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Abstract. Given two Ahlfors—David regular sets in metric spaces, we study the question
whether one of them has a subset bilipschitz equivalent with the other.

1. Introduction

In this paper we shall study Ahlfors-David regular subsets of metric spaces.
Throughout (X,d) and (Y, d) will be metric spaces. For B, F C X and 2 € X we
shall denote by d(F) the diameter of E, by d(E, F') the distance between E and F,
and by d(z, F) the distance from x to E. The closed ball with center x and radius r
is denoted by B(x,r).

1.1. Definition. Let £ C X and 0 < s < oco. We say that E is s-regular

if it is closed and if there exists a Borel (outer) measure g on X and a constant
Cg,1 < Cg < o0, such that (X \ £) =0 and

r* < pu(B(x,r)) <Cgriforallz € E, 0 <r <d(FE), r < oo.

Observe that this implies that the right hand inequality holds for all z € E,r > 0,
and

u(B(x,r)) <2°Cgre® for all z € X, r > 0.

We would get an equivalent definition (up to the value of Cfg), if we would use
the restriction of the s-dimensional Hausdorff measure on F, with r* on the left hand
side replaced by r°/Cg. When we shall speak about a regular set F, p will always
stand for a measure as above.

We remark that closed and bounded subsets of regular sets are compact, see
Corollary 5.2 in [DS2|. Self similar subsets of R" satisfying the open set condition
are standard examples of regular sets, see [HJ.

A map f: X — Y is said to be bilipschitz if it is onto and there is a positive
number L, called a bilipschitz constant of f, such that

d(e,y)/L < d(f(x), f(y)) < Ld(x,y) for all 2,y € X.

The smallest such L is denoted by bilip(f). Evidently any bilipschitz image of an
s-regular set is s-regular. But two regular sets of the same dimension s need not be
bilipschitz equivalent. This is so even for very simple Cantor sets in R, see [FM],
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[RRX] and [RRY] for results on the bilipschitz equivalence of such Cantor sets, and
for [DS2] for extensive analysis of bilipschitz invariance properties of fractal type sets.

The main content of this paper is devoted to the following question: suppose F is
s-regular and F'is t-regular. If s < t, does F' have a subset which is bilipschitz equiv-
alent to E7 In this generality the answer is obviously no due to topological reasons;
E could be connected and F' totally disconnected. We shall prove in Theorem 3.1
that the answer is yes for any 0 < s < ¢ if F is a standard s-dimensional Cantor
set in some R"™ with s < n. We shall also prove in Theorem 3.3 that the answer is
always yes if s < 1. In Section 4 we show that if £ and F' as above are subsets of R"
and s is sufficiently small, then a bilipschitz map f with f(E) C F' can be defined in
the whole of R". We don’t know if this holds always when 0 < s < 1.

In the last section of the paper we shall discuss sub- and supersets of regular sets.
It follows from Theorem 3.1 that an s-regular set contains a t-regular subset for any
0 <t < s. In the other direction we shall show that if £ C X is s-regular and X is
u-regular, then for any s < ¢t < u there is a t-regular set F' such that £ C F C X. On
the other hand there are rather nice sets which do not contain any regular subsets:
we shall construct a compact subset of R with positive Lebesgue measure which does
not contain any s-regular subset for any s > 0.

Regular sets in connection of various topics of analysis are discussed for example
in [DS1] and [JW].

2. Some lemmas on regular sets

In this section we shall prove some simple lemmas on regular sets.

2.1. Lemma. Let 0 < s < oo and let F C X be s-regular. For every 0 < r <
R < d(FE), R < 00, and p € E there exist disjoint closed balls B(x;,r), i =1,...,m,
such that z; € EN B(p, R),

(SSCE)”(R/T)S <m < 2°Cg(R/r)*
and

ENB(p,R) C | Bz, 5r).
=1

Proof. By a standard covering theorem, see, e.g., Theorem 2.1 in [M], we can find
disjoint balls B(x;,r),i =1,2,..., such that x; € EN B(p, R) and the balls B(x;, 5r)
cover E N B(p, R). There are only finitely many, say m, of these balls, since the
disjoint sets B(z;,7) have all ;1 measure at least 7°, they are contained in B(p,2R)
which has measure at most Cg(2R)°. More precisely, we have

mr® < ZM(B(%T)) < u(B(p,2R)) < Ce(2R)%,

whence m < 2°Cg(R/r)*, and

mCp5'r* >y u(B(x;,5r)) > w(B(p, R)) > R,
=1

whence m > (5°Cg) "' (R/r)*. O

For less than one-dimensional sets we can get more information:
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2.2. Lemma. Let 0<s<1, C>1, R>0,let E C X be closed and bounded
and let p be a Borel measure on X such that u(X \ F) =0 and that

u(B(x,r)) < Cr® for allx € E, r > 0,

and
u(B(x,r)) >r® forallx € E, 0 <r < R.

Let D = (3C2%)Y/(1=9) 4 1. For every 0 < r < R/(2D) there exist disjoint closed
balls B(xz;,r), i = 1,...,m, and positive numbers p;, r < p; < Dr, such that
m < Cd(E)*/r®, x; € E, x; € B(x;, p;) fori < j,

E C UB(%,M) and E N B(x;, p; + 1)\ Bz, pi) = 0.
i=1
Proof. Let z; € E. Denote

Ay = B(xq,7), A; = B(z1, (i + 1)r) \ B(ay,ir), i=1,2,....

If ENA; =0, denote p; = r. Otherwise, let [ be the largest positive integer such
that 2lr < Rand ENA; # 0 fori = 1,...,1, say y; € EN A;. Then B(y;,r) C
Ai 1 UA;UA; 1 C B(xy,2lr). Therefore

l l
r* <Y u(Byinr) < p(Aisg UA; U Aigy) < 3u(B(xy, 20r)) < 3C2°0r°,
i=1 1=1

whence [17% < 302° and, since s < 1, [ < (3025)Y/179) = D —1. As2(I+1) <
2D < R/r, we conclude that EN A, = () by the maximality of . Let p; = (14 1)r.
Then r < p; < Dr and EN B(x1,p1 +7) \ B(z1,p1) = 0. Let 25 € E\ B(xy,p1) =
E\ B(x1,p1 + ). Then the balls B(xy,r) and B(xq,r) are disjoint. Repeating the
same argument as above with z; replaced by xs we find py such that r < py < Dr
and E N B(xg, pa + 1)\ B(xa, p2) = 0. After k — 1 steps we choose

k—1

x, € B\ U B(zi, pi),

i=1

if this set is non-empty. As in the proof of Lemma 2.1 this process ends after some
m steps when FE is covered by the balls B(z;, p;), i = 1,...,m. Also, as before, m
satisfies the required estimate m < Cd(E)®/r®. O

The following lemma will be needed to get bilipschitz maps in the whole R"™.

2.3. Lemma. Let C > 1 and A > 9. There are positive numbers sy = so(C, \),
0 <sg<1,and D = D(C,\) > 1, depending only on C' and A, with the following

property.
Let 0 < s < sq, let E C X be closed and bounded, let R > 0 and let yu be a Borel
measure on X such that (X \ E) = 0 and that

u(B(x,r)) < Cr® for allx € E, r > 0,

and
w(B(x,r)) >r®forallz € E, 0 <r < R.
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For every 0 < r < R/D there exist disjoint closed balls B(x;,A\p;/3), i = 1,...,m,
such that z; € E, r < p; < Dr, m < Cd(E)*/r®,

E C U B(zy, pi) and E N B(x;, A\p;) \ Blx;, pi) = 0.
i=1
Proof. The function s + (1 — 3CA2*(\* — 1))~'/* is positive and increasing in
some interval (0, s1), so it is bounded in some interval (0, sp). We choose sy and D
so that

M1 =3CA#(\* = 1)) < Dfor 0 < s < s.
Set ¢ = log D/ log A.
Let z € E and denote
Ao = B(z,7), Ai = B(z,\'r)\ B(z,\"'r), i=1,2,....

If ENA; = 0, denote r(z) = r. Otherwise, let [ be the largest positive integer
such that [ < c and that ENA; # 0 for 1 =1,...,1. Then for i = 1,...,1 there is
y; € ENA; with B(y;, X72r) C A;_1UA;UA; ;. By the choice of ¢, \'™2r < Dr < R.
Hence

sl ! l l
TS)\_Si\\S_ll Z SZ By, N ?r SZ i-1UA; UAi)

< S,u(E N B(z, A7) < 30Ny

This gives
(1 —=30X2(\ — 1) <1,
whence
X< AL =30 (N - 1))/ < D.

Thus [ + 1 < ¢ and we conclude that £ N A,y = 0. Let r(z) = Ar. We have now
shown that for any = € E there is r(z), r < r(z) < Dr, such that £ N B(z, Ar(x)) \
B(z,r(z)) = 0.

Let My = sup{r(z) : x € E}. Choose z; € E with r(x) > M,;/2, and then
inductively

J
x4 € B\ U B(z;,r(x;)) with r(z41) > M;/2
i=1
as long as possible. Thus we get points z; € F and radii r(z;), r < r(x;) < Dr, for
i=1,...,k such that r(z;)/2 < r(z;) < 2r(x;), x; € B(x;,r(z;)) for i < j, and

k1
{r e E:r(z) > M/2} C | Bl r(x)).
i=1
If for some [ = 1,2,... the points 1, ...,z have been selected and there is some
r€FE\ Uflzl B(zi,r(z;)), let

k;
My, =sup{r(z) :z € E'\ UB(%AT(%))},

i=1
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choose xy,,, € I\ Uflzl B(x;,r(x;)) with r(zg,,,) > M;11/2, and so on. This process
will end for some [ = p. Thus we get points z1,...,2, € E, m = k,, such that, with
pi =r(z;), r < p; < Dr, fori <j, x; & B(w;, p;) and r; < 2p;,

E C U B(x;, p;) and E N Bz, A\p;) \ B(x4, pi) = 0.

i=1

To show that the balls B(z;, Ap;/3) are disjoint, let i < j. Then p; < 2p; nd
z; € EN(R"\ B(x;,p;)) = EN(R™\ B(zy, Api)). So d(x;, xj) > Ap; and (A/3 )(

pj) < Ap; < d(x;,x;), which implies that B(x;, Ap;/3) N B(x;, Ap;/3) = 0. The
required estimate m < Cd(FE)*/r® follows as before. O

3. Bilipschitz maps

In this section we begin to prove the bilipschitz equivalences mentioned in the
introduction. It is easy to get explicit bounds for the bilipschitz constants of the maps
from the proofs. In Theorem 3.1 bilip(f) is bounded by a constant depending only on
s,t,n and Cg. In Theorems 3.3 and 4.2, if Cy, Cp and d(E)/d(F') (interpreted as 0
if F'is unbounded) are all < C', then bilip(f) < L where L depends only on s, ¢ and
C, and also on n in Theorem 4.2. If F and F' are bounded, this dependence on the
diameters is seen by first observing that we may assume that d(F') < d(FE); otherwise
F' can be replaced in the proofs by F'N B(p,d(E)/2) for any p € F. Secondly,
changing the metrics to dg(x,y) = d(z,y)/d(E) and dp(z,y) = d(z,y)/d(F), we
have d(E) = d(F) = 1, the regularity constants don’t change and a bilipschitz
constant L changes to Ld(E)/d(F).

For any 0 < t < n we shall define some standard t-dimensional Cantor sets in
R". Define 0 < d < 1/2 by 2"d" = 1. Let Q@ C R"™ be a closed cube of side-length
a. Let Q1,...,Qo C @ be the closed cubes of side-length da in the corners of Q).
Continue this process. Then C(¢,a) is defined as

- ﬂ U Qil...ika

k=1141...i%

where ¢; = 1,...2" and each @, ; is a closed cube of sidelength d*a such that

Qiy.igis © = 1,...,2", are contained in the corners of ();, ;. . It is well known and
easy to prove that C(t,a) is t-regular, it is also a particular case of a self similar set
satisfying the open set condition as considered in [HJ.

3.1. Theorem. Let £ C X be a bounded s-regular set and 0 < t < s. Then
there is a t-regular subset F' of E and a bilipschitz map f: F — C(t,d(E)) where
C(t,d(E)) is a Cantor subset of R" with t < n as above. Moreover, Cr < C' where
C depends only s, t, n and Cg.

Proof. We may assume that d(E) = 1. Choose a sufficiently large integer N so
that denoting d = 27V i.e., 2¥"d" = 1, we have d < 1/3 and d*~t < (15°C)~! =:
c. Then we can write C(¢,1) as

=N U @i

k=111...i%
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where each @Q;, 4, 1 < i; < 2V is a closed cube of side-length d* such that
Qi .ipipsr C Qiy..ip- By Lemma 2.1 we can find disjoint balls B(z;,3d), z; € E, i =
1,...,m, such that m > cd=* > d=t = 2"". Now we keep the first 2" points z; and
forget about the others. Repeating this argument with E replaced by F N B(x;,d)
and so on, we can choose points

xil.,.’ik’ik+1 S E N B(x112k7 dk)? 1 S 7/] S 2Nn7

such that the balls B(zy, 4,4,3d"™), i = 1,...,2V" are disjoint and contained in
the ball B(x;, ;,,3d"). Then for 1 <1 <k,

k—1 k—1
(3.2) ATy iy Tiy i) < Zd(%l.‘jj,%l...ijﬂ) < & < 2d

= =l

as d < 1/2. Denote

k=111...i

Then F C E. Let y;, 4, be the center of @);, ;, and denote
Fk = {xlllk . le = 1,...,2Nn, ]: 1,,]{1}

and
Cr ={yi.ip 155 =1,...,2"" j=1,...k}.
Define the maps
fki F, — Cy by f(%zk) = Yiy..ip,-

We check now that f; is bilipschitz with a constant depending only on s, t, n
and Cg. Let © = x;, ., @ =z, € F, with o # 2/. Let [ > 1 be such that
i1 =J1,---,0 = j; and i;41 # jig1; if 41 # ji the argument is similar. Then by (3.2)
T € B($i1...ilil+172dl+1) N B(a:il,_,il,le) and .17/ c B(leu-jljurl? 2dl+1) N B(l’ilmil,Zdl).
Since the balls B(xy, 44,,,,3d"™") and B(zj, _jj,.,,3d" ") are disjoint, we get that
d* < d(x,2') < 4d'. Letting y = y;, 4, and ¥ = y;,.j, we see from the construction
of C(t,1) that (1 —2d)d' < |y —y'| < v/nd'. Hence

d(fi(2), fu(2) = ly = ¥'| < (Vn/d)d(z, )
and
d(fx(x), fu(2) = ly —y'| = (1 — 2d) /4)d(z, 2").
Denote L = max{\/n/d,4/(1 —2d)}.

If z € F there is a unique sequence (i1, 1, ...) such that z € B(x;, ;,,3d") for

allk=1,2,.... Let y € C(t,1) be the point for which y € @Q;, ;, forallk =1,2,....

Then y = limy—oo ¥iy..i, = Umyoo fu(2sy. 4, ). We define the map f: F — C(t,1) by
setting f(z) = y. If also 2’ = limy_ xj, j, and ¥’ = limy_, y;,..;, We have

d(f(z), f(ml)) = kh_{go d(fi(Tiy.a)s fe(@gy5,)) < kh_{glo Ld(zs,..y, %5,..5,) = Ld(xal’/)

and similarly d(f(x), f(z")) > d(z,2")/L. Obviously, f(F) = C(t,1). The last
statement, Cr < C, of the theorem follows immediately from the fact that L depends
only s, t, n and Cg. O

Next we turn to study less than one-dimensional sets.
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3.3. Theorem. Let £ C X be s-regular and F' C Y t-regular with 0 < s < 1
and s < t. Suppose that either E is bounded or both E and F' are unbounded. Then
there is a bilipschitz map f: E — f(E) C F.

Proof. We shall first consider the case where both ¥ and F' are bounded. By the
remarks in the beginning of this section, we then may assume that d(E) = d(F') = 1.
Let D = (3C52%)"/0=%) 4 1. Choose d so small that

0<d™ < (2°15'D*CCr)~" and 2Dd < 1.

We shall show that there exist s-regular sets Ej;, ; , points z;, i, € E, v i € F
and radii p;,. ;, where

1 S ij S mio._ijfl, ] = ]_, ey k‘, with mio._.ij71 S CEQSDS/dS, Z‘() = O,
such that for all k =1,2,...,

E= | Ei.i,

11...0k

Ei i C B
d* < pi,. i, < Dd,

Tiy iy € Biy iy, C B(Tiy iy Piy..iy,)
ENB(xiy. s Piy.iy + dk) \ B(Ziy iys Piy.iy) = 0,
d(Ei iy, Ej ) > d* if iy # ji,

Yiy.igips, € F'N B(yil...z'k,dk),

B(Yi,..inirs1 2dk+1) C B(¥Yiy..in Qdk%

B(Yiy...ix» 3d") 0 B(yj.. 5, 3d") = 0 if iy, # ji.

By Lemma 2.2 we find z; € E and p;, d < p; < Dd, with i = 1,...,mg, my <
Cg/d®, such that the balls B(z;,d) are disjoint, x; € B(x;, p;) for i < j,

1e0g)

e G B(xi, p:)

i=1
and
EN B(zi, pi+d) \ B(zi, pi) = 0.
By Lemma 2.1 we find y; € F with i = 1,...,ng, ng > (15'Cpd")~t > Cg/d* > my
such that the balls B(y;, 3d) are disjoint. We define
i—1
Ey = ENB(x1,p1) and E; = EN B(x;,p;) \ | J Ej for i > 2.

J=1

Then the required properties for k = 1 are readily checked.

Suppose then that for some k > 1, E;, ., @i, i, € E, ¥4y, € F'and p;, ,;, have
been found with the asserted properties. Fix iy ...7;. We shall apply Lemma 2.2 with
E=E; i, R=d" r=d"*" and C = Cg, recall that 2Dd < 1. Since d(E;, ., E \
E;, i) > d*, we have EN B(z,r) = E;,. ;. N B(z,r) for x € E;,_; and 0 < r < dF,
so this is possible. Thus we obtain x;, ;,; € Ei 4, and pi, i, @ = 1,..., Mgy,
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SUCh that miomik S OEd(Elek)s/d(k—}-l)s S CEQSDS/dS, the balls B(CL’ZIZM, dk+l) are
disjoint, Tiq..ixj Q B(ZL‘“ZM, pllkl) for 7 < j,

d"t < piy i < DAY

Mig...ip,

E; 4. C U B(Zi, iri» Pir..ixi)
i=1

and
E N0 B(%iy. iy Piy.igi + dkﬂ) \ B(Ziy igiy Piy.ii) = 0.
Define
Ei o1 =FEy i 0BT i1, Piy.ip1)

and

i—1
Ei ivi=FEi iy VB(Tiy iy Piv i) \ U E;, i for i > 2.

j=1

Applying Lemma 2.1 we find points y;, ;s € FNB(yi, .5, d"), i =1,... 0.4, , With
Nig...i, > (15'Cpd) =t > Cp2°D* /d* > my, ;, such that the balls B(y;, .., 3d*t1), i =
1,...,n4. i, are disjoint. Then the required properties are easily checked.
Set

Ay = {lezk tip=1,... y Mig..ij_1> j=1,...,k}
and

By ={¥i.i i =1,...,my.q;_, J=1,...,k}.
Define the maps

fki A, — By by f(ﬂlezk) = Yiy..iy, -

We check now that f; is bilipschitz with a constant depending only on s, ¢, Cg
and Cp. Let © = w;, 4.2 = xj, j; € Ay with o # 2'. Let [ > 1 be such
that 1 = j1,...,4 = 5 and 441 # Jjuq; if 21 # j1 the argument is similar.
Then, as in (3.2) in the proof of Theorem 3.1, x € Ej 4, N B(zy,..4,,2Dd")
and 2/ € Ej1~--jljl+1 N B(I“”,ZDdl> Since d<Ei1--~l'ﬂ'z+17Ej1~~~jzjz+1) 2 dl+1, we get
that d'*! < d(z,2’) < 4Dd'. Letting y = v;, 4, and v = y;,. j,, we have y €
B(yilmiliurl? 2dl+1> N B(yil...ila 2dl> and y/ - B<yj1~~-jljl+1 , 2dl+1> N B(yil...i” 2dl> HGHCG,
as B(yi1---iziz+17 3dl+1) n B(yjl---jljz+17 3dl+1) = (Z)v d+! < d(y7 y/) < 4dlv

d(fr(@), fu(2')) = d(y,y") < (4/d)d(x,2")
and
d(fr(@), fu(2) = d(y,y) = (d/(4D))d(z, ).
Denote L =4D/d > 4/d.
As in the proof of Theorem 3.1 we define the map f: E — f(E) C F by

when x = limy_, x;, ;. Then bilip(f) < L.

If F is bounded and F' unbounded, the same proof works with F' replaced by
F N B(p,1) for any p € F. Suppose FE and F' are unbounded, and let p € E. Using
the proof of Lemma 2.2 we find Ry, (2D)* < Ry < D(2D)*, k=1,2,..., such that

EN B(p, R + (2D)*) \ B(p, Ry,) = 0.
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Let Ey = EN B(p, Ry). We check that Ej is s-regular with Cg, < (2D)*Cg. To see
this, let x € E and 0 < r < d(E)) < (2D)* L. If r < (2D)%, then E, N B(x,r) =
ENB(z,r), so u(ExNB(z,r)) > 7. Ifr > (2D)*, we have u( E,NB(x,r)) > (2D)* >
(2D)~*r®. These facts imply that Cg, < (2D)*Cg. Since the sets Ej, are bounded we
can find bilipschitz maps fy: Ey — f(Ex) C F with bilip(fx) < L where L depends
only on s, t, C'r and Cpr. Using Arzela—Ascoli theorem we can extract a subsequence
(fx;) such that the sequence (f,)r,>r converges on Ej for every k = 1,2,.... Then
f=1lm; o fr,: E— f(E) C F is bilipschitz with bilip(f) < L. O

4. Mappings in R"

In this section we prove for small dimensional sets in R” that we can find bilip-
schitz mappings of the whole R™. The following lemma may be well known, but we
have not found a suitable reference in literature.

4.1. Lemma. Let 0 < § < ¢(n), where c¢(n) < 1/2 is a positive constant depend-
ing only on n and determined later. Let p,q € R" and R > 0. Fori=1,...,m let
OR <r; < R/3 and z; € B(p,R) and y; € B(q, R) with B(x;,3r;) N B(x;,3r;) =0
and B(y;, 3r;)NB(y;,3r;) = 0 for i # j. Then there is a bilipschitz map f: R" — R"
such that f(z) = x—p+q forz € R*"\B(p,2R) and f(z) = x—x;+y; forx € B(xz;,1;).
Moreover, bilip(f) < L where L depends only on n and §.

Proof. We may assume that p = ¢ = 0 and R = 1. Let ¢ = §>"*3. It is enough to
construct a bilipschitz map f: R" — R™ with bilip(f) < L, L depending only on n
and 0, such that f(z) = x for |z| > 3y/n and f(x) = x—x;+y; for x € B(x;,¢). To see
this, consider bilipschitz maps g, h: R™ — R" with bilipschitz constants depending
only on n and ¢ such that g(z) = (¢/r;)(z — x;) + x; for x € B(xy,r;), g(x) = x for
x € B(0,3/2\U, Bl 2r:), h(y) = (¢/ri)(y—yi) +yi for y € By, i), h(y) =y for
y € B(0,3/2)\U™, Blyi,2r0) glx) = h(z) for |z > 2 and g(B(0,2)) = h(B(0,2)) =
B(0,3y/n). Then h™! o f o g has the required properties.

For the rest of the proof we assume that n > 2, for n = 1 a much simpler argument
works. Denote @ = [—2,2]""!. Let a,b € B(0,1) C R"'. For v € 9B(a,¢) denote
by v the single point in 0Q N {t(v —a) +a : t > 1}. Let g(a,b): Q@ — @ be the
bilipschitz map such that

g(a,b)(x) =x —a+bfor x € B(a,¢)

and for v € 9B(a,e) g(a,b) maps the line segment [v,?'], affinely onto the line
segment [v — a + b,v']. Then g(a,b)(x) = x for x € 9Q and g(a,a) is the identity
map. Moreover, g(a,b) has a bilipschitz constant depending only on 7.

Now we show that there exists a unit vector # € S"! such that |0- (z; — ;)| > be
and |0 - (y; —y;)| > 5e for i # j. To see this, let o denote the surface measure on
S"~1. 'We have by some simple geometry (or one can consult [M], Lemma 3.11)

c({0€ S |0 (v, — x;)| < 5e}) < Cr(n)|a; — x50 e < Oy (n)d* 2,

and similarly for y;,y;. There are less than Cy(n)d 2" pairs (x;,z;) and (vi,y;),
whence

c({0€S" |0 (v; —x;)| <5eor|d- (y; —y;)| < 5e for some i # j}) <6,
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if C1(n)Cy(n)d < 1, which we have taking c(n) < (C1(n)Cy(n))~! in the statement
of the theorem. Taking also c¢(n) < o(S™!) our @ exists. We may assume that
0=(0,...,0,1).

Let t; and u;, i = 1,...,m, be the n’th coordinates of x; and y;, respectively, and
let tg = ug = -2, trntl = Umt1 = 2. We may assuine that t; < tiv1 and u; < Uiy1 for
i=0,...,m. Then |t; —t;| > 5e and |u; —u;| > de fori # j, 1,7 =0,...,m+ 1. For
r=(z'...,2") e R let T = (2',... 2" !). Let Qy = [-2,2|" and fori = 1,...,m,

Ri:{l’EQO : |(L’n—tz| Sé‘},
Si={y€Qo:|y" —u| <e}.

We shall define f in Qg with the help of the maps g(a,b) in such a way that it
maps R; onto S; translating B(x;, ) onto B(y;,¢). Between R; and R;y1 f is defined
by simple homotopies changing f|R; to f|R;.+1, and similarly in @)y 'below’ R; and
above’ R,,. Finally f can be extended from (), to all of R™ rather trivially. We do
this now more precisely.

Let z € Qpand 1 <i<m+ 1. We set

f(@) = (g((2e — [a" — ta]) /e) T, (26 — |2" — ti]) /€)5:)(2), 2" + wi — 1)
ife <|2" —t;| <2 andi <m,
NIn—ti_1—2€ tz—2€—$n

f(x) N (Z', tl - tifl —4e tl - ti,1 —4e
if ti—l + 2¢ S z" S tz — 26,

flz)=xzif —2<2" < -242c0r2—2 <a" <2

(u; — 2¢) + (ui—1 + 2¢))

Then f: Qo — Q) is bilipschitz with a constant depending only on n and 6, f(z) =
r —x; +y; for x € B(zy,¢), f(z) = x for x € Qp with z,, = =2 or z,, = 2, and
at the other parts of the boundary of @ f is of the form f(z) = (z, ¢(a™)) where
¢: [—2,2] — [—2,2] is strictly increasing and piecewise affine. It is an easy matter
to extend f to a bilipschitz mapping of R™ with a bilipschitz constant depending
only on n and § and with f(z) = z for x € R"\ B(0,3/n). For example, setting
[|1Z|]oo = max{|z|,..., |x" 7|}, we can take

f(x) = (7,3 = [|z[lec)p(") + ([[2]]oc = 2)2")
when 2 < ||Z||oc < 3 and |2"| < 2, and f(z) = = when ||Z|| > 3 or |2"| > 2. O

4.2. Theorem. Let C' > 1 and let sy = so(C, 18), 0 < sy < 1/6, be the constant
of Lemma 2.3. Let 0 < s < sp and s <t < n, let E C R" be s-regular and FF C R"
t-regular with C'g, Cr < C. Suppose that either E is bounded or both E and F are
unbounded. Then there is a bilipschitz map f: R" — R" such that f(E) C F.

Proof. We assume that E and F are bounded. The remaining case can be
dealt with as at the end of the proof of Theorem 3.3. We can then assume that
E,F C B(0,1) with d(F) = d(F) = 1/2. Let ¢(n) and D = D(C,18) be as in
Lemma 2.3, and choose d such that

d < c(n), 12Dd < 1 and 0 < d"™* < (2°60'CrCpD') ™ .
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By Lemma 2.3 we find z; € F and p;, d < p; < Dd, withi =1,...,mg, mo < Cg/d°,
such that the balls B(z;, 6p;) are disjoint,

mo
i—1

and

By Lemma 2.1 we find y; € F with i = 1,...,n9, ng > (5'Cr)~'(1/(12Dd))!

Cg/d® > mg such that the balls B(y;,6Dd), j = 1,...,ng, are disjoint. Next applying

Lemma 2.3 with F replaced by E N B(z;,p;), R = d, r = d* and C = Cg, we

find for every i = 1,...,mo, z;; € E N B(wi, p;) and py;,d*> < p;; < Dd?, with

jgo=1,....,my my g CEd(Eﬂ B(x;, pi))*/d* < Cg2°D?/d*, such that the balls

B(x;, 6,0”) are disjoint,

E N B(z;, p;) UB Tij, Pij)

and

E N0 B(xij, 18pi3) \ B(wij, piz) = 0,
and by Lemma 2.1 we find y;; € FNB(y;,d), j =1,...,n4 n; > (5'Cr)~*(d/(6Dd?))*
> 2°C/d* > m; such that the balls B(y;;, 6Dd? ) are disjoint. Continuing this we

find for all k =1,2,..., &y 4, Piy..i and Y, such that for all 4; = my, 4., j =
1L,....k k=1,2,.. Wlthlo—o

110k
B(xi,..i,, 6piy..i,.) N B2, 5,0, 604,.0,) = O i iy # i,
Ty iginsr € £ NV B(Tiy iy, Piy.ig)s
d* < pi,... < Dd",
B(%i, igigs 1 4Pirininsn) C B(Tiyip 2041 )
E N B(xi,..i,, 18piy..ip) \ B(@iy...iy,» Pir..ir,) = 0,
Yiy.igizs, € F'D B(yi,...ir, d"),
B(yi,.i,,6Dd") N B(yj,._j.,6Dd") = 0 if i), # jy..

Using Lemma 4.1 we find a bilipschitz map f;: R™ — R such that f;(z) = x for
|z| > 2 and fi(z) =z —x; +y; for x € B(x;,2p;), and bilip(f) < L where L depends
only on s, t, n and C. Let

By, = U B(%’l...z‘k, 20i,,..., zk)
01 0)
Then Byi1 C By for all k and E = ;- Bx. We use Lemma 4.1 to define inductively
fr: R" — R™ such that fri(z) = fi(z) for x € R™\ By, where By is the interior of
By, fk+1|B(xZl s 2p11 77777 ) is L-bilipschitz and fii1(2) = @ — @i, iy + Yir,.oins, fOT

-----

77777

(4.3) [z —yl/L < |fu(z) = fie(y)| < Llz —y| for all 2,y € R™.



498 Pertti Mattila and Pirjo Saaranen

For k = 1 this was already stated. Suppose this is true for k—1 for some k > 2 and let
z,y € R". If z,y € R™\ By, (4.3) follows from the definition of f; and the induction
hypothesis. If 2,y € B(z4,. 4, 2pi,...4,) for some iy .. .14, then (4.3) follows from the
fact that fy is a translation in B(xy, 4., 2pi,....). Finally, let @ € B(z4,. 4, 20i;...4,.)
and y € R"\ B(4,.4,., 2piy....i,)- Let z € OB(x4,. 4., 2pi,....i,,) be the point on the line
segment with end points x and y. Then, by the two previous cases,

() = fe@)| < | fu(@) = (D) + [fe(2) = fu(y)] < Llw — 2]+ Llz —y[ = Llz — 2|.

This proves the right hand inequality of (4.3). A similar argument for f, ! with the
balls B(vi,..is 2044, ) gives the left hand inequality.

We have left to show that the limit limy_, fr(z) = f(x) exists for all x € R™.
Then also f satisfies (4.3) and f(E) C F. First, if € R"\ E, then z € R" \ B,

1111

for some [, and so fx(z) = fi(z) for k > [. If x € E, there are iy, s, ..., such that
x € B(x i,2pi.q.) for all k. Then fi(x) € By, i,,2Dd") and limy, .o fu(z) =
Y= f(x) where y = limy_.o0 Yi;..iy - ]

5. Sub- and supersets

In this section we shall consider the question whether a given regular set contains
regular subsets of smaller dimension and whether it is contained in higher dimensional
regular sets.

5.1. Theorem. Let £ C X be s-regular and 0 < t < s. For every x € E and
0 <r < d(FE), EN B(x,r) contains a t-regular subset F' such that Cr < C and
d(F) > cr where C and c are positive constants depending only on s, t and C.

This can be proven with the same method as Theorem 3.1. In fact, that method
gives that £ N B(z,r) has a t-regular subset which is bilipschitz equivalent with
C'(t,r) with a bilipschitz constant depending only on s, ¢t and Cr. Observe that the
regularity of E implies that d(E N B(xz,r)) > C5""r.

5.2. Theorem. Let 0 < s <t < u. Suppose that E C X is s-regular and that
X isu-regular. Then there is a t-regular set F' with E C F C X. Moreover, Cr < C
where C' depends only on s, t, C'g and C.

Proof. We shall only consider the case where X and F are bounded. A slight
modification of the proof works if X or both X and F are unbounded. Recalling
the remarks at the beginning of Section 3, we may assume that d(E) = 1. Let
0 < d < 1/30 be such that d“~* < 47¢307%C,'Cy'. By Lemma 2.1 there are for every
k=1,2,...,disjoint balls B(x};,6d"), i = 1,...,my, such that 73 ; € E and the balls
B(zy,, 30d¥) cover E. Further, there are disjoint balls B(xy;, 6d%), i = mgp+1,...,ny,
such that z; € X \ UM% Bz, 30d”) and the balls B(xy;, 30d%), i = 1,...,ny, cover
X.

Fix k£ and 7,1 <17 < my. Denote

J={je{l,....m}: B(xps1,,d"™) C Bz, 3d")},
J={je{l,...,m}: B(xpi1;,30d"™) N B(wy,, d¥) # 0},
I={je€J:ENB(wp;1,,6d" ™) #£ 0},
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and let n, n’ and m be the number of indices in J, J' and I, respectively. Then,
as d < 2/31, J' C J and so n' < n. Since B(zy,;,d*) C UJ.EJ,B(:E;QH,j,BOd’““), we
have, comparing measures as in the proof of Lemma 2.1, that n > n/ > 307*C'y'd~*.
If j € I there is z; € E N B(x41,,6d"™) and then, as also j € J and d < 1/7,

B(zj,d"™") C B(xgs1,, 7d") C B(ag,, 4d").
Then the balls B(z;,d"™), j € I, are disjoint and

d* 0 <N (B2, dM)) < (B, 4d*)) < 4°Cpd®,

JeI

whence m < 4°C'rd—*. Combining these inequalities and recalling the choice of d, we

find that
m < 45Crd™* < 307"Cx'd™ < n.

Thus we can choose some j € J\ I. Let yp; = w41, and By; = B(yp;,d").
Denote also 2By; = B(yx:, 2d**1). Then for a fixed k the balls 2By, i =1,...,my,
are disjoint. If x € 2By, then, as j ¢ I, d(x, E) > 4d*™1. On the other hand, as
jeJ, dx,E) <d(z,vr;) < d(x,ypi) + dyri, vpi) < 2d¥T1 + 3dF < d*1. Tt follows
that the balls 2By,; and 2B;; with |k — [| > 2 are always disjoint. Hence any point
of X can belong to at most two balls 2B;,, i =1,...,my, k=1,2,....

By Theorem 5.1 we can choose for every k, ¢, 1 < ¢ < my, t-regular sets Fj,; C By
such that Cr, , < C and d(Fy;) > cd® with C' and ¢ depending only on ¢, v and C.
Let vi; be the Borel measure related to Fj; as in Definition 1.1. We define

0o Mmy

F=Eu|JJFu

k=1i=1

and

Then F is a closed and bounded subset of X containing F.

We check now that F' is t-regular. Let x € F and 0 < r < d(F). It is enough
to verify the required inequalities for r < d, so we assume this. Let [ be the positive
integer for which d'*! <r < d'. Denote

K={(ki):i=1,...,my, k<land By, N B(x,r) #0}
and

L=A(kyi):i=1,...,myg, k>1and By, N B(z,r) # 0}.
We have

B(z,r)) < Z i(BriNB(z,1)) + Z Vi,i(Byi N B(z,1)).
ki)eK (k,i)eL

If (k,i) € K, then r < d**' and B(x,7) C 2By,. Since this can happen for at
most two balls 2By ;, K can contain at most two elements and the first sum above
is bounded by 2!7*Crt. To estimate the second sum, let p;, be the number of indices

in I, = {i: (k,i) € L}. Let (k,i) € L. Then By; N B(x,r) # 0, and so d(zy,, ) <
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d(@ri, yki) + d(yri, ) < 3d* + 2d¥ + r < 5d', which gives B(xy;, d*) C B(x,6d").
Consequently,

prd®™ < " p(B(ag, d¥)) < p(B(x,6d")) < Cpl2d®,

i€l

and so pp < 12°Crd"—"*. Hence

> vki(BriN B(x,1)) <3 12°Cpd! =M C4'd™ " < 12°4'CpCd’®y "tk

(ka)eL k=1 h=l
1 1
o sat It syt —t__ = it
= 12°4'CrCd =) < 12°4°CgCd g

This proves the upper regularity of v.

To prove the opposite inequality, suppose first that © € E. Let k be the positive
integer for which 33d* < r < 33d*~!. Then for some i, 1 < i < my, z € B(zy,, 30d").
Since By; C B(wg, 3d*) we have that By,; C B(x,33d*) C B(x,r). Thus

v(B(x,7)) > vpi(Bri) > d(Fp,)' > cld™ > ctd'337 !
Suppose finally that € Fj; for some k and . If r < 9d*, then d(Fy;) > cd* > (c¢/9)r,

whence

v(B(z,r)) > v(B(z, (c/9)r) > (¢/9)r".
If r > 9d*, then d(z, z1;) < 3d* < r/3, so B(xy;,7/2) C B(x,r). Since z;,; € F, the
required inequality follows from the case x € E. O

In the next example note that lim, .o Z*(F N B(x,7))/(2r) = 1 for £ almost
all z € F by the Lebesgue density theorem. However, F' has no subset £ with
ZY(E) > 0 for which ZY(F N B(x,r))/(2r) would be bounded below with a positive
number uniformly for small r > 0.

5.3. Example. There exists a compact set ' C R with Lebesgue measure
LY (F) > 0 such that it contains no non-empty s-regular subset for any s > 0.

Proof. Let a < b, 0 < A < 1/2 and 0 < t < 1. We shall construct a family
A ([a,b], A\, t) of closed disjoint subintervals of [a,b]. We do this for [0,1] and then
define & ([a,b], \,t) ={f(I): I € Z([0,1],\,t)} where f(z) = (b— a)z + a.

Let

La=[1-X)/2,(1+X))/2].

Then [0, 1] \ I;; consists of two intervals .J;; and J; o of length (1 — \)/2. We select
closed intervals Io; and I55 of length A(1 — \)/2 in the middle of them (that is, the
center of I»; is the center of .J; ;). Continuing this we get intervals Iy ;, i = 1,..., 2871
and Jy;, i =1,...,2% such that d(I;;) = 2"7"A\(1 = A\)*t and d(J;) = 27 (1 — M)k
Moreover, each I, is the mid-interval of some Ji,_; ; and Jy_1; \ I),; consists of two
intervals Ji ; and Jj ;. Then

1 2k-1 l
3> dIi) => M1-NT=1-(1-)N) —lasl— o
k=1 i=1 k=1

We choose [ such that
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and denote
F([0,1,\t) ={L;:i=1,....2"" k=1, 1}
Then for any compact interval I C R,
> d(Jg) > td(D).
JeI (I L)

Let 0 < Mg < 1/2, 0 <ty < 1, k = 1,2,..., such that limy_., Ay = 0 and
t =1Iiz; tk > 0. Define
jl = j([ou 1]7)\17t1)7

and inductively for m =1,2,...,
jm+l == {J J < f([, )\m+17tm+l>7 I € fm}

The compact set F' is now defined as

F:ﬁ Ur

m=1I]e.7,
For every m = 1,2,... we have
dodI)y >ty tm > t,
ISy

whence £ (F) > t.

Suppose that s > 0 and that F is an s-regular subset of F'. Choose m so large
that \,, < C5°/4. Let € E. Then x € I for some I € .%,,. Suppose that I would
be one of the shortest intervals in the family .#,,. Then by our construction there is
an interval J such that [ is in the middle of J, INE = JN E and d(I) = \,d(J).
As B(z,d(J)/4) C J we have by the regularity of F,

47d(J)” < (B, d(J)/4)) = p(B(x,d(I)) < Cpd(I)® = Cp(And(J))".

Thus A, > C’;l/ ®/4. This contradicts with the choice of m. So E contains no points
in the shortest intervals of .7,,. But then we can repeat the same argument with the
second shortest intervals of .7, concluding that neither can they contain any points
of E. Continuing this we see that E = (). ([l
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