Annales Academise Scientiarum Fennicse
Mathematica
Volumen 34, 2009, 261-277

THE DOUBLE OBSTACLE PROBLEM
ON METRIC SPACES

Zohra Farnana

Link6ping University, Department of Mathematics
SE-581 83 Link6ping, Sweden; zofar@mai.liu.se

Abstract. We study the double obstacle problem on a metric measure space equipped with a
doubling measure and supporting a p-Poincaré inequality. We prove existence and uniqueness. We
also prove the continuity of the solution of the double obstacle problem with continuous obstacles
and show that the continuous solution is a minimizer in the open set where it does not touch the
two obstacles. Moreover we consider the regular boundary points and show that the solution of
the double obstacle problem on a regular open set with continuous obstacles is continuous up to
the boundary. Regularity of boundary points is further characterized in some other ways using the
solution of the double obstacle problem.

1. Introduction

Let 1 < p < ooand X = (X,d,u) be a complete metric space endowed with a
metric d and a positive complete Borel measure p which is doubling, i.e. there exists
a constant C' > 0 such that for all balls B = B(x,r) == {y € X : d(z,y) <r}in X
we have

0 < u(2B) < Cu(B) < o,
where 2B = B(x, 2r).

In a metric space the gradient has no obvious meaning as in domains in R".
Therefore the concept of an upper gradient was introduced in Heinonen—Koskela [7]
as a substitute for the modulus of the usual gradient. This makes it possible to define
and study the Sobolev type spaces N'*(X) (called Newtonian spaces) in metric
spaces which enables us to study variational integrals in metric spaces and to build
a nonlinear potential theory for minimizers of the variational integral

1) [ suan

where g, denotes the minimal p-weak upper gradient of u, see Shanmugalingam [12]
and [13]. Indeed, in Kinnunen-Shanmugalingam [10] it was shown that under cer-
tain conditions on the space X, the minimizers of (1) satisfy the Harnack inequal-
ity and the maximum principle, and are locally Holder continuous. The Dirichlet
problem for p-harmonic functions was studied e.g. in Bjérn—Bjorn [2], Bjorn—Bjorn—
Shanmugalingam [5| and Shanmugalingam [13|. The single obstacle problem in metric
spaces has been studied in Kinnunen—Martio [9]. In this note we study the double
obstacle problem in metric spaces. Our work extends some results from [9] and [2] in
which similar investigations were undertaken for the case of a single obstacle problem.
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Since the single obstacle problem is a special case of the double obstacle problem,
one cannot expect better results in the latter case. One significant difference between
the single and double obstacle problems is that the solution of the single obstacle
problem turns out to be a superminimizer whereas this is no longer true in the double
obstacle situation. This does not allow for the use of the weak Harnack inequality
for superminimizers, which was a main tool in the analysis of the single obstacle
problem. However we are still able to obtain many useful results for the double
obstacle problem.

Let ©2 be a bounded open subset of X. We study the double obstacle problem of
the type

Ky (Q) ={v € NYP(Q) 10— f € NgP(Q) and 91 < v < 1by qe. in Q},

where f € N%(Q) and ¢;: Q — R, j = 1,2. A function u € Hy, 4, () is a solution
of the Ky, 4, (Q)-obstacle problem if

/gﬁ dp < / gg dp for all v € %1,1&2,1‘(9)7
Q Q

where g, is the minimal p-weak upper gradient of wu.

In the Euclidean case the double obstacle problem was studied e.g. in Kilpeldinen—
Ziemer [8], Dal Maso—Mosco—Vivaldi [6] and Li-Martio [11].

This paper is organized as follows. In Section 2, we define Newtonian spaces, the
Sobolev type spaces considered in metric spaces, and give some of their properties.
In Section 3, we define the double obstacle problem, and prove that there exists a
unique solution (up to sets of capacity zero) of the J7, 4, r(£2)-obstacle problem. We
also show that there is a continuous solution of the double obstacle problem provided
the two obstacles are continuous, in this case we also prove that the solution is a
minimizer in the open set where the continuous solution does not touch the two
obstacles.

We end this paper, in Section 4, with boundary regularity for the double obstacle
problem, and prove that under certain conditions the solution of the obstacle problem
is continuous up to the boundary. Finally we give two new characterizations of regular
boundary points.

2. Notation and preliminaries

A nonnegative Borel function ¢ is said to be an upper gradient of an extended
real-valued function f on X if for all rectifiable curves v: [0,l,] — X parameterized
by arc length ds, we have

2) FOO0) = FHL))] < / gds

-
whenever both f(v(0)) and f(v(l,)) are finite, and fvgds = oo otherwise. If g is
a nonnegative measurable function on X and if (2) holds for p-almost every curve,
then g is a p-weak upper gradient of f.

By saying that (2) holds for p-almost every curve we mean that it fails only for a
curve family with zero p-modulus, see Definition 2.1 in Shanmugalingam [12|. If f has
an upper gradient in LP(X), then it has a minimal p-weak upper gradient g5 € LP(X)
in the sense that for every p-weak upper gradient g € LP(X) of f, g; < g a.e., see
Corollary 3.7 in Shanmugalingam [13].
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The operation of taking the upper gradient is not linear. However, we have the
following useful property. If a,b € R and g; and g, are upper gradients of u; and wus
respectively, then |a|gi + |b|g- is an upper gradient of auy + bus.

In Shanmugalingam [12], upper gradients have been used to define Sobolev type
spaces on metric spaces. We will use the following equivalent definition.

Definition 2.1. Let u € LP(X), then we define

1/p
fullvco = ( [ Pt [ gan)
X X

where g, is the minimal p-weak upper gradient of u. The Newtonian space on X is
the quotient space
NY(X) = {u ul| vexy < oo} / ~,
where u ~ v if and only if ||u — v||y1r(x) = 0.
The space N*P(X) is a Banach space and a lattice, see Theorem 3.7 and p. 249
in Shanmugalingam [12]. We also have the following lemma about minimal p-weak
upper gradients, see Bjorn—Bjorn [1], Corollary 3.4.

Lemma 2.2. Ifu,v € N"(X), then
Gu =gy a.e.on{zr € X :u(x)=uv(x)}
Moreover, if ¢ € R is a constant, then g, = 0 a.e. on {x € X : u(x) = c}.
Definition 2.3. The capacity of a set ¥ C X is defined by
C(E) = inf [ul

P
N1p(X)?
where the infimum is taken over all u € N'?(X) such that « > 1 on E.

We say that a property holds quasieverywhere (q.e.) in X, if it holds everywhere
except on a set of capacity zero. Newtonian functions are well defined up to sets of
capacity zero, i.e. if u,v € NYP(X) then u ~ v if and only if u = v q.e. Moreover,
Corollary 3.3 in Shanmugalingam [12| shows that if u,v € N'"’(X) and u = v a.e.,
then u = v q.e.

From now on we assume that X supports a p-Poincaré inequality, i.e. there exist
constants C' > 0 and A > 1 such that for all balls B(x,r) in X, all integrable functions
u on X and all upper gradients g of u we have

1/p
][ U — Up | dp < OT<][ gPd,u> :
B(z,r) B(z,Ar)

where up(,) = fB(w) udp.

For Q C X open we define the space N'P(Q2) with respect to the restrictions of
the metric d and the measure p to €. It is well known in the field that the restriction
to 2 of a minimal p-weak upper gradient in X remains minimal with respect to €2.

A function u is said to belong to the local Newtonian space N,5P(Q) if u € N'P(A)
for every open A € 2, where by A € 2 we mean that the closure of A is a compact
subset of €.

To be able to compare the boundary values of Newtonian functions we need to
define a Newtonian space with zero boundary values outside of 2 as follows

NP(Q) = {flo: feN"(X)and f=0q.e in X\Q}.
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The following lemma is useful for proving that a function belongs to NO1 P(Q), see
Lemma 5.3 in Bjorn—Bjorn [2].

Lemma 2.4. Let u € N'?(Q) be such that v < u < w q.e. in Q for some
v,w € NyP(Q). Then u € Ny (Q).

Under our assumptions, Lipschitz functions with compact support are dense in
N, *(Q), see Shanmugalingam [13]. Moreover the proof of this result in [3] shows
that if 0 < u € NO1 P(€)), then we can choose the Lipschitz approximations to be
nonnegative.

We shall need the following Poincaré type inequality. For a proof, see e.g.
Kinnunen-Shanmugalingam [10], Lemma 2.1.

Lemma 2.5. Assume that (2 C X is a nonempty bounded open set with C,(X \
Q) > 0. Then there exists a constant C' > 0 such that for all u € Ny*(Q) we have

/IU|pdu§C/95d#-
Q Q

We shall use the following lemma. For a proof, see Bjérn-Bjorn—Parviainen [4].

Lemma 2.6. Assume that g; is a p-weak upper gradient of u;, j = 1,2,...,
and that both sequences {u;}52, and {g;};2, are bounded in LP(X). Then there

are u,g € LP(X), convex combinations v; = f\ﬁ] a;;u; with p-weak upper gradients
g; = fijj a;;g; and a strictly increasing sequence of indices {jj}3>,, such that

(a) both u;, — w and g;, — g weakly in LP(X);

(b) both v; — u and g; — g in LP(X);

(c

)
) v; = u qe;
(d) g is a p-weak upper gradient of .

3. The double obstacle problem

Recall that we assume in this paper that X is a complete metric measure space
supporting a p-Poincaré inequality and that u is doubling.

Throughout the rest of this paper we make the additional assumptions that
2 C X is a nonempty bounded open set such that C,(X \ 2) > 0. Also the letter C
represents various constants and can change even within the same line of a calculation.

Let V C X be a nonempty bounded open set with C,(X\ V) > 0,let¢: V — R
and f € N'?(V). In Kinnunen-Martio 9] the single obstacle problem (denoted by

Hy.1(V)) is defined as follows
%J(V) ={veNP(V):v—feNP(V)and v > ae. in V}

and u € JZ; #(V) is a solution of the %2; 7(V)-obstacle problem if

/gﬁd,ug/ggdu for all v € Ay (V).
14 14

As the Newtonian functions are defined up to sets of capacity zero we see that
it is natural to consider the obstacle problem up to sets of capacity zero instead of
sets of measure zero and therefore define the double obstacle problem with a slightly
different notation from Kinnunen-Martio [9] as follows.



The double obstacle problem on metric spaces 265

Definition 3.1. Let V' C X be a nonempty bounded open set such that C,(X \
V)>0,let f€ N'»(V)and ¢;: V — R, i=1,2. Then we define

Ky g (V) ={v € N?P(V):v— f e NyP(V) and ¢, <v < by qee. in V}.

Furthermore, a function u € J, 4, f(V) is a solution of the Jy, 4, 1(V')-obstacle
problem if

[ [z orave g )
|4 14

We also let %1#&%]“ = %1,¢2,f<9)7 '}5/1/17f(v) = %@OJ(V) and %,f = %J(Q)

The distinction between the two definitions becomes important e.g. when solving
the single obstacle problem with obstacle x x and boundary values zero where K C ()
is a compact set with positive capacity and zero measure. In this case the JZ . (-
obstacle problem leads to a p-harmonic function in 2\ K with boundary values 1 on

K and zero on 0f2, whereas the JZ, , o-obstacle problem has the trivial solution. In
particular this is evident if K is an (n — 1)-dimensional sphere contained in 2 C R".

At the same time our definition is stronger than the definition used in Kinnunen—
Martio [9] and it is possible to have no solution of the %, s-obstacle problem whereas

there exists a solution of the JZ;, r-obstacle problem as the following example shows.
If @ = B(0,1) C R™ (with the Lebesgue measure), S, = 0B(0,1 —1/n) and £ =
U2, S,. Then E has measure zero and positive capacity. Therefore, the obstacle
problem 7, o has the trivial solution. On the other hand there is no solution for
the 7 ;-obstacle problem, since no Newtonian function with zero boundary values
on 0B(0,1) will be above xg. We also remark here that the proofs of all the results
which we use from Kinnunen-Martio 9] can be modified to fit our definition.

A function u € NP(Q) is a minimizer in Q if it is a solution of the o, (€)-
obstacle problem for every open ' € (). Similarly, a function u € Ni)’f (Q) is a
superminimizer in 2 if it is a solution of the %, ,(€2')-obstacle problem for every
open ' € €. A solution of the 7 j-obstacle problem is a superminimizer in €2, but
the converse is not true in general. However, if u € N'*(Q) and u is a superminimizer
in Q, then u is a solution of the %, ,(2)-obstacle problem.

The following theorem is a generalization of Theorem 3.2 from Kinnunen—Mar-
tio [9], where existence and uniqueness was proved for the single obstacle problem.

Theorem 3.2. Let f € N**(Q) andv;: Q — R, i = 1,2. If #y, ,, s is nonempty,
then there is a unique solution (up to equivalence in N'?(Q)) of the £, 4, j-obstacle
problem.

Proof. Let

I = inf /gﬁdu.
V€A1 a.f SO

Since Ky, y,,y # 9, we have 0 < I < oo. Let {u;}52, C Jy, 4,5 be a minimizing
sequence such that

/gﬁjdu\l-
Q

AS 191700y < N9 ll70qy, the sequence {gy,;}72, is bounded in LP(€). Since €2 is
bounded, C,(X \ Q) > 0 and u; — f € Ny(Q), it follows from Lemma 2.5 that
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[lw-sransc [q jas<c g e [ g
Q q Y o .

and

Hu]'“Nl»P(Q) < HujHLP(Q) + HngHLP(Q)
< luj = fllpoy + 1l o) + Hg“j”LP(Q)
<C ||f||N1,p(Q) + C'||gu, ||LP(Q) :

Hence {u;} 7, is bounded in N 17(Q)). Using Lemma 2.6 we can find convex combi-

nations v; = Zgij a; ru, with p-weak upper gradients g; = Zgij @; kGu, and limit
functions v, g such that v; — v and g; — ¢ in LP(Q2), v; — v q.e. and ¢ is a p-weak
upper gradient of v. Tt follows that v € NP(Q). Let

E,={x e Q:vj(x) <y(x) or vi(z) > e(x)}, j=1,2,...,
E:O@
j=1

Since 1 < v; < 9y qee. in Q, we have Cp(E;) = 0 for all j. By the countable
subadditivity of C,, we get C,(E) = 0 and ¢4 < v < 9y qg.e. on the complement of
E. Thus ¢ < v <)y q.e.in Q.

Let further w; := v; — f € Ny*(Q). We can consider w; to be zero outside of .
Let also w = v — f, ¢} = g; + gy and ¢’ = g+ gy, where all three are considered to be
identically zero outside of €. Then w; — w, g; — ¢' in LP(X) and w; — w g.e. in X.
By Lemma 2.6, ¢ is a p-weak upper gradient of w. Hence w € N'(X). As w = 0
outside of 2, we have v — f € NyP(Q), and thus v € £}, 4, ;(Q). Since

Ié/gﬁdué/gpduz 1im/g§-’du
Q Q i= Jo
Nj
< lim Zajvk/gﬁkd,ug hm/gﬁ_duzl,
j_)ook:j Q J— Jq J

we conclude that v is a solution of the ., 4, s-obstacle problem.
For uniqueness assume that u; and uy are two solutions. Then

/gzl du=/9§2 i
9] 9]

and v’ = 1 (u1 + uz) € Hy, yy p- Since gy < 2(gu, + guy), We have

19 |2 < 9w llzr@) < 3119 llie@) + 51 9usll o) < 119us lLe)-

Hence gu, = gu, a.e. in Q by the strict convexity of L?(£2).
Let c € R, and

u = max {uy, min {ug, c}} .



The double obstacle problem on metric spaces 267

Then u € N'P(Q), by the lattice property of N'?(Q). Let
E={xeQ:u(x) <i(x)oru(z) > ()},

E,={x € Q:ulx) <i(z) or ui(z) > a(x)}, i=1,2,

A ={ze€Q:u(r) =u(x)},

Ay ={x € Q:u(x) > u(x)}.
It is clear that A; N E C E; and hence Cp(A;NE) =0. If 2 € AyN E then either we
have ¥ (x) > u(x) > uy(z) or us(x) > u(z) > o(x). Thus A, N E C E; U Ey and

Cp(E) < C(A1NE)+Cy(A2NE)=0.

It follows that ¥; < u <)y q.e. in 2. Also

u— f <max{u,us} — f = max{u; — f,us — f} € Ny?(Q)

and u — f > uy — f € NyP(Q). Lemma 2.4 shows that u — f € N,”(Q) and hence
u € %hlﬁ%f‘

Let V. ={z € Q:ui(z) < c <wug(z)}, then V. C {z € Q: u(z) = ¢} and hence
gu = 0 a.e. in V_, by Lemma 2.2. On Q\ V. either we have u; > ¢ or us < ¢. Thus, in
the first case we get w = u; and Lemma 2.2 implies that g, = g,, a.e. In the second
case we have u = max{u, us} and by Lemma 2.2 we obtain

Gu = Gui X{ui>uz} + Gua X{ua>u1} = Gui»

since gy, = Gu,- Thus g, = gy, = gu, a.e. in Q\ V.. The minimizing property of g,,
then implies that

(3) /gﬁldué/giduz/ giduz/ G, A,
Q Q O\Ve O\V,

and we conclude that g,, = g,, = 0 a.e. in V, for all ¢ € R. Now
{r e Q:u(zr) <us(z)} C U Ve
ceQ

and hence g,, = gu, = 0 a.e. in {z € Q:uy(z) < ug(x)}. Similarly, if we define v =
max {ug, min {uy, c}}, we get g, = gu, = 0 a.e. in the set {x € Q : us(x) < wy(x)}.
It follows that

gul_u2 S (gu1 + gug)x{xeﬂul(x)7£u2(x)} — 0 a.e. ln Q
By Lemma 2.5,

i = el < C [ s smli=0.
It follows that u; = uy a.e. in 2 and hence u; = uy q.e. in €. O

Remark 3.3. The solution of the double obstacle problem need not be locally
bounded. However, one can easily see that, if the upper obstacle is essentially locally
bounded from above and the lower obstacle is essentially locally bounded from below,
then the solution of the obstacle problem is essentially locally bounded.

That wu is locally bounded in €2 is defined by saying that for every x € Q there is
r, such that u is bounded in B(z,r,). This is however equivalent to saying that u is
bounded in € for every €' @ Q. By saying that u is essentially locally bounded we
allow for an exceptional set of measure zero.
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The following lemma is a generalization of Lemma 5.4 in Bjérn-Bjorn [2]|, where
they have v, = 9, = 0.

Lemma 3.4. Let f, f' € N'?(Q) and 1;,¢; : Q — R, j = 1,2. Assume that

Yy <Py and ¥y < Yl q.e. in Q and that (f — f'), € Nol’p(Q). Let u be a solution of
the Jy, 4, j-obstacle problem and u’ be a solution of the Jy, ; p-obstacle problem.
Then u < u' q.e. in §Q.

Proof. Let v = min{u, v’} and w = max{u,u'}. Let also
Ey ={z € Q:v(x) <i(x) or v(x) > s(x)},
By ={z € Q:w(z) < ¢i(x) or w(z) > ()},
E={xeQ:u(x) <iy(z) or u(z) > s(x)},
E'={x € Q: () <¢i(x) or u'(x) > ¢y(x)},
A ={z € Q:v(r) =u(x)},
Ay =Q\A ={zr € Q:v(z) <u(x)}
Then it follows that £y N A; C E and hence C,(E; N A;) = 0. Note also that for
q.e. ¢ € By N Ay either v/(z) = v(z) < ¢1(z) < () or u(z) > v(x) > 9(x), which
implies that E; N Ay C E U E’, and hence C,(E; N Ay) = 0. Thus C,(E;) = 0 and
Y1 < v < 1)y qee. in Q. Similarly we see that C,(E>) = 0 i.e. Y] <w < ¢ g.e. in Q.
Let hi=u— f — (u/ — f') € Ny*(Q). Tt follows that
hzmin{f' = f,hy > =(f = f)- = ho = (f = [)s = h € Ng"().
By Lemma 2.4 we have min{f' — f,h} € Ny”(Q) and thus
v—f=min{v — fu— f} =u — f +min{f — f,h} € N;*(Q),
w— f'=max{v — fu—f'} =u— f+max{—h, f — [}
= u— f—min{f' - f,h} € N;*().

Hence v € Jy, 4,y and w € Ky 4y . Since v’ is a solution of the J#y, 4 p-obstacle

problem, we have
/gﬁfdué/gfudﬂz/ gﬁfdwr/ 9 dp.
Q Q A Az

/ 9o dp < / s du,
Ao Ao
which implies that

/gﬁduz/ gﬁdu+/ gﬁfdué/ gﬁdu+/ gﬁduz/gﬁdu-
Q A1 A2 Al A2 Q

Since u is a solution of the ., ,, j-obstacle problem, also v is a solution of the
Hop, . p-0bstacle problem. By uniqueness, v = v = min{u,u'} q.e. in Q, and thus
u<u' g.e. in Q. OJ

Thus

Theorem 3.5. The solution of the Jy, ,, j-obstacle problem is a superminimizer
if and only if it is a solution of the JZ, j-obstacle problem.
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Proof. Let u be a solution of the J, 4, r-obstacle problem. If u is a solution of
the JZ,, r-obstacle problem, then u is a superminimizer and one direction is proved.
As for the other direction, assume that v is a superminmizer and let v’ be a solution
of the 7, s-obstacle problem, then the comparison Lemma 3.4 implies that u <
u’ q.e. in . Since u is a solution of the %, ,-obstacle problem another application of
the comparison Lemma 3.4 shows that u' < u q.e. in Q and hence u = ' q.e. in Q.
Thus u is a solution of the %, j-obstacle problem. 0

The following localization lemma is sometimes useful.

Lemma 3.6. Let ¢;: Q — R, i = 1,2, and f € N'?(Q). Let u be a solution of
the JZ, 4, r-obstacle problem and let €)' C 2 be open. Then u is a solution of the
Hop o (§2)-obstacle problem.

Proof. Let v € Jy, 4, 4(€2'), then we have to show that

t/‘gﬁdurit/‘gﬁdu~
Q Q

Since v —u € N;P() € N'7(Q) and v = (v — u) + u € N"(Q) we can define
v(x) = u(z) when x € Q\ Q. It follows that 1 < v <1y q.e. in Q, since ¥, < v <
o qee.in © and v = win 2\ . Also

v—f=—u)+(u—f)eNT(Q)
Thus, v € Jy, 4, r and using that u is a solution of the 7, , s-obstacle problem we

get
/%MS/%W
Q Q

Lemma 2.2 implies g, = g, a.e. in 2\ €’ and we obtain

&/‘gﬂdurit/‘gﬁdu-
Q Q

Thus, u is a solution of the J#, 4, .,(€2')-obstacle problem. O

Proposition 3.7. Let ¢;: @ — R, j = 1,2, and f € N*(Q). Let u be a
solution of the ., y, s-obstacle problem, V' C € be open and r € R. Then

(a) If 1y > 1 q.e. in 'V, then u, = min{u,r} is a superminimizer in V.
(b) If ¢y <r q.e. in V, then u" = max{u,r} is a subminimizer in V.

Here a function w is a subminimizer if —w is a superminimizer.

Proof. We shall prove (a) and using that —u is a solution of the J#_,, 4 _¢-
obstacle problem, we see that (b) will immediately follows.
Let ' € V,ve N"(Q), v > u, and v — u, € Ny?(Q'). To show that

/@mmg/%m,
Q Q/

let v, = min{v, r} and o = max{v,,u}, then © € NP({'). Tt follows from Lemma 2.2
that

) gu ae on{reQ:u(x)<r}
=30 ae. on {r e u(x)>r}.
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Thus, g,, < g, a.e. in ' and similarly g, < g, a.e. in 2. Also
)9 ae on{zeQ :u(r)>ux)}=A4,
9= gu a.e.on{x e v.(r) <u(z)}.

Furthermore,

and
0<0—wu<max{v,u} —u=max{v—u,0}
< max{v — u,,0} = v —u, € Ny*().

By Lemma 2.4, & — u € Ny*(€), and hence & € #;, 4,.(). Thus, using that u is
a solution of the J&;, 4, .(€')-obstacle problem, we obtain

/%WS/%Wz/%w+/ 9o Ay
Q Q A Q\A
/%WS/%W,
A A
and hence

(4) /%WS/%WS/%WS/%W
A A A A

Note also that for x € Q' \ A either we have u(x) > v.(z) = r, which implies
that w,.(z) = r, or u(z) > v.(x) = v(z), which also implies that u,(z) = r, since
otherwise we would get u,(z) = u(z) > v(x) a contradiction. Thus we conclude that
V\NAC{z e u(x)=r}and that g, =0 a.e. on Q' \ A. Together with (4) this

yield
/Q%Wj/%WS/%WS/%w,
Q/ A A Q

i.e. u, is a superminimizer in V. 0

It follows that

From Theorem 3.5 and Proposition 3.7 we obtain the following immediate corol-
lary.

Corollary 3.8. Let r € R, f € N'?(Q) and ¢: Q — R. Assume that u is a
solution of the ¢, , s-obstacle problem, then w is a superminimizer in ). Moreover
u is a solution of the %, s-obstacle problem.

Next we prove that the solution of the double obstacle problem is continuous
provided both obstacles are continuous. It generalizes Theorem 5.5 in Kinnunen—
Martio [9], where a similar result was proved for the single obstacle problem %, ;.

Theorem 3.9. Let ¢;: Q) — R and ¢ 0 — R. Assume that 1y is continuous.
Let also f € N'(Q2) and u be a solution of the Ay, 4, j-obstacle problem. Then the
function u*: ) — R defined by

u*(x) = essliminf u(y) = lim essinfu
y—x r—0 B(z,r)
is lower semicontinuous in 2, and belongs to the same equivalence class in N'?(Q)
as u. Moreover, if 1, is continuous, then u* is continuous in ).
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Proof. Note first that «* does not take the values —oo and oo which follows from
Remark 3.3. Let « € R, A= {z € Q: u*(x) > a} and zy € A. Then we have

u*(zo) = lim essinfu > a,
r—0 B(zo,r)

hence there is § > 0 such that %s(s i%)fu > a. As for all y € B(xo,0) there is §, > 0
Zo,
such that B(y,d,) C B(xo,0), we have
u*(y) = essliminfu(z) > essinfu > essinfu > a.
z—y B(y,6y) B(z0,0)

This shows that the set A is open and that u* is lower semicontinuous in ).

To show that u* and u belong to the same equivalence class in N'?(Q), let € > 0
and for every = € () find a ball B, = B(z,,) such that

sup Y9 < inf )y + €.
By By

Clearly we can cover € by countably many such balls. Let further v be the lower
semicontinuously regularized solution of the 7, ,(B;)-obstacle problem provided
by Theorem 5.1 in Kinnunen-Martio [9]. Since u is a solution of the £y, 4, u(Bx)-
obstacle problem (by Lemma 3.6), the comparison Lemma 3.4 implies that

(5) u<v qe. in B,.

Next, as 1 < u < ¢y < supg ¢ =: r q.e.in B,, we have by the comparison
Lemma 3.4 that v < r q.e. in B,. Thus v is a solution of the %, , ,(B,)-obstacle
problem, which implies that v — ¢ is a solution of the J&, _.,_..,_.(B,;)-obstacle
problem. As ¢ —e < ¢y, r —e < infg, 1Yy < Yy and u — e < w in B,, another
application of the comparison Lemma 3.4 implies that v—e < u q.e. in B,. Together
with (5) we get

(6) v—e<u<wv qe inB,
and thus v — e = v* — ¢ < u* < v* = v everywhere in B,. This and (6) imply that
(7) lu* —ul <e q.e. in B,.

Hence |u* — u| < € q.e. in €, since for a given € > 0 we can cover () by countably
many balls satisfying (7). Letting & — 0 we obtain that v* = u q.e. in Q.

Next we prove that u* is continuous if ¢ is continuous. We already know that
u* is lower semicontinuous. To show that it is upper semicontinuous let € > 0, z € )
and choose B, as above. Let v be the continuous solution of the %, ,(B,)-obstacle
problem provided by Theorem 5.5 in Kinnunen-Martio [9]. It is shown above that

(8) v(z) —e <u(z) <w(z) forall z € B,.
Thus using that v is continuous we obtain

v(z) —e =limsupwv(y) —e < limsupu*(y) < limsupv(y) = v(z)

y—z y—z y—z
for all z € B,.

This and (8) give |limsupu*(y) — u*(2)| < ¢ for all z € B, and hence

Yy—z

<g forall z €.

limsup u*(y) — u*(2)

Yy—z



272 Zohra Farnana

Letting ¢ — 0 we get that
limsupu*(y) = u*(z) forall z € Q.

y—z
This means that «* is continuous in €. O

The next theorem shows that the continuous solution of the continuous double
obstacle problem is a minimizer in the open set where the solution does not touch
the two obstacles.

Theorem 3.10. Let v;: Q@ — R, i = 1,2, be continuous and f € N"P(Q). Let
u be the continuous solution of the Jy, , s-obstacle problem. Let also

Q' ={ze€Q:ux) <z}
Then u is a solution of the J,, ,,(§)')-obstacle problem. Moreover, u is a minimizer
in the open set {x € Q : Yy (x) < u(x) < o(x)} (with boundary values w).

Proof. Let v € J#y, ,(©') and note that min{u, v} € Jy, 4, (). Using that u
is a solution of the .y, 4, .(€2')-obstacle problem we get that

/ gy dp < / Fumin{u,ey W= / gy dp + / gy dp.
Q Q {u<v} {u>v}

It follows that
/ gudp < / 9o dp.
{u>v} {u>v}

Note also that max{u,v} € J7; (). Lemma 2.2 and the above inequality then

imply that
/ Irmax ) T = / gn dp + / gh dp < / gy dp.
Q {u>v} {u<v} Q

Thus we conclude that it is enough to show that

/ ghdp < / Imafuv} Q-
Q Q

As max{u,v} > w in ', we may assume without loss of generality that v =
max{u,v} > u in (V.

Let ¢ > 0. Using that Lipschitz functions with compact support are dense in
N, P(€) and that 0 < v — u € NyP(Q) we conclude that there is 0 < ¢ € Lip,(€)
such that [ — (v —u)||[n1r) < e. Let © = ¢ + u, then we have

1/p 1/p
</ g%u) S(/ g’é’du) +e.

As u and vy are continuous on the compact set supp ¢ and u(z) < ¥y(x) for every
x € suppy, we conclude that there is ¢ > 0 such that u + o < 1y on supp . Let
0 <t <1 be such that

tr%z}xgo <o.
Then
Ui(2) < w(z) = u(z) + H(0(2) — u(z)) = u(z) + tp(r) < o)
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for every z € Q. Since w —u = tp € Nol’p(Q’) and ¢¥; < w < 1)y in ', we obtain
that w € Jyp, y,4(€). The convexity of the function z +— 2? and the fact that v is a
solution of the JZ;, 4, .(£Y)-obstacle problem imply that

/,95 dp < /,gi dp = /Q urrt(o—u) U

S/<<1_t)g“+tgﬁ)pd“§(1—t)/gﬁdwrt/ g5 dps.
/ , Q/

t/ gﬁduét/ 9 dp,
1/p P
/gﬂduﬁ/ggduﬁ K/ gﬁdu) +€] :

Since € > 0 was arbitrary we obtain that

/gﬁdué/gidu

and hence u is a solution of the 7, ,,(§)')-obstacle problem.

Next, since {z € ' : u(z) > ¥1(x)} = {z € Q : PY1(x) < u(z) < Ya(x)}, it
follows from Theorem 5.5 in Kinnunen-Martio |9] that « is a minimizer in the open
set {x € Q: Yy (x) < u(z) < ho(x)}. O

This implies that

and hence

4. Boundary regularity

Definition 4.1. Let V be a bounded open set with C,(X \ V) > 0 and f €
NYP(V). The p-harmonic extension Hy f of f to V is the continuous solution of the
H_ o, p-0bstacle problem. We write H f = Hq f.

A Lipschitz function f on €2 can be extended to a function f € Lip(Q) such that
f=FfondQ As Hf only depends on f[sqo = f (by the comparison Lemma 3.4), we
define Hf = Hf.

Definition 4.2. A point x € 0€) is regular if
ng Hf(y) = f(z) forall f e Lip(0f).
y—

If x € 0L is not regular, it is wrregular. We also say that €2 is reqular if every x € 052
is regular.

Regularity can be characterized in many different ways, see Bjorn-Bjorn [2],
Theorem 6.1.

For A, Q) C X we introduce the space of Newtonian functions with zero boundary
values in A \ Q as follows

Né’p(Q;A) = {flana: f € N'*?(A) and f =0 q.e. in A\ Q}.
One can see that Ny?(Q; A) = NyP(Q; ANQ).
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Definition 4.3. For AC X and f: A — R, let
Cpsup f=inf{k e R: C,({z € A: f(x) > k}) =0},
A
Cy- igff =sup{k e R: C,({z € A: f(z) < k)}) =0},
Cp-limsup f(y) = lim Cp- sup f,
y— r—0 B(z,r)
Cp- hllrIILl;lf fly) = llLIg) Cp- Bl(rifr) f

The following theorem is a generalization of Theorem 5.6 from Bjorn—Bjorn [2]
where it was proved for the single obstacle problem, i.e. for 1), = co and m = m’.

Theorem 4.4. Let ¢b;: Q — R, i = 1,2, and f € N"(Q). Let u be a solution
of the Jy, 4, j-obstacle problem. Let xy € OS2 be a regular boundary point. Let

m/(f) = sup{k € R: (f — k)_ € Ny*(Q: B(zo,r)) for some r > 0},
M'(f) =inf{k e R: (f — k)4 € N;*(Q; B(zo,7)) for some r > 0},

m = m(f;vz) = min{m'(), Gy lim inf v (y) }.

M= M(f;9) = maX{M’(f),Cp—limsupwl(y)}.

QByH{EQ
Then
m < Cp-liminf u(y) < Cp-limsupu(y) < M.

Qody—xzo Q3y—a0

Proof. Let v be the lower semicontinuous regularized solution of the JZj, ¢-
obstacle problem, then by the comparison Lemma 3.4, u < v g.e. in €2 and thus

Cp-limsup u(y) < Cp-limsup v(y) < limsupv(y).
Qoy—xo Qoy—zo Qoy—xzo

On the other hand we have limsupv(y) < M, by Theorem 5.6 in Bjérn-Bjorn [2].
QByHIQ
Hence we obtain

9) Cp-limsupu(y) < M,
Q3y—zo

which shows one inequality of the theorem.
To prove the other inequality, note first that —u is a solution of the JZ_, _y, —¢-
obstacle problem and that

M(=f; =ths) = max{ M'(= f), G- lim sup(—a(y)) |

Q3y—axo

_ max{—m’( £), —C,- lim inf %(y)}

Q35y—xo
— —min{m'(f), Cp- liminf ¢a(y) }
= —m(f;12).

This and (9) applied to —u imply that
—C,- sl)lm inf u(y) = Cp-limsup(—u(y)) < M(—f; —1s) = —m.

2Y—x0 Q35y—xo



The double obstacle problem on metric spaces 275

Hence

m < Cp- liminf u(y) < Cp-limsupu(y) < M,
Q3y—wo Q3y—xo

which finishes the proof. O

Theorem 4.5. Let 1;: @ — R, i = 1,2, and f € N*(Q). Let u be a solution
of the Jy, 4, j-obstacle problem and xy € 02 be a regular boundary point. Assume
further that either

(a) f(zo) := Qlirn f(y) exists, or
SY—To
(b) f € N'?(QN B) for some ball B centered at x¢, and that f|sq is continuous

at xo.
Then
T —
Cpmdim u(y) = f(zo)
if and only if
(10) Cp-limsup ¢ (y) < f(zo) < Cp- liminf ¢ (y).
Q3y—x0 Q3y—zo

Note that it is possible to have a soluble obstacle problem without (10), see
Example 5.7 in Bjorn—Bjorn [2].

Proof. Assume first that (10) holds, and let m and M be as in Theorem 4.4. Let
further € > 0 and B’ = B(zo,7) C B be such that

reBNQ in case (a),

|[f(z) = f(zo)| <& f{ €B'NOQ  in case (b).

Then (f — (f(zo) —€))4 € NyP(Q; B') and hence M’ < f(z) + . By assumption
we have Cp-limsup ¢1(y) < f(zo) < f(zo) + € and thus M < f(xy) + ¢ and letting

Q3y—zo
e — 0 shows that M < f(z). Similarly as (f — (f(zo) — €))— € NyP(Q; B') we
conclude that m’ > f(zy) —e. It follows that m > f(xy) — ¢ and by letting ¢ — 0
we get m > f(zp). By Theorem 4.4 we obtain

m < Cp- liminf u(y) < Cp-limsupu(y) < M < f(zg) <m
Q3y—zo Q3y—xo

and hence

Cyp- lim u(y) = f(zo).

QBy—>ZO
Conversely assume that f(xg) < Cp-limsup ¢ (y). As u > 1 q.e. in Q we obtain

Qoy—xo
f(zo) < Cp-limsup ¢y (y) < Cp- limsup u(y).
Q>y—xo Q3y—xo
Similarly, it follows that f(zo) > C,- gm inf u(y), when f(zo) > Cp- }%m inf 19 (y).
2Y—x0 SY—To
Hence f(zo) # Cp- lim  u(y). O

Q3y—xo

Corollary 4.6. Let 11: Q — [—00,00) and thy: 2 — (—00,00] be continuous
and f € N'?(Q)NC(9Q). Let Q be regular and such that for every x € 92 we have

lim sup 4, (y) < f(z) < liminf oy (y).

Qdy—zx
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Let w be the continuous solution of the ., ,, s-obstacle problem given by Theo-
rem 3.9. If we let u = f on 0%, then u € C(Q).

In the following theorem (d) and (e) are new characterizations to regularity and
add to the characterizations in Bjérn-Bjorn [2],Theorems 4.2 and 6.1.

Theorem 4.7. Let xy € 052, 6 > 0 and B = B(x,0). Then the following
conditions are equivalent:

(a) The point xq is a regular boundary point.
(b) It is true that

lim Hf(y) = f(xo)

QByH.’ZQ
for all f € N'?(Q) such that f(xq) := Qlim f(y) exists.
SY—xo
(c) It is true that
lim Hf(y) = f(xo)

Q3y—xo
for all f € N'*?(QU (BN Q)) such that floq is continuous at xo.
(d) For all f € N'(Q) and all {1,v9: Q — R such that Ky, 4, s # 2,

Cp-limsup ¢4 (y) < f(xg) < Cp- g;lylifig Va(y)

Q3y—xo
and f(xg) := QBI;IEID f(y), any solution of the Jy, , s-obstacle problem

satisfies
G- lim_uly) = (o)
2Y—x0

(e) For all f € N'?(QU (BN Q)) such that f|aq is continuous at xy and all
U1,19: Q — R such that Ky, 4, f # @ and

Cyp-limsup yn (y) < f(zo) < Cp- }g; inf 1 (y),

Q3y—xo —T0

any solution u of the Jy, ., r-obstacle problem satisties
C,- li = .
v odim  ufy) = f(z0)

Proof. (a) < (b) < (c) These are Theorems 4.2 and 6.1 in Bjérn-Bjoérn [2].
(a) = (d) and (a) = (e) This follows from Theorem 4.5.
(d) = (b) and (e) = (c) This is trivial as Hf is the continuous solution of the
H_ 0,00, f-Obstacle problem. O
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