
v lie in an interval of length at most 1=100.

By replacing Cj with an initial subarc, if necessary, we may assumethat
�

�
� (Cj )

�
< 1=100 and that Cj intersectsCi only at zi (0) = zj (0) . For s 2 (0; L i )

and � 2 (0; L j ] let C(s; � ) denotethe translate of the subarc zj ([0; � ]) of Cj along
Ci down to zi (s) , provided it exists and lies in N 0(p; � ) . For each � 2 (0; L j ] let
L (� ) be the supremum of all s 2 [0; L i ) such that C(s; � ) exists. Obviously,
L (� ) > 0 for all � 2 (0; L j ] . We claim that there is some � > 0 for which
L(� ) = L i . This could only fail to be true if for each � 2 (0; L j ] there is an
increasing sequencef sm (� )g in

�
0; L (� )

�
which tends to some � (� ) < L i such

that one of the following happens:

(i) dist
�
C

�
sm (� ); �

�
; @N (p; � )

�
! 0

or
(ii) dist

�
C

�
sm (� ); �

�
; p

�
! 0.

First we show that (i) cannot happen for arbitrarily small � . Say, to the
contrary , that (i) actually happens for � = � n , where � n ! 0. Then, since
�

�
�
�
zj

�
[0; � ]

� � �
! 0 as � ! 0, the observation of the �rst paragraph of the proof

will produce a straight line j -arc E joining @N (p; � ) to somepoint of C1 [ f pg.
But this contradicts the hypothesisthat p is a spiral singularit y, sincethere would
then be a straight line j -arc (a translate of an initial segment of E ) of length
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at least dist
�
C1; @N (p; � )

�
> 0 emanating from each point of C1 [ f pg. Thus

there is some � 0 > 0 such that (i) cannot happen if � � � 0 . Now let � � � 0

and assumethat (ii) happens. But then, again by the initial observation, there
will be a j -arc J joining zi

�
� (� )

�
to p for which �

�
� (J )

�
< 1=100, which again

contradicts the hypothesis that p is a spiral singularit y. Thus, indeed, there is
some " > 0 such that C(s; " ) is well de�ned for all s 2 [0; L i ) . This, of course,
is the same as saying that all the translates of Ci along zj ([0; " ]) exist and lie
in N 0(p; � ) . To �nish we only have to show that �

�
C(s; " )

�
! 0 as s ! L i . But

if this were not true we would have a sequencef sm g in [0; L i ) tending to L i for
which �

�
C(sm ; " )

�
� � > 0, and the observation with which we beganwould give

us a j -arc J of length at least � terminating at p = lim m !1 zi (sm ) for which
�

�
� (J )

�
� 1=100, which again contradicts the assumption that � has a spiral

singularit y at p.

Lemma 3.3. Let � be a HP-function with a type S singularit y at p. Then
there exists some � 1 > 0 such that � is regular in N 0(p;2� 1) and such that each
point q in N 0(p; � 1) is joined to p in N (p; jq� pj) by characteristic arcs from both
families neither of which is tangent to @N (p; jq � pj) .

Proof. Let � be regular in N (p; � ) , and let C be an i -arc lying in N (p; � ) ,
with arc length parametrization z(s) , 0 � s < L , and which terminates at p.
We begin by observing that (the measurablefunction) jd�

�
z(s)

�
=dsj must be un-

bounded on [0; L ) . Assume,to the contrary , that it is bounded. Then L must be
1 , sinceif L < 1 , lim s! L � (s) would exist, which would contradict the hypoth-
esis that p is a spiral singularit y. But if jd�

�
z(s)

�
=dsj is bounded and L = 1 ,

then clearly lim s! L z(s) cannot exist. Thus indeed jd�
�
z(s)

�
=dsj is unbounded

on [0; L ) . Proposition 1.7 then implies that there exists a � 1 in (0; 1
2 � ) such that

somepoint q of @N (p; � 1) \ C is joined by a j -arc lying in N (p; 1
2 � ) . A simple

application of Lemma 3.1 shows that we can assumein addition that this j -arc
as well as a subarc C0 of C join q to p inside N (p; � 1)nf pg. For 0 < " � � 1

let A i (" ) be the set of z 2 @N (p;") which can be joined to p by an i -arc lying
in N (p;")nf pg. From what we have shown it follows that A i (" ) 6= ; , i = 1; 2,
0 < " � � 1 .

We show that A i (" ) is open in @N (p;") . If there is an i -arc which joins a
point z of the circle @N (p;") to p in N (p;") , then it follows immediately from
Lemma 3.2 that there is a neighborhood S of z on this circle such that all w
in S can also be joined to p by an i -arc lying in N (p; 1

2 � ) . Moreover, it follows
from Lemma 3.1 that these i -arcs are not tangent to the circle and that they lie
in N (p;" ) .

Next we show that @N (p;")nA i (" ) is also open in @N (p;") . If z 2 @N (p;")
is not joined to p by an i -arc lying in N (p;") , then we claim that if we proceed
along the i -characteristic through z in either direction, we will be led outside of
N (p;" ) . Assume,to the contrary , that we can proceedinde�nitely along an i -arc
C � N (p;" ) , beginningat z but without coming to p. Then C hasin�nite length,
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and if w(s) , 0 � s < 1 , is the arc length parametrization of C , then lim s!1 w(s)
is not p. In consequence,if � is the in�m um of all � such that N (p; � ) contains
w

�
(s;1 )

�
for some s, then 0 < � � " . Let � > � 0 > � > � 00 > 0. Then

for some s0, w
�
(s0; 1 )

�
lies in N (p; � 0) , but for arbitrarily large s, w(s) lies

outside of N (p; � 00) . From this it easily follows that there are arbitrarily large
s for which w(s) lies in N (p; � 0)nN (p; � 00) , but such that D +

i �
�
w(s)

�
> 1=� 0.

However, for such s there is a j -arc of length less than � 0 which joins w(s) to
p, by Proposition 1.7. Obviously, the length of such an arc must be at least � 00,
so that these arcs come closer and closer to straight line segments as � 0 and � 00

approach � . By a simple limit argument (see the �rst paragraph of the proof
of Lemma 3.2) we conclude that there is a straight line j -arc joining a point
of @N (p; � ) to p. But this is impossible, since p is a spiral singularit y. Thus
indeed, by following the i -characteristic through z in either direction we will be
led outside N (p;") . From this it follows that there is a neighborhood S of z on
@�( p;" ) such that no w in S can be joined to p by an i -arc lying in N (p;") ;
that is, @N (p;")nA i (" ) is open in @N (p;") . From the connectednessof @N (p;")
it now follows that A i (" ) = @N (p;") , which is to say that each point of @N (p;")
is joined to p by characteristic arcs of both families lying inside this circle. That
thesearcs are not tangent to this circle follows from Lemma 3.1

We are now in a position to completely characterize type S singularities.

Theorem 3.1. If the HP-function � has a singularit y of type S at p, then
in someneighborhood of p, � (z) = arg(z � p) + � , where � is a constant.

Proof. In this proof we use U to denote the unit punctured disk, N 0(0; 1).
Without loss of generality we may assumethat p = 0. Let � 1 be as in the
conclusion of Lemma 3.3. By replacing � with the HP-function � (� 1z) we may
assumethat � 1 = 1. It follows from Lemma 3.3 and the contin uit y of � that
ei� ( z) =z must lie in one of the four open quadrants for all z in Unf 0g and on a
compactsubsetthereof on each concentric circle r@U , 0 < r � 1; to bespeci�c, we
shall assumethat it is the secondquadrant, so that the vectors ei� ( z) and iei� ( z)

point in the direction of movement towards 0 along the 1- and 2-characteristics,
respectively. From the con
uence of characteristics at 0 implied by Lemma 3.2,
it follows that

(3:1) (� 1)i +1 D i � (z) � 0 a.e. in U; i = 1; 2;

so that � varies monotonically on characteristics in U . Becausewe have a sin-
gularit y of type S at 0 it follows that � tends monotonically to 1 ( �1 ) as
we move along 1-characteristics ( 2-characteristics) towards 0. The construction
given just before the discussionof double Riemann nets in Section 1.4 shows that
� has a unique extension to an HP-function in Cnf 0g, so that for convenience
we may regard it as being de�ned in the entire punctured plane. In light of that
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construction it follows that � tends monotonically to �1 ( 1 ) as we move along
1-characteristics ( 2-characteristics) away from 0.

Let L i (z) denote the distance along the i -characteristic from z to 0. From
the convexity properties of the characteristics implied by (3.1) it follows that
L i (z) is nondecreasingas z moves along a j -characteristic away from 0. From
Proposition 1.7 it follows that D +

i � (z) � 1=L j (z) . This means that L i (z) is
never in�nite, since if it were in�nite at somepoint, we would have straight line
j -arcs, and by translating them along i -arcs down to 0 we would obtain straight
line characteristic arcs terminating at 0, a contradiction. From this, in turn, it
follows that jD i � (z)j = 1=L j (z) a.e. on each i -characteristic, since otherwise a
simple argument shows that the j -characteristics would not be con
uent at 0.
Since the function L j is obviously contin uous in the punctured plane, we must
actually have that this last equation holds everywhere there; more precisely we
have D i � (z) = (� 1)i +1 =Lj (z) , z 6= 0. Thus the contin uous branchesof � are C1

functions, and jD i � (z)j > 0 on C � f 0g, i = 1; 2.
From the spiral nature of the characteristics, it follows that for any a in the

punctured plane there are i -arcs Ci (a) , i = 1; 2, which both join a to a point
b = b(a) closer to 0, and whoseonly points in common are a and b. These arcs
are, moreover, uniquely determined by theseconditions. Let � i (a) denote � � (ab)
along Ci (a) , so that � 1(a) > 0 and � 2(a) < 0. Simple geometry implies that

(3:2) � 1(a) � � 2(a) = 2� :

If we replace a by a point a0 near it on the 2-characteristic through it, then b
will be replaced by b0 = b(a0) . Consideration of the characteristic quadrilateral
with vertices a, a0, b, b0 shows that � 1(a0) = � 1(a) , which in light of (3.2)
implies that � 2(a) = � 2(a0) , also. Similarly, thesefunctions areunchangedby small
movements along 1-characteristics. This meansthat � 1 and � 2 are constants. In
other words if, starting from any point a in the punctured plane, we move along
the i -characteristic towards 0 in such a way that � changesby � i we cometo the
samepoint independently of whether i is 1 or 2.

For a given characteristic C and two points a;b 2 C we let � C � (a;b) denote
the changein � as one movesalong C from a to b, i.e., � C � (a;b) = �� (b) � �� (a) ,
where �� denotesany branch of � which is contin uous on C . (This is the same
\ � � " notation we have been using up to now, with the subscript indicating the
characteristic added to avoid possibleconfusion.) Let F i be the i -characteristic
through 1 2 C . For i = 1; 2 we de�ne a mapping of R 2 onto Cnf 0g as follows.
For (t1; t2) 2 R 2 , let q be the point on Fi for which � F i � (1q) = � i t i =� and
let z = � i (t1; t2) be the point on the j -characteristic C through q for which
� C � (qz) = � j t j =� . It follows immediately from the de�ning property of HP-nets
that if � 1(t1; t2) = � 2(t1; t2) , then there is a � > 0 such that � 1(t0

1; t2) = � 2(t0
1; t2)

and � 1(t1; t0
2) = � 2(t1; t0

2) for all t0
1 , t0

2 such that jt0
1 � t1j < � and jt0

2 � t2j <
� . Since � 1(0; 0) = 1 = � 2(0; 0), the contin uit y of � 1 and � 2 then implies that
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� 1(t1; t2) = � 2(t1; t2) for all t1; t2 2 R ; their common value will be denoted by
� (t1; t2) . Let (t1; t2) 2 R 2 and let q; r 2 F1 be such that

� F1 � (1q) =
� 1t1

�
and � F1 � (1r ) =

� 1(t1 + � )
�

=
� 1t1

�
+ � 1:

Then by what wassaid in the precedingparagraph � C � (qr ) = � 2 , where C is the
2-characteristic through q. From this it follows immediately that � 1(t1 + � ; t2) =
� 1(t1; t2 + � ) , that is, that

(3:3) � (t1 + � ; t2) = � (t1; t2 + � ) for all t1; t2 2 R :

One easily calculates that

@�
@tk

= i k � 1 � k

�
ei� ( � )

Dk � (� )
; k = 1; 2;

(using the fact that � (t1; t2) = � l (t1; t2) , where f k; lg = f 1; 2g), so that since
contin uous branchesof � are C1 functions, � is also of class C1 . If we de�ne

(3:4) ! (t1; t2) =
� 1t1 + � 2t2

�
+ � (1);

then it is clear that

(3:5) arg
�

@�
@t1

�
= ! (t1; t2) and arg

�
@�
@t2

�
= ! (t1; t2) +

�
2

:

We also point out that for n 2 Z , T 2 R , i = 1; 2,

(3:6) �
�
f (t1; t2) : n� � t i < (n + 1)� ; t j � Tg

�
� N 0(0; � );

for some � > 0.
For each z 2 U let pi (z) be the point on the i -characteristic through z for

which � �
�
zpi (z)

�
= (� 1)i +1 2� , that is, the point on this characteristic which we

arriv e at by moving along it towards 0 from z in such a way that � changesby
2� in the case i = 1 and by � 2� in the case i = 2. We claim that jpi (z)=zj ,
which is clearly lessthan 1 for all z in U , is actually boundedaway from 1 there.
If it were not, then there would be a sequencef zk g of points in U tending to 0
and such that jpi (zk )=zk j approaches 1. Application of the compactnessprinciple
(Proposition 1.9) to the family of nets corresponding to the HP-functions � (jzk jz)
would then yield a subsequenceconverging to a net H in the entire punctured
plane for which @U is an i -arc. But then it is clear that H is the degenerate
spiral net S 0;� =2 . This in turn meansthat the original net would have to have
i -arcsarbitrarily closeto a full circle centered at 0, which contradicts the fact that



218 Julian Gevirtz

j� i j < 2� . Thus indeed, the jpi (z)=zj are boundedaway from 1 in U . In terms of
our characteristic coordinates this means that j� (t1; t2)j decreasesexponentially
as either of the t i tends to 1 ; more precisely it meansthat there exist A; K > 0,
such that

(3:7) j� (t1; t2)j < Ae� K ( t 1 + t 2 ) ; for t1; t2 � 0:

In light of (3.5) and (3.6) we must show that if u(t1; t2) = � (t1; t2) � ei! ,
v(t1; t2) = � (t1; t2) � iei! , then u=j� j , v=j� j are constant in somehalf-strip n� �
t i < (n + 1)� , t j � T . (Here again we are using the dot to denote inner product.)
In terms of the real and imaginary parts x and y of � , the equations (3.5) may
be written as (seeequations (1.8))

cos! yt 1 � sin ! x t 1 = 0 and sin! yt 2 + cos! x t 2 = 0;

which in turn imply

(3:8) vt 1 = �
� 1

�
u and ut 2 =

� 2

�
v:

For w = u or v we let �w(s; t) stand for w
�

1
2 (t + s); 1

2 (t � s)
�

, so that by (3.2),
(3.3) and (3.4), �u(s; t) and �v(s; t) are periodic with period 2� in s.

Let 
 2 = � � 1� 2=� 2 , 
 > 0. Since 0 < � 1; � � 2 < 2� and � 1 � � 2 = 2� , it
follows that 0 < 
 � 1. If we write equations (3.8) in integral form and take the
bound (3.7) into account, we seethat both u and v satisfy the equation

w(t1; t2) = 
 2
Z 1

t 1

Z 1

t 2

w(s1; s2) ds2 ds1:

A standard argument basedon this equation, the bound (3.7), and the contin uit y
of u and v shows that they are both C1 -functions on R 2 . The integral equation
written in di�eren tial form is simply the well-known telegraph equation

wt 1 t 2 � 
 2w = 0;

so that in terms of the variables s and t , �u and �v satisfy

wtt � wss = 
 2w;

are periodic with period 2� in s and tend uniformly to 0 as t ! 1 . It is easily
establishedby separation of variables that the solutions of the telegraph equation
for which �w(s + 2� ; t) = �w(s; t) , with smooth periodic Cauchy data on t = 0 are
given in the upper half-plane t � 0 by

�w(s; t) =
1X

k=0

Fk (s; t);
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where
F0(s; t) = A0e
 t + B0e� 
 t

and for k � 1

Fk (s; t) = (Ak cosks + Bk sinks) cos
�
(k2 � 
 2)1=2t

�

+ (Ck cosks + D k sinks) sin
�
(k2 � 
 2)1=2t

�
;

with the exception that when 
 = 1

F1(s; t) = A1 coss + B1 sins + (C1 coss + D1 sins)t:

When 
 < 1 the uniform exponential decay of �w(s; t) to 0 as t ! 1 implies that
there is a K > 0 such that for t � K , k � 1,

�
�Ak cos

�
(k2 � 
 2)1=2t

�
+ Ck sin

�
(k2 � 
 2)1=2t

� �
� =

�
�
�
�
1
�

Z 2�

0
�w(s; t) cosksds

�
�
�
� � ":

This clearly implies that Ak and Ck are 0 for k � 1. Similarly, B k and Dk

are 0 for k � 1. The case 
 = 1 is handled in a similar way. Thus �u and �v
are of the form A0e
 t + B0e� 
 t . But since �u(s; t) ! 0 as t ! 1 , we must have
A0 = 0, so that �u(s; t) = B0e� 
 t . Similarly, �v(s; t) = B 0

0e� 
 t , for some other
constant B 0

0 . But then j� j = (B 2
0 + B 02

0)1=2e� 
 t , so that �u=j� j = B0=(B 2
0 + B 02

0)1=2

and �v=j� j = B 0
0=(B 2

0 + B 02
0)1=2 are constants in the upper half-plane, and therefore

u=j� j and v=j� j are indeed constant in some half-strip n� � t i < (n + 1)� ,
t j � T .

Theorem 3.2. If H 2 HP � (C) has a spiral or degeneratespiral singularit y,
then H is one of the S p;� .

Proof. Let H as in the hypothesis have a spiral singularit y at p and let
q be another singularit y of H at minimum distance from p. The convexity of
the characteristics emanating from p shows that q is a Riemann singularit y. But
then Theorem 2.4 shows that there is, in fact, no singularit y at q. Thus p is
the only singularit y of H . The conclusion follows from Theorem 3.3 together
with the uniquenessof the nets resulting from the construction processdescribed
just before the discussionof double Riemann nets in Section 1.4. The caseof a
degeneratespiral singularit y is handled similarly.

Theorem 3.2 together with Theorem 2.5 gives us the following complete de-
scription of HP-nets with a single singularit y.

Theorem 3.3. If H is an HP -net regular in C exceptfor a singlesingularit y
at p, then H is an R p;�;� or an S p;� .
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4. More than one singularit y

We begin with the following

Lemma 4.1. Let D be a Jordan domain with C1 boundary. Let � be an
HP� -function on D with singularit y set A . Let R denotethe set of nondegenerate
Riemann singularities of � . Then

(4:1)
X

a2 R

dist(a;@D) �
2� (@D)

�
;

and

(4:2)
X

a2 A nR

dist(a;@D) �
� (@D)

�
:

Proof. We begin with the following observation. Let Q be a characteristic
quadrilateral of � in DnA one of whose j -sidesis C = ab, and let E � Q be a
simple arc joining the i -sidesof Q. Assume, furthermore, that C is everywhere
convex toward the inside of Q. Then

(4:3) � (E ) � j� � (ab)j minfj p � ej : p 2 C; e 2 Eg:

To seethis we recall that if p 2 C is a point at which D i � exists and z = z(s) ,
0 � s � � , is the arc length parametrization of the j -arc FC joining p to the
other j -side of Q, then the (unsigned) radius of curvature R(s) = 1=jD j �

�
z(s)

�
j

is di�eren tiable and satis�es R0(s) = 1. Since D j � (p) exists for almost all p 2 C
and the length of the i -arc joining p to a point e 2 E in QnE is at least jp � ej ,
a simple calculus argument shows that (4.3) indeed holds.

It is clearly su�cien t to show that if D 0 is any smoothly boundedsubdomain
of D for which A \ @D 0 = ; , then

(4:4)
X

a2 R \ D 0

dist(a;@D 0) �
2� (@D 0)

�
and

X

a2 (A nR) \ D 0

dist(a;@D 0) �
� (@D 0)

�
:

It follows from Theorems2.3 and 2.4 that each nonbounding characteristic of the
i -fan Fa;i of a 2 R hasa unique subarcwhich joins a to somepoint @D 0. Denote
the set of all such points of @D 0 by Ea;i . It is clear that for each i all of the sets
Ea;i are disjoint. Let " > 0 and let G be an open j -arc in N (a; ") which joins
the bounding characteristics of Fa;i . Then each point p 2 G is contained in an
open subarc C of G which is the side of a characteristic quadrilateral in DnA for
which the other j -side lies outside of D 0. By the initial observation the length of
the part of Ea;i in this quadrilateral is at least �

�
dist(a;@D 0) � "

�
, where � is the

changein � on C . From this it follows that

� (Ea;i ) � 
 a;i dist(a;@D 0);
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 a;i being the i -fan angle at a. Thus

2X

i =1

X

a2 R \ D 0


 a;i dist(a;@D 0) � 2� (@D 0);

so that the �rst bound of (4.4) follows upon taking into account that 
 a; 1 + 
 a; 2 =
� .

The second inequality of (4.4) follows in essentially the same way. For a
true spiral singularit y a, by Theorem 3.1, � coincides with � a;� for some � .
As explained at the end of the discussionof spiral nets in Section 1.4, there are
k -arcs Ck , k = 1; 2, contained in N (a; ") along which � has change � �;k > 0
with � a; 1 + � a; 2 = 2� . If we replacethe i -fan usedabove in the caseof Riemann
singularities with the set of j -arcs issuing from Ci and moving away from a, the
argument proceedsjust as in that caseand we obtain that

� (Ea;i ) � � a;i dist(a;@D 0):

The sameholds in the caseof degeneratespiral singularities, with the di�erence
that oneof the � a;k vanishes. In any event, the secondbound of (4.4) now follows
immediately.

Corollary 4.1. Let D be a Jordan domain with C1 boundary. Let � be an
HP� -function on D with singularit y set S. Then

X

a2 S

dist(a;@D) �
3� (@D)

�
:

Corollary 4.2. An HP� -function � on C canhaveat most four singularities.

Proof. Let p1; : : : ; pn be distinct singularities of � . If any of them is a
spiral or degeneratespiral singularit y then, by Theorem 3.2, n = 1. Thus we
assumethat they are all nondegenerateRiemann singularities. If N (0; R) is a
disk containing all of these singularities and such that � is regular on @N (0; R) ,
then by Lemma 4.1

nX

k=1

(R � jpk j) � 4R;

from which the desiredconclusionfollows upon letting R ! 1 .

For each p 2 D , a very similar argument shows that there is a neighborhood
U = U(D; p) of p such that any � 2 HP� (D) can have at most four singularities
in U . This, together with the compactnessprinciple for HP(D) (Proposition 1.9)
and a straightforward diagonal argument, givesthe following
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Corollary 4.3 (Compactnessprinciple for HP� (D) ). For any sequencef � n g
of functions in HP� (D) there exists a subsequencef � n 0g and a � 2 HP� (D) such
that e2i� n 0 convergesto e2i� in the topology of uniform convergenceon compact
subsetsof DnA , where A is the singularit y set of � .

The remainder of this section is devoted to proving the following

Theorem 4.1. An HP � -net in all of C can have at most two singularities.
If it has no singularities, then the corresponding � is a constant. If it has one
singularit y then it is either one of the Riemann nets R p;�;� or one of the spiral
nets S p;� . If it has two singularities then it is either one of the double Riemann
nets Dp;q;�;� ;
 or one of the degeneratedouble Riemann nets F p;q;� ;� ;
 .

The caseof zero or one singularit y is covered by Proposition 1.8 and The-
orem 3.3. In light of Theorem 3.2 any HP*-net in C which has a spiral or a
degeneratespiral singularit y is an S p;� . Thus, for the remainder of this section
we shall assumethat H is an HP-net which is regular in all of C except for
distinct nondegenerateRiemann singularities p1; p2; : : : ; pn , 2 � n � 4. We shall
show that the corresponding net is one of the double Riemann nets Dp;q;�;� ;
 or
one of the degeneratedouble Riemann nets F p;q;� ;� ;
 described in Section 1.4.
We begin with a number of preliminary observations and the introduction of some
further notation and terminology that will facilitate the discussion.

It is easyto seethat no singularit y can be joined to itself by a characteristic.
Indeed, if C is an i -characteristic which both begins and ends at one of the
singularities p, then what we know about the i -fan of p implies that there is
a subarc E of C whoseendpoints are also joined by a j -arc E 0 and such that
the domain between E and E 0 contains no singularities, an obvious impossibility.
Thus, each characteristic either emanatesfrom somesingularit y and has in�nite
length, extendsfrom onesingularit y to another in �nite length or extendsin�nitely
in both directions. If p is a singularit y, the fan of i -characteristics emanating from
p will be denotedby Fi (p) . In addition, Ri (p) and L i (p) will denotethe bounding
characteristics of Fi (p) on the right and left sides of this fan (with respect to
movement away from p). For each pair (p; i ) , where p is a singularit y and the
angle of Fi (p) is positive, we choosea �xed nonbounding characteristic M i (p) of
Fi (p) and let z(s) , 0 < s < L , be the arc length parametrization of M i (p) . For
all su�cien tly small s there is an open j -arc Cj (p;s) containing z(s) and joining
a point of Ri (p) to a point of L i (p) . This arc is everywhere concave towards p.
Becauseof this, in light of Theorems 2.3 and 2.4, all characteristics of F i (p) ,
with the possibleexception of R i (p) and L i (p) , can be extendedinde�nitely away
from p (without terminating at any other singularit y), sothat L = 1 and Cj (p;s)
is well de�ned for all s > 0. (The arbitrariness of the choice of M i (p) will be of
no consequence.)

Lemma 4.2. Let p be a singularit y of an HP-function � on C which has
only nondegenerateRiemann singularities. Let C be an i -arc of � with arc length
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parametrization z(s) , 0 < s < L < 1 . Then there exist 0 = s0 < s1 < � � � <
sm = L such that for 1 � i � m � 2, z

�
(si; si +1 )

�
is either a straight line segment

or Cj (a;s) for somesingularit y a and somes > 0. For i = 0 or m� 1, z
�
(si; si +1 )

�

is either a straight line segment or a subarc of somesuch Cj (a;s) .

Proof. The only way this could fail to be sowould be for there to be in�nitely
many disjoint arcsof the form Cj (a;s) on C . But, sincethe associated fan angles
have at most four di�eren t positive values, this is inconsistent with the fact that
� (z) is contin uouson C and possesseslimits as z approachesthe endpoints of C .

The proof that the only possiblenets are the (nondegenerateand degenerate)
double Riemann nets is broken down into two main casesaccording to whether or
not somepair of (distinct) singularities are joined by a characteristic; each of these
casesis further broken down into subcases.In each instance the proof reducesto
showing that there are only two singularities and that a certain characteristic arc
is a straight line segment.

Case I. There are singularities p, q joined by a characteristic i -arc C . We
begin by noting the following simple consequencesof this hypothesis.

(1) There is a neighborhood N of C such that � is regular in N � f p;qg.
This is obvious from the de�nition of isolated singularit y and the regularity

of � along C .
(2) C is the only i -arc joining p to q.
Assume, to the contrary , that there is another one C0. Then from what we

know about the structure of Riemann singularities, C and C0 both belongto both
Fi (p) and Fi (q) . But then the orthogonal characteristics connecting C and C0

inside these fans must have nonvanishing curvature, and have their concave side
towards both p and q, which is impossible.

(3) C 2 f Ri (p); L i (p)g \ f Ri (q); L i (q)g.
If C were neither R i (p) nor L i (p) , then from the structure of Riemann sin-

gularities it follows that there are j -characteristic arcs forming an angle of � at
q and which are strictly concave towards p. But this contradicts Theorem 2.4.

(4) C is Ri (p) and Ri (q) or L i (p) and L i (q) .
If either of the fans Fi (p) or Fi (q) is made up of a single characteristic then

there is nothing to prove, so we assumethat this is not the case. Say that C
is Ri (p) . If it were L i (q) , then it is easyto seethat there would be two distinct
i -characteristics joining p and q, which contradicts point (1) above.

We now begin the analysis of CaseI. For the sake of de�niteness we assume
C is Ri (p) and Ri (q) . We also assumefor the time being that angles � , 
 of
the fans Fi (p) and Fi (q) satisfy 0 < � ; 
 < � ; we will discussthe degenerate
casesseparately. The accompanying Figure 3 has been included to facilitate un-
derstanding the following discussion.We shall show that the net is F p;q;+ ;� ;
 , so
that this �gure is to be compared to Figure 2. Let e 2 f p;qg. We consider that
Cj (e;s) is oriented so that movement in the positive direction along it coincides
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Figure 3.

with increasing � ; the initial and terminal points of its closurewill be denotedby
ae(s) and be(s) ; for completenesswe set ae(0) = be(0) = e. For small s, ae(s)
lies on the curve C . Let f e;f g = f p;qg. We follow the movement of Cj (e;s) as
s varies from 0 to 1 . On an initial interval [s0;e ; s1;e] , s0;e = 0, ae(s) traces
out C from e to f , while be(s) traces out an arc of L i (e) . Next, on an interval
[s1;e; s2;e ] , ae(s) is stable at f while be(s) tracesout a j -arc which is concave to-
wards f . Then, on an interval [s2;e; s3;e ] , ae(s) runs along the arc bf ([s0;f ; s1;f ]) .
Contin uing in this manner we seethat there are two increasingsequencesf sk ;eg,
e = p;q, such that on [sk+2 ;e; sk+3 ;e] , ae(s) runs along the arc bf ([sk ;f ; sk+1 ;f ])
of L i (f ) . The arcs Cj (e;s) , s 2 [sk+2 ;e; sk+3 ;e] and Cj (f ; s) , s 2 [sk ;f ; sk+1 ;f ] lie
on opposite sidesof L i (f ) . In addition, they are both concave towards f . From
this, together with Theorem 2.3 it follows that L i (p) and L i (q) are both in�nite
(that is, aswemoveout from p and q along them wenever encounter singularities.

For k � 1, let Qk (e) denote the (closed) characteristic quadrilateral with
vertices be(sk � 1;e) , ae(sk � 1;e) , ae(sk ;e) and be(sk ;e) . These are all bona �de
characteristic quadrilaterals with the exception of Q1(e) , Q2(e) which have de-
generate sides at ee and f f , respectively. The fact that there are no singu-
larities on any of the Cj (e;s) , s > 0, nor on the L i (e) means that the only
singularities in any of the Qk (e) are the points p and q. It is easy to seethat
jbe(s) � ae(s)j � K �

�
Cj (p;s)

�
! 1 so that the union of the Qk is the entire

plane. Thus indeed the only singularities are p and q. Finally , sincenone of the
points of C is joined to a singularit y by a j -characteristic, C is a straight line
segment. Comparison with the construction of the degeneratedouble Riemann
nets now shows that this net is indeed F p;q;+ ;� ;
 .

We still have to discuss those degeneratesituations in which the angles of
one or both of the fans Fi (p) and Fi (q) is 0 or � . By interchanging p and q, if
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necessary, it is su�cien t to consider the following possibilities:
(A) 0 < � < � , 
 = 0.
(B) 0 < � < � , 
 = � .
(C) � = 
 = � .
(D) � = 0, 
 = � .
(E) � = 
 = 0.

CasesA{D. CasesA{D are very similar to the casein which 0 < � ; 
 < � ,
which we have just treated, the only di�erence being that someof the quadrilat-
erals Qk (p) , Qk (q) degenerateinto characteristic arcs or do not even appear, and
the proof proceedswith minor alterations, the details of which we leave to the
reader. In CaseA none of the Qk (q) appear, becausethe fact that 
 = 0 causes
the Cj (q; s) , in e�ect, to degenerateto a point. Nonetheless,the Qk (p) cover the
plane, and allow us to reach the desiredconclusionasbefore. In CaseB the degen-
eracy of Ci (q; s) makes Q2(p) , Q4(q) , Q6(p) , Q8(p); : : : degenerateinto j -arcs,
but again the remaining quadrilaterals cover the plane in the necessaryfashion.
In CaseC it is all the even numbered quadrilaterals that degenerateinto j -arcs
becauseof the degeneracyof both Ci (p;s) and Ci (q; s) , but once again the re-
maining quadrilaterals cover the plane in the necessarymanner. Finally , in CaseD
(seeFigure 4) all of the Qk (p) degenerate(more precisely, Q2(p) degeneratesto
the point q and all the other Qk (p) degenerateto arcs) becausethe Cj (p;s) and
the Ci (q; s) degenerateto points; again the Qk (q) cover the plane. In all four of
these casesthe only singularities are p and q and the i -arc C is a straight line,
so that the net is seento be F p;q;+ ;� ;
 .

CaseE. The treatment of this casedi�ers substantially from that of the other
four, sincenone of the quadrilaterals actually appears becauseof the degeneracy
of both Cj (p;s) and Cj (q; s) . Let M e be any �xed nonbounding characteristic of
Fj (e) , and let ze(s) , 0 < s < 1 be an arc length parametrization of M e . (The
characteristics M e are in�nite by Theorems 2.3 and 2.4 as pointed out above.)
We apply the decomposition of Lemma 4.2 to M e . The �rst subarc must be a
straight line segment, since otherwise it would have to be a subarc of a Cj (f ; s)
or Cj (e;s) , which is inconsistent with the hypothesis that the angle of the j -fan
at both e and f is 0. Let s1 > 0 be such that G = ze

�
(0; s1)

�
is a straight

line segment. It follows that for small positive s, there is a single i -characteristic
Ns , which is a simple closedcurve consisting of semicirclesof radius s (which are
Cj (p;s0) , Cj (q; s0) for appropriate values of s0) joined by translates of C . Let
� be a �xed such s. Let w(t) , 0 � t � L , be an arc length parametrization of
N � traversedonce starting at and ending on G. Let Gt denote the associated
translates of G along N � . We claim that � is regular on all of these Gt . If not,
let � 0, where � < � 0 < s1 , be the smallest number for which a singularit y is
encountered on a translate of ze((0; � 0]) . In the event that there is more than one
such singularit y we consider the one lying on the Gt with the smallest possible
value of t 2 (0; L ) . It is clear that for all s < � 0, there is an Ns asdescribedabove.
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It is also clear that for this singularit y the angle of the j -fan is � , since it lies in
the interior of oneof the straight j -arcs Gt . But this meansthat points ze(s) , for
s < � 0 near � 0 are joined by i -characteristics to points ze(s) , for s > � 0 near � 0,
which is inconsistent with the existenceof the simple closed i -characteristics N s ,
of the kind described above, for s < � 0. Now assumethat in the decomposition
of M e according to Lemma 4.2 we have a secondinterval, that is, ze

�
(0; s1)

�
is

a straight line segment, but ze
�
(s1; s2)

�
= Cj (c; � ) , for somesingularit y c, and

some � > 0. But then the argument we used before will again show that there
can be no singularities on the translates of ze

�
(0; s2)

�
around N � away from c,

that is, in the direction of the side towards which ze
�
(s1; s2)

�
is convex. But this

contradicts the existenceof the singularit y c. Thus no such s1 exists, and the
M e are both straight lines on all of whosetranslates � is regular. From this it
follows the j -characteristic through each point of C is a straight line (in�nite in
both directions) so that C is itself straight. From the straightnessof the M e it
follows that the net in question is F p;q;+ ;0;0 = F p;q;� ;0;0 .

CaseI I. No two singularities are joined by a characteristic arc.
We assumethat there are at least two singularities and that no two of them

are joined by a characteristic. Let p be a singularit y. It follows that the bounding
characteristics of the fans Fi (p) , i = 1; 2, are all free of singularities, so that when
we apply the decomposition of Lemma 4.2 to each of them the initial piece is
always a line segment. It is easyto seethat all of these initial segments must be
�nite. Assume, to the contrary , that all the characteristics making up F i (p) are
rays. It is enoughto show that all translates of R i (p) along L j (p) (and of L i (p)
along Rj (p) ) are free of singularities, since then L j (p) and Rj (p) will be rays
also, from which the desiredconclusionfollows immediately. Say, to the contrary ,
that as we translate R i (p) along L j (p) we encounter a �rst singularit y at q. It
is clear that the angle of the j -fan at q must be 0. Then L i (q) is a ray. But
this cannot be becauseL i (q) contains Ci (p; � ) for some � , and these curvesare
nowhere straight. Thus, indeed, all of the initial segments are �nite.

We examinetranslates of theseinitial segments; to be speci�c we considerthe
initial line segment SR of Ri (p) . It is clear that the initial straight line segment
SL of L i (p) has the same length � as SR . Let f T; Ug = f R; Lg. Let zU (s) ,
0 < s < 1 , be the arc length parametrization of Uj (p) . Let sT be the smallest
s > 0 for which the translate ST (s) of ST along Uj (p) to zU (s) hasa singularit y,
where sT = 1 if no such s exists. If sT is �nite it is clear that the singularit y
encountered must be at distance 1

2 � from Uj (p) , and that the angle of its j -fan
must be 0 with this j -fan consisting of a single characteristic extending back
towards Fi (p) at distance 1

2 � from Uj (p) . From this it follows that we cannot
have both sR and sL �nite, sincewe would then have two singularities joined by
a characteristic. We bear thesepreliminary comments in mind aswe deal with the
various subcasesinto which CaseII is divided.
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Figure 4.

CaseII-1. There are no singularities with fan angles 0 and � .
It follows from the preceding comments that all four initial segments are of

�nite length and that all their translates are free of singularities. Consider the
initial segments SR and SL on Ri (p) and L i (p) , respectively. In referenceto
the decomposition of Lemma 4.2, the piece of R i (p) which follows the straight
line segment SR is of the form Ci (q; � ) for some singularit y q. In light of the
underlying assumption the anglesof both fans at q are strictly between 0 and � ,
we can assumethis arc curvesaway from the fan F i (p) (that is, that as we move
away from p along this piece of R i (p) , the argument of the tangent decreases),
since if it had the opposite sign we could work with SL and L i (p) instead of SR

and Ri (p) and have it curve away from the fan. The remainder of the discussion
of this caseis very similar to that of the nondegenerateCaseI. Indeed, let e be p
or q. For 0 < s < 1 , we let E (e;s) be the open i -arc madeup of the Ci (e;s) , its
endpoint c(s) on L j (e) and the translate of SR one of whoseendpoints is c(s) .
Furthermore, we let E (e;0) be the translate of SR oneof whoseendpoints is e and
which lies to the left of L j (e) (when movement along this characteristic is away
from e), so that E (e;s) is contin uous for s � 0. (Note that E (p;0) = SR .) The
desired conclusion is obtained by following the movement of E (p;s) and E(q; s)
as s varies from 0 to 1 . Let f e;f g = f p;qg. We considerthat E (e;s) is oriented
so that the positive direction along it coincideswith that of nondecreasing� and
we denotethe initial and terminal points of its closureby ae(s) and be(s) . We let
s0;e = 0. Then on an interval [s0;e; s1;e ] , be(s) traces out an arc of L j (f ) , which
endsat f . Then we de�ne sk ;e , k � 2, inductiv ely by be(se;k ) = ae(sk � 2;f ) . Note
that be(s) = f , for s 2 [s1;e; s2;e ] ; on this interval the arcs E(e;s) are initial arcs
of the characteristics of the i -fan at f .

For k � 1, let Qk (e) denote the (closed) characteristic quadrilateral with
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vertices b(sk � 1;e) , a(sk � 1;e) , a(sk ;e ) and b(sk ;e) . Theseare all bona �de charac-
teristic quadrilaterals, except for Q2(e) which has the degenerateside f f . The
fact that there are no singularities on any of the E(e;s) , s > 0, nor on the R j (e) ,
L j (e) meansthat the only singularities in any of the Qk (e) are the points p and q.
It is easyto seethat jbe(s) � ae(s)j � K �

�
E (p;s)

�
! 1 so that the union of the

Qk is the entire plane. Thus indeed the only singularities are p and q. Finally ,
it is clear that none of the points of c([s0;e; s1;e ]) is joined to a singularit y by an
i -characteristic, so that this arc is a straight line segment. Comparison with the
construction of the double Riemann nets in Section1.4 now shows that in this case
the net is Dp;q;� ;
 ;� , where � is the angle of Fi (q) , 
 is the angle of Fi (p) and
� is the inclination of the initial segment of L j (p) . This �nishes the discussionof
CaseII-1.

Case II-2. There is a singularit y with fan angles 0 and � at p. This caseis
further divided into the following subcases,where the anglesof F i (p) and Fj (p)
are 0 and � , respectively.

(A) All translates of the initial segments at p are free of singularities.
(B) The midpoint of sometranslate of an initial segment of L i (p) = Ri (p) is

a singularit y of � .
(C) The midpoint of sometranslate of the initial segments of L j (p) and Rj (p)

is a singularit y of � .

CaseA. The following discussionis illustrated in Figure 5. As in CaseII-1, all
initial segments are of �nite length and all their translates are free of singularities.
The pieceof Rj (p) which follows its initial line segment SR is of the form Cj (q; � ) ,
� > 0, for somesingularit y q. Wemay assumethat asonemovesalong R j (p) away
from p, � decreases;if this is not the case,oneworks with L j (p) instead of Rj (p) .
We assumethat the anglesof the fansat q arestrictly between0 and � ; the minor
modi�cations required if this is not so (i.e., the angle of F i (q) is � ) are left to the
reader. By assumption R i (p) = L i (p) is free of singularities. Let l > 0 be the
length of SR . There are translates of SR (which are all free of singularities) with
endpoints on Ri (p) extending outward on both sidesof R i (p) . Let z(s) , s � 0, be
the arc length parametrization of R i (p) , and let E (s) denotethe openline segment
j -arc of length 2l and with midpoint z(s) . We seethat starting with E (0) , E (s)
moves towards q with one endpoint on L i (q) , and then on someinterval [� ; � 0]
has an endpoint at q while it rotates around q in the counterclockwise direction
forming initial segments of the characteristics in F j (q) , until E (� 0) forms the
initial segment of L j (q) . Thereafter it hasoneof its endpoints on R i (q) . We now
de�ne E 0(s) , s > � 0, to be the j -arc consisting of E (s) , its endpoint on R i (q)
together with the Cj (q; t) which sharesthis endpoint. For s = � 0 we let E 0(s)
consist of E (� 0) alone (since the corresponding Cj (q; t) tends to the single point
q as t tends to 0). It is clear that there are no singularities on any of the E 0(s)
sincethere are noneon the Cj (q; t) , on Ri (q) or on the E(s) . It follows from the
de�nition of the E 0(s) that both of their endpoints are on L i (q) . This, together
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with the fact that L i (q) is free of singularities, implies that

L i (q) [
�

S

s>� 0
E 0(s)

�
[

�
S

0� s� � 0
E(s)

�
[ A = C;

where A denotesthe semidisk consisting of those translates of SR which are the
initial segments of the characteristics of F j (p) . But then the only singularities of �
are p and q, sothat in particular there areno singularities on any of the translates
of z

�
(0; � )

�
, which meansthat this arc is a straight line segment. Hence,this net

is Dp;q;� ;� ;� , where � is the angle of Fj (q) , and � is the inclination of the initial
segment of L i (q) .

CaseB. It is easyto seethat this caseis identical to the situation which arises
in the foregoing CaseA when the angle of F i (q) is � if we interchange the roles
of p and q, and i and j .

Case C. To be speci�c, assumethat the midpoint m of the translate of the
initial segment SR of Rj (p) along L i (q) = Ri (q) is the singularit y q. The line
joining m to q is the initial arc of L i (q) = Ri (q) ; by the de�ning assumption of
Case II one encounters no singularities as one moves along R i (q) away from q.
Let z(s) , s � 0, be the arc length parametrization R i (q) , and let E (s) denote
that translate of SR whosemidpoint is z(s) . Let � > 0 be such that E (� ) = SR .
We assignthe (contin uously varying) initial point a(s) of E (s) so that a(� ) = p.
Then a(s) moves back along R i (p) from a(0) to p, remains at p while E (s)
rotates through an angle of � about p in the counterclockwise direction then
movesalong R i (p) for s > � 0 = � + jp � mj� . As s > � 0 increasesa(s) traverses
a translate of z

�
(0; � )

�
, a semicircle Cj (q; t) , another translate of z

�
(0; � )

�
, a

semicircle Cj (p; t0) , and so on. From this it is easyto seethat the E(s) , s � 0,
together with R j (p) (including p itself ) make up all of C . But then onceagain
the only singularities of � are p and q, so that in particular none of the points of
z
�
(0; � )

�
is joined to a singularit y by a j -characteristic, and therefore this arc is a

line segment. Hence,the net is Dp;q;� ;� ;� , where � is the inclination of the initial
segment of Ri (q) .

5. Boundary limits and constan t principal strain mappings

We begin with the following

Lemma 5.1. Let � be a nonconstant HP -function on a simply connected
domain D . Then there is an open interval I such that for all M 2 I the (M ; 1)-
mappings corresponding to � are not one-to-onein D .

Proof. It follows from the hypothesis that there is a point z0 at which � is
di�eren tiable and at which its gradient doesnot vanish. Assumefor the moment
that � 0 = D1� (z0) 6= 0. Without loss of generality we may also assumethat
� (z0) = 0. Let z(s) , jsj < s0 , z(0) = z0 , be an arc length parametrization of
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an open arc of the 1-characteristic of � through z0 , so that z0(s) = e� ( s) i with
� (s) = �

�
z(s)

�
. Then � (s) = � 0s + o(s) , as s ! 0. Let f be an (M ; 1)-mapping

corresponding to the HP-function � , and let w(s) = f
�
z(s)

�
. Again without loss

of generality we can assumethat w0(0) > 0. It then follows from the compatibilit y
equations (1.1) and the fact that f is an (M ; 1)-mapping that

w0(s) = M eM � (s) i = M eM � 0 si + M o(s) = M eM � 0 si � 1 + M o(s)
�
;

so that for jt j � 4� =M j� 0 j

w(t) � w(0) =
Z t

0
M eM � 0 si � 1 + M o(s)

�
ds =

(eM � 0 ti � 1)
� 0i

+ M 2o
��

4�
M � 0

� 2�

=
(eM � 0 ti � 1)

� 0i
+ o(1); as M ! 1 :

From this together with the fact that on 2-arcs f does not alter arc length
and changescurvature by a factor of 1=M (as follows from the secondequation
in (1.1)) it is clear that for su�cien tly large M , f is not one-to-onein D . If we
had D2� (z0) 6= 0, the analogousprocedure would give us noninvertible (1; M ) -
mappings f for all su�cien tly large M ; the desired mappings are then given
by (1=M )f .

De�nition 5.2. We say that � 0 is the nontangential limit of � 2 HP� (D) at
p 2 @D if there exists a � 2 R such that given any " > 0 there is a � > 0 with
the property that the set

U =
�

p + z : j argf z=ei� gj < 1
2 � � "

	
\ N 0(p; � )

consistsentirely of regular points of � in D and the limit as z tends to p of some
single-valued branch of � (z) in U is � 0 .

Theorem 5.1. Let D be a domain bounded by a C1 Jordan curve. If �
is an HP� -function on D , then � has nontangential limits at almost all points
of @D .

Proof. Let � be as in the hypothesisand let S denote the set of singularities
of � . We shall use (M ; 1)-mappings f for which � f = � . To do so, however,
we must work with a simply connected subdomain of D , which we obtain by
removing from D small pieceswhich join the points of S to @D . Every point
of @D is contained in an almost straight closed subarc C such that there is a
circular arc C0 lying in D which joins the end points of C and contains no point
of S. Obviously, it is enough to prove the theorem for the domain bounded by
C [ C0, so that we shall assumethat D has this form. Clearly, there is a bi-
Lipschitz homeomorphism � of D onto the rectangle R with vertices � 2, 2,



Hencky{Prandtl nets and constant principal strain mappings 231

2 + 2i , � 2 + 2i such that �( S) is contained in the rectangle 1
2R and such that

the sum of the imaginary parts of all of the points in �( S) is at most 1. That the
latter is possiblefollows immediately from Corollary 4.1. Let zk = xk + yk i be an
enumeration of the points of �( S) with k starting at 1. Let " > 0 and let qk ;" be
the real function on [� 2; 2] whosegraph consistsof the segments [� 2; xk � "=2k ] ,
[xk � "=2k ; zk ] , [zk ; x + "=2k ] , [x + "=2k ; 2], and let q" be the sum of all of the qk ;" .
We have 0 � q" (x) � 1, x 2 [� 2; 2]. The domain R" bounded by the graph
of q" and @Rn[� 2; 2] is a Jordan domain contained in Rn�( S) whoseboundary
contains all of @R exceptfor a set of 1-dimensionalmeasureat most " . Let � > 0.
Since � is bi-Lipschitz, for su�cien tly small " , D � = � � 1(R" ) � DnS is a Jordan
domain whoseboundary is recti�able and contains all of @D except for a set of
1-dimensionalmeasurelessthan � . Since � > 0 is arbitrary it is su�cien t to show
that (any contin uous branch of) � on D � has nontangential boundary limits a.e.
on @D � . (Implicit in this construction of D � was the assumption that S 6= ; ; if
S = ; we let D � = D .)

        

Figure 5.

For each positive M 6= 1, let f M be an (M ; 1)-mapping of D � corresponding
to � . Let v(s) , 0 � s � L , v(0) = v(L ) be a positively oriented arc length
parametrization of the simple closed curve @D � . Obviously, v is di�eren tiable
on a subset B of (0; L ) of measure L . It follows from the manner in which
D � was constructed that there is a K such that given any � > 0, for any two
� 1; � 2 2 (0; L ) , v(� 1) and v(� 2) can be joined in D � by an arc of length at most
K j� 2 � � 1j + � . (Note that the domain R" usedto construct D � in the preceding
paragraph has this property with K = 1.) Becauseof this and the fact that f M

is Lipschitz, f M has a unique contin uous extension to D � . Clearly,  M (s) =
f M

�
v(s)

�
is Lipschitz contin uous with constant K maxf M ; 1=M g, so that it is

di�eren tiable on a set AM � (0; L ) of measureL . Let P denotethe set of positive
rationals di�eren t from 1, and let A =

T
M 2 P AM . Let � 2 B \ A . It is enoughto

show that the nontangential limit of � exists at v(� ) since �
�
@Dnv(B \ A)

�
= 0.

Without lossof generality we may make the normalizing assumptionthat v(� ) = 0
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and argv0(� ) = 0. By appropriately choosing the constants of integration we may
also stipulate that  M (� ) = 0.

Let H denote the open upper half-plane. All (M ; 1)-mappings in H have
a unique contin uous extension to H which is Lipschitz contin uous with constant
maxf M ; 1=M g, and in dealing with such mappings we implicitly consider that
they have beensoextended. Although � t (z) = � (tz) is not de�ned in all of H , for
any compact X � H , � t is de�ned in X for all su�cien tly small t , so that it is
meaningful to talk about local uniform convergencein H of � t as t ! 0. Indeed,
we will have establishedthe desired conclusion if we can show that � t converges
in H to a constant in this sense. To do so we show �rst that if for some f t k g
approaching 0, � t k tends locally uniformly to � , then � must be a constant � 0

which satis�es

(5:2) 4cos2 � 0 + sin2 � 0 =
�
 0

2(� )
� 2

:

Let f tk g be such a sequence. By replacing it with a subsequence,if necessary,
we may assumethat for each M 2 P the (M ; 1)-mappings f M (tk z)=tk converge
locally uniformly to an (M ; 1)-mapping gM corresponding to � . Since � 2 B \ A ,
it follows that the gM are linear on @H = R . Assumethat � werenot a constant.
By Lemma 5.1 there is a � 2 P such that g� is not one-to-one on H . For
conveniencewe assumethat � > 1; the opposite caseis dealt with in the same
way apart from minor notational di�erences. By general injectivit y criteria for
quasi-isometriesdeveloped by John [J3],

� = inf f M 2 P \ (1; 1 ) : gM is noninjective on H g > 1:

Let f M k g be a sequencein P \ (� ; � + 1) approaching � and such that gM k is
noninjective in H . That is, for each k there are distinct points ak ; bk 2 H for
which gM k (ak ) = gM k (bk ) .

It also follows from results of John [J3] that if g is an (M ; 1)-mapping in
N (a; r ) , then g is one-to-onein N (a; r=M ) . Thus Im ak , Im bk � (2+ � )jbk � ak j ,
since if, for example, Im bk > (2 + � )jbk � ak j , then gM k would be one-to-one
in N

�
bk ; (2 + � )jbk � ak j=(1 + � )

�
, which contains both ak and bk . Let a0

k =
(ak � Reak )=jbk � ak j and b0

k = (bk � Reak )=jbk � ak j . Then f a0
k g and f b0

k g are
bounded. By replacing f M k g by an appropriate subsequencewe may assumethat
a0

k and b0
k convergeto a and b, respectively. Clearly, jb � aj = 1. Let

hk (z) =
�
gM k (jbk � ak jz + Reak ) � gM k (Reak )

�
=jbk � ak j:

Then hk is an (M k ; 1)-mapping of H associated with the HP-function � k (z) =
� (jbk � ak jz + Reak ) for which hk (a0

k ) = hk (b0
k ) and hk (0) = 0. Again, by

replacing f M k g with an appropriate subsequencewe may assumethat there is
an HP-function � 0 on H such that e2i� k convergesto e2i� 0

locally uniformly on
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H and that the hk converge to a (� ; 1)-mapping h of H associated with � 0;
the convergenceof the hk is locally uniform on H . But since for M 2 (1; � ) ,
(M ; 1)-mappings associated with � are injective, so are those associated with � k

and therefore also those associated with � 0. If lM denotesthe (M ; 1)-mapping
associated with � 0 for which lM (i ) = h(i ) and for which � l M (i ) = � h (i ) and
� l M (i ) = � h (i ) , then lM ! h as M ! � uniformly on compact subsetsof H .
Since the lM are injective on H for M 2 (1; � ) , so is h . On the other hand,
h(a) = h(b) , since hk (a0

k ) = hk (b0
k ) . Thus, a;b 2 @H . However, since each hk

is linear on @H , so is h . Since a 6= b, this meansthat h is a constant on @H .
But this cannot be since it would imply that the image under h of the strip
0 < Im z < 1, which obviously has in�nite area, is contained in a disk of radius � .
Our assumption that � is not a constant has therefore led to a contradiction, so
that � is indeeda constant � 0 . That � 0 satis�es equation (6.2), follows from the
fact that g2 is a linear (2; 1)-mapping of H .

Finally , we show that the � t do in fact converge as t tends to 0. If they
did not, the compactnessprinciple (Proposition 1.9) together with the preceding
paragraphs, would imply that there are two sequencesf t k g and f t0

k g for which
the corresponding sequencesf � t k g and f � t 0

k
g convergeto constants � 1 < � 2 , both

of which satisfy equation (5.2) above. Let � 3 2 (� 1; � 2) be a number which does
not satisfy that equation. Let z0 2 H . Since � (tk z0) and � (t0

k z0) tend to � 1

and � 2 , respectively, it follows from the intermediate value theorem that for all
su�cien tly large k there is an sk between tk and t0

k for which � (sk z0) = � 3 . But
then by the compactnessprinciple f � sk g hasa subsequencewhich convergesto an
HP-function � for which � (z0) = � 3 . This contradicts what was established in
the precedingparagraph.

We now relate the classcps*(D; m1; m2) to HP� (D) . We de�ne the dilata-
tion � (p) = � H (p) of an HP-net H (for which the two families of characteristics
have been numbered) as follows. If p is a Riemann singularit y with k -fan an-
gles � k , k = 1; 2, then � (p) = � 2=� 1 , when � 1; � 2 6= 0; 1

2 � ; � , and is unde�ned
otherwise. If p is a spiral singularit y and � 1 is the positive acute angle between
the 1-characteristics and the rays emanating from p, then � (p) = cot2 � 1 , when
� 1 6= 0; 1

2 � ; � , and is unde�ned otherwise. There is an (m1; m2) -mapping f in a
neighborhood of an isolated singularit y if and only if � (p) = m1=m2 . Indeed, the
relevant calculations for the spiral nets S p;� were made in (i) of Section 1.4. The
caseof Riemann singularities follows immediately from the observation that if �
has a Riemann singularit y at p with fan angles � 1 and � 2 , then a necessaryand
su�cien t condition that there be a one-to-onesingle-valued (m1; m2) -mapping f
in a neighborhood of p is that the images of these fans have angleswhich sum
to � . Since these anglesare given by (m j =mi )� i the desired conclusion follows
immediately. A standard argument then shows that in order for an HP � -net in a
simply connecteddomain D to correspond to some (m1; m2) -mapping with the
sameset of singularities, it is necessaryand su�cien t that for all singularities p
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of H , � H (p) = m1=m2 . Note also that from this we have the obvious corollary
to Theorem 4.1: any f 2 cps*(C) can have at most 2 singularities; those with
no singularities are linear, those with a single singularit y correspond to S p;� ,
0 < j� j < 1

4 � and R p;�;� , 0 < j� � 1
2 � j < 1

2 � , and those with two singularities
correspond to the double Riemann and degeneratedouble Riemann nets Dp;q;�;� ;�

and F p;q;� ;� ;� with 0 < j� � 1
2 � j < 1

2 � . All questionsabout the distribution of
singularities of HP� -functions therefore have a direct but more restrictiv e coun-
terpart for cps*-functions.

We next present a construction which shows that for any smoothly bounded
Jordan domain D there are mappings in cps*(D) which have in�nitely many
singularities, but beforegoing into the details, we make a few relevant comments.
If D is a simply connected domain and if H 2 HP� (D) is known to have a
singularit y at some point p 2 D then there can be no singularit y at any point
which is joined to p by a nonbounding characteristic of either of the fansassociated
with p in the caseof a Riemann singularit y or by any characteristic in the caseof
a spiral singularit y. For this reasonit is much easierfor an HP-net to have many
singularities if @D is highly contorted, since pockets formed by @D will allow
characteristics emanating from p to hit the boundary before covering too much
of D . For this reasonit is easy to construct HP � -nets and cps*-mappings with
in�nitely many singularities (even with in�nitely many spiral singularities), but
such constructions will result in domainsfor which the boundary is not smooth. It
is therefore of interest to seethat the appearanceof in�nitely many singularities
is possibleeven when the boundary is smooth; this follows immediately from the
following

Theorem 5.2. There is a number M 0 such that for all M > M 0 there is an
f 2 cps� (H ; 1; M ) , with Riemann singularities at 2k z0 , �1 < k < 1 , for some
z0 2 H = f z : Im z > 0g.

Proof. For (small) " > 0 let T = T(") denote the circular sector

�
1 + i tan � 1( 1

2 " ) + �e i� : 0 < � � 1; � + 1
2 " � � � 2� � 1

2 "
	

:

We begin by applying the characteristic coordinate constructions of Section 1.2
to obtain an HP� -net with an isolated singularit y at p = 1 + i tan � 1( 1

2 " ) with
C1 = fj pjeit : 1

2 " � t � � + "g and C2 = [0; p] and fan angles " and � � " ,
respectively. For the resulting net the bounding characteristics of the 2-fan are
the sides [p;0] and [p;2] of the sector T + 1 = f z + 1 : z 2 Tg and the bounding
characteristics of the 1-fan are C1 and a convex arc C0 which joins p to a point
b in the third quadrant (whose distance from ei ( � + " ) is O(") ). Let F0 be the
translate of C0 along the 2-arc formed by the segment [p;2]; F0 is also a convex
curve and joins 2 to some point c0 in the third quadrant. Note that the line
segment 2-arc [b;c0] is horizontal. The HP � -net so constructed is de�ned in the
domain boundedby the 1-arc f p+ ei� : � + 1

2 " � � � 2� � 1
2 "g[ F0 and the 2-arc
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[c0; b] [ bq[ [q; 0], where q = � ei" . We now extend this net outward to larger and
larger parts of H .

Assumeinductiv ely that wehavea convex curve Fk , k � 0, with the following
properties:

(i) Fk starts at ak = 6 � 2k � 4 on the positive real axis and joins this point
to a point ck in the third quadrant.

(ii) The tangents to Fk at ak and ck have argument 1
2 (� � " ) and 3

2 � ,
respectively.

(iii) There is an HP� -net in a domain D k which contains the region bounded
by the part of Fk lying in the upper half-plane and a segment of the real line and in
which the only singularities of the net are at the points 5� 2m � 4+ i2m tan � 1( 1

2 " ) ,
0 � m � k .

(iv) Fk is a 1-characteristic of this net.
(v) Each point of Fk other than ak is joined to 0 by a 2-characteristic of the

net of (iii) which consistsof a line segment [0; ei� ] , 1
2 " < � < � + " , followed by a

curve along which the argument of the tangent lies in the interval [� � 1
2 "; � + 1

2 " ] .
The arc F0 satis�es (i){(v). A simple compactnessargument shows that

(v) implies that there is an "0 , 0 < "0 < 1=100, such that if " < " 0 , then
� (Fk ) < 2� ak . (The number "0 is an absolute constant which does not depend
on k .) Henceforth we assumethat " < " 0 .

Let Ek be the circle of radius 2k csc(12 " ) centered at the point 7 � 2k � 4 +
i2k cot( 1

2 " ) which joins the point ak to 8 � 2k � 4 in the lower half-plane. Note
that the tangent to this arc at 8 � 2k � 4 has argument 1

2 " . We apply the usual
characteristic quadrilateral HP-construction (Proposition 1.3) with Fk as the 1-
arc and

Gk = Ek [ [8 � 2k � 4; 10� 2k � 4 + i2k+1 tan � 1( 1
2 " )]

asthe 2-arc. It is clear from the de�nition of " 0 that we have an a priori bound of
2� � 10� 2k = 5� � 2k+2 on the length of the translates of Fk along the 2-arc Ek , so
that the concavit y of Ek causesno singularit y formation (that is, the mapping �
of Proposition 1.3 is one-to-onein the whole rectangle I 1 � I 2 ) sincethe curvature
of the curved part of this arc is 2� k sin( 1

2 " ) , and

2� k sin( 1
2 " ) � 5� � 2k+2 < 10� " < 10� "0 < 1

10 � < 1:

Denote by F 0
k the translate of Fk along Gk . We then put a singularit y with

1- and 2-fan angles " and � � " , respectively, at 10 � 2k � 4 + i2k+1 tan � 1( 1
2 " ) ,

constructed in accordancewith the proceduresof Section 1.2, with 1-arc F 0
k and

2-arc Gk . The 2-fan contains the entire sector Tk+1 = 2k+1 T + 5 � 2k+1 � 4.
Let F 00

k be the other bounding arc of the 1-fan, and let Fk+1 be the translate
of F 00

k along the right-hand segment of @Tk+1 . One seesthat Fk+1 starts at
6� 2k+1 � 4 and has the correct tangent angle there. For D k+1 we take D k [ Tk+1

together with the region covered by the translates of Fk along Gk , the 1-fan
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with bounding characteristics F 0
k and F 00

k and the translates of F 00
k along the

right-hand segment of @Tk+1 . The 2-arcs lying in this new region and joining
points of Fk and Fk+1 consist of two line segments and two curved arcs which
have total curvature (when reckoned as one moves away from the origin) " and
� " , respectively. From this it follows that the terminal point of Fk+1 indeed lies
in the third quadrant and that its tangent there has argument 3

2 � . It is also
clear that (v) holds for k + 1. The result of the entire inductiv e processis an
HP� -net in all of H having singularities with dilatation (� � " )=" at the points
2k

�
5 + i tan � 1( 1

2 " )
�

� 4, k � 0. Consideration of a convergent subsequenceof
f � (2n z) : n � 0g, where � is a corresponding HP-function, yields a HP � -net with
singularities of this kind at the points 2k

�
5+ i tan � 1( 1

2 " )
�

, �1 < k < 1 , which,
in turn givesthe desiredcps*-mapping.

The discussionsof this and the precedingsectionsallow us to give somejus-
ti�cation for identifying microscopic 
a ws in cryptocrystalline laminae with iso-
lated singularities of the corresponding cps-mappings,or to be more precise,with
isolated singularities of the HP-function � corresponding to the inverseof the cps-
mapping giving the deformation. Assumethat the original uncrystallized lamina
is represented by D � C and that the deformation produced by the crystalliza-
tion is given by a homeomorphism f : D ! C which is a cps-mapping on DnS.
Here S is a closed set with components Sk , k 2 I � N . The 
a ws will be
the f (Sk ) . In the �rst place, becausesmall 
a ws in closeproximit y to one an-
other areapt to be perceivedasa singlelarger 
a w, it is reasonableto considerthat
a truly tin y 
a w should be isolated aswell asminute, that is, that for someT > 0,
dist

�
f (Sk ); f (Sl )

�
� T for all distinct k; l 2 I and diam

�
f (Sk )

�
< " , k 2 I , where

" > 0 is somesuitably small number. A simple compactnessargument shows that
for given T; � 1; � 2 > 0, there is an " > 0 such that if � 2 HP

�
N (p;T)nF

�
with

F � N (p;" ) , then there is a � 0 2 HP
�
N 0(p;T)

�
such that

supfj � (z) � � 0(z)j : � 1 < jz � pj < Tg < � 2:

In a neighborhood of f (Sk ) , � f � 1 is therefore either closeto an HP-function � 0

with an isolated singularit y at some p 2 f (Sk ) or to one which is regular in
that neighborhood, these two possibilities being mutually exclusive since, as our
analysis shows, the � 0 with a true singularit y at p are not approximable in any
reasonablesenseby functions in HP

�
N (p;T)

�
. In the casethat � 0 is regular we

discard the 
a w f (Sk ) from considerationassuch sinceits presencewould produce
no macroscopice�ects. It would therefore appear that cps*-mappings provide a
reasonablemathematical description of deformations induced by the solidi�cation
of planar liquid �lms which result in laminaeknown only to havemicroscopic
a ws.

6. Further questions

In line with the geometric function theory focus outlined in the fourth para-
graph of the introduction, the most immediate issuesraised by the foregoing in-
volve extremal questions about the possible distribution of the singularities of
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� 2 HP� (D) and f 2 cps*(D) , and more speci�cally f 2 cps*(D; m1; m2) . The
cps-casesof this questionhaveclear-cut signi�cance in physical situations involving
deformations with constant principal strains.

SinceCorollary 4.1says that for any Jordan domain D with smooth boundary
the sum of the distancesto the boundary of the singularities of any � 2 HP � (D) is
boundedby 3� (@D)=� , it is most reasonableto askabout the smallestpossibleup-
per bounds for this sum, and for its analoguesfor cps*(D) and cps*(D; m1; m2) .
Although in general it is probably not possibleto give an explicit answer to this
question in terms of transparent geometric parameters of the domain D , it may
well be in the case of disks; it is not clear, however, whether these problems
have corresponding extremal functions. Somewhat more accessible,perhaps, is
the determination of the greatest number of singularities that can appear in a
given compact subset K of D ; again the disk case,with K a concentric disk,
is the most interesting instance. Theorem 5.2 tells us that given m1 , m2 with
m1=m2 > 1 su�cien tly large, cps*(D; m1; m2) contains mappings with in�nitely
many singularities. One wondersif the condition that m1=m2 be su�cien tly large
canbe removed. Moreover, given the interpretation of cps-mappingsin the context
of cryptocrystalline laminae, it would be of considerableinterest to determine if
there always exist injective f 2 cps*(D; m1; m2) with in�nitely many singularities,
sincenoninjective f correspond to laminae which overlap themselvesupon solid-
i�cation. We believe that it should not be too di�cult to resolve this issue. In a
lessquantitativ e direction we mention the possibility that if � 2 HP(DnS) , where
S is a \su�cien tly small set" (linear measure 0 is perhaps small enough), then,
in fact, � can be extended to an HP-function in DnS0, where S0 � D consists
entirely of isolated points of D .

The distribution of isolated singularities is only one of the numerous issues
regarding HP-nets and cps-mappingswhich invite investigation. In addition to
the distortion questions touched on in [G1], speci�c mapping problems o�er an-
other possibility. Here the analogy with conformal mappings becomessomewhat
thin, sinceas will be shown in the sequel[G4] to this paper (seealso [G3]), given
any smoothly bounded Jordan domain D there is another such domain E such
that for no f 2 cps(D) is f (D) = E . This raisesthe problem of �nding general
(but not necessarilyexhaustive) intrinsic conditions on domains D and E which
imply the existenceof cps-homeomorphisms of one onto the other; particularly
interesting is the question of when a domain has cps-self-homeomorphisms. An
important tool for studying such mapping questions is the fact that if D and E
are smoothly bounded domains and if f is a cps-homeomorphism of D onto E ,
then characteristics of the associated HP-function � which meet @D do so at a
well de�ned angle. This by no means trivial fact, to be proved in [G4], implies
that the boundary valuesof � are well de�ned (in an appropriate sense)and as a
result allows one to relate such mapping questionsto Cauchy problems. This, in
turn, makesit possibleto give simple descriptions of all cps-self-homeomorphisms
of the half-plane and the exterior of a disk. All of these mapping questionshave
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corresponding cps*-versions and obvious interpretations in the context of cryp-
tocrystalline laminae.

Constant principal strain mappingsbetween2-manifolds are treated in [ChG]
and one can ask if it is possible to say something about the distribution of sin-
gularities in that context. In that paper a complete description of the in�nite di-
mensionalfamily of cps-self-homeomorphismsof the hyperbolic plane H 2 is given,
so that it would be interesting to �nd the H 2 -analogue of Theorem 4.1. One
might alsoask if it is possibleto derive someglobal results for higher dimensional
mappings with constant principal strains, which are governed by a much more
complex nonlinear hyperbolic system(see[G2]) or whether the results on HP-nets
contained in this paper can be generalizedto families of nets associated with other
2 � 2 genuinely nonlinear hyperbolic systems.
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