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Abstract. If f is a meromorphic function on the plane, let

K(f) = limsup N(r,0, f% (4; %(T’ 1)

where we use standard functionals from Nevanlinna theory. It has long been conjectured for all

meromorphic functions of finite nonintegral order p that K(f) > K(L,), where the entire function
L, is the canonical product with positive zeros satisfying n(r,0,L,) = [r?]. This conjecture has
been established only for p < 1. We show the existence of py > 1 such that if 1 < p < pg then
K(f) > K(L,) for all meromorphic f of order p satisfying N(r,0, f) + N(r, 00, f) ~ cr? for some
c > 0.

1. Introduction

If f is a nonconstant meromorphic function on the complex plane, let
. N(r,0, f) + N(r,o0, f)
K(f)=limsup :
(/) r—s00 T(r, f)

(We assume familiarity with the basic concepts and notation of value distribution
theory.) For 0 < p < 400, let

k(p) = inf K(f),

where f varies over all meromorphic functions of order p. The example exp(z*) shows
that k(p) = 0 if p is a positive integer. In [14], Nevanlinna showed that k(p) > 0 for
positive nonintegral p and posed the problem of finding the exact value of k(p).

For nonintegral p > 0, let L, denote the Lindel6f function of order p, i.e., the
canonical product with positive zeros and n(r,0, L,) = [r*]. Nevanlinna [14] observed
with ¢ = [p] that

|sin 7p|

7+ [snmpl’ g<p<q+s3,
K(Ly) = kp(p) == |sin 7 p| )
=< p< 1.
il g+i<p<q+

In fact it is known [8] for any nonintegral p that if f is entire with positive zeros and
N(r,0, f) ~ rPo(r), where o(r) is slowly varying in the sense that o(br)/o(r) — 1 as
r — oo for all b € (0,400), then

(1.1) K(f) = kL(p)-
Since L, has order p, it is evident that k(p) < ki(p) for p > 0. It is generally
presumed that k(p) = ki (p).
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The quantity k(p) has attracted the attention of many authors. It is known |[2]
that

(1.2) k(p) = ki(p), 0<p <1
that [9]
K(f) z ki(p), 0<p<oo,

for entire f of order p with positive zeros; and that [11]

k(p) = %, p>1
For other results concerning k(p), see [1], 3], [4], [5]. [6], [7], [8], [10], [12], [15],

and [16].

Denote N(r,0, f) + N(r,o00, f) by N(r) and n(r,0, f) + n(r, o0, f) by n(r). For
p slightly greater than 1 we show that K(f) > kr(p) for meromorphic f of order p
for which the growth of N(r) is suitably regular.

Theorem. There exists py > 1 such that if 1 < p < pg and f is meromorphic of
order p with N(r) ~ cr? for some ¢ > 0, then K(f) > kr(p).

An important property of meromorphic functions of order less than one is that if

-2

and

then ([5], [9])
(1.3) T(r, f) <T(r,f), r>0,

N

and hence K(f) > K(f). Thus to establish (1.2) it is sufficient to restrict attention
to entire functions with positive zeros.

The greater difficulty in determining k(p) for p > 1 is in part a result of the fact
that the analogue of (1.3) is not in general valid for p > 1; thus the arguments of the
zeros and poles of f play an essential role in the analysis for p > 1.

To construct an example where the analogue of (1.3) fails at least for some
r > 0, we consider p slightly greater than 1 and for large r, replace a single factor
Ei(z/r,) of L,(2) by Ei(z/r,e*™/3), obtaining a function L,(z). (Here and through-
out £y(z) = (1 —2)e? is the Weierstrass factor of genus 1.) It is known ([8], [10], [14])
that, for 1 < p < 3/2 and large r, {9 : log ‘Lp (reia)} > O} is essentially the inter-
val {0 : 16| < (7/2)(1+ (p—1)/p)}. It is elementary for all 7 > 0 that log |L,(re”)|
is an even function of #, and it is also elementary that log ‘Lp(rei9)| is decreasing
for 7/2 < 6 < 7 (a consequence, for example, of (2.20) below). From these obser-
vations and known properties of L,(re®) (see [8, last three lines of page 489]), we
conclude that while there may exist a small set of values of 8 near § = 0 for which
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log |L,(re™)| < 0, for all large r there exists a small § = 6, > 0 such that

L

(1.4) T(r, f) = % / log |Lp(rei9)‘ do.
-5

[ME]

We may use (2.12) below with v = 0 and § = §,, /2 to compare the integrals

—g -4, g + (5} of log ‘Lp<%ew> ‘ and log ‘ZP<%GW) ‘ Since § > 0 is small it
follows that the terms in (2.12) of the sum on the right corresponding to small even

values of m are negligible and in fact that

over [

7+0 5+6

2
(L5 50 / tog|L,(e”) [ a0 — 5= [ tog|L (e )\d9>4(52) (2)
—Z_5

_T_§ —

ol
ol

where the dominant contribution to the difference of the integrals arises from the
fifth term of the Fourier series in (2.12). (Note that there is no contribution to the
left side of (1.5) from the third term of the Fourier series (2.12) since the argument

of the newly-introduced zero of Zp is 27 /3.) We conclude from (1.4) and (1.5) that

L

r, ~ 1
T(-”, >>— 1
2 r) = on 08

Zp<%”ei9> ‘ 40 >T (%” Lp> ,

s

as desired.

It is worth noting that T'(r, /2, L,) is increased by changing the argument of one
of the zeros of L, by a substantial amount, namely 27 /3. We shall refer to zeros and
poles of a meromorphic function as outliers if their arguments differ by a substantial
amount (specified in (3.24) and (3.38)) from the arguments of the majority of zeros
and poles of comparable modulus. In the proof of the Theorem, we first modify f to
obtain a new meromorphic function F' by replacing outlying zeros and poles (such
as 7,€2™/3 in the case of Zp) by zeros and poles of the same modulus that are not
outliers. The above example shows for the resulting modified function F' that we do
not in general have T'(r, f) < T'(r, F') for all r > 0; however, we show (see (3.47))
that T'(r, f) is dominated to within an acceptably small error by T'(r, F') in a suitable
average sense.

For the function F', which has no outlying zeros or poles, we show (see (3.90))
that the characteristic function is increased for all large r to within a very small error
by replacing all zeros and poles of F' by zeros of the same modulus on a single ray
through the origin, completing the proof. This latter argument is based on certain
monotonicity properties of log | E (re®)|, —m < 6 < 7. (See Lemmas 4 through 9.)

We establish the Theorem for pg = 14+ 1072, A refinement of our argument could
well yield a larger pp; we make no attempt to determine the best p, our method
can produce. It is clear, however, that our approach cannot succeed unless p — 1 >
0 is small. Our argument depends heavily on the fact that if f were a possible
counterexample to the Theorem, then the Fourier series of log ‘ f (rew)‘ would be
dominated by the two terms c¢;(r, f)e?? and c_1(r, f)e™®, and a continuous argument
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of ¢ (r, f) would vary quite slowly with r. (See Lemma 11.) These considerations
apply only when p —1 > 0 is small.

Our proof can be extended to obtain the same conclusion under the more gen-
eral hypothesis that N(r) ~ r?o(r) for any slowly varying function o(r). To avoid
excessive complications in the exposition, we provide complete details only under the
simpler assumption that N(r) ~ cr’.

2. Preliminaries

We suppose 1 < p < pg = 1+ 107 and assume, as we may, that ¢ = 1/p in the
statement of the Theorem. Routine arguments [3], based only on the monotonicity
of n(r), then show that n(r) ~ r?. For € > 0, let Ry = Ry(€) be such that for r > Ry,

(2.1) 'p]\;(pr) —1| <&
and
(2.2) % 1 <é

In addition, we assume for later convenience that

23) R (z)W

€

na(;)

(2.4) 9(z) = " (_)

v

Suppose

is a quotient of convergent Weierstrass products of genus 1. In the course of our proof
we apply results established below for g to two different functions of the above form,
namely the function f of the Theorem and a modified function F' obtained from f
by altering the arguments (but not the moduli) of some of the zeros and poles of f.
Because the counting functions N(r) and n(r) are the same for F' as for f, we may
presume the counting functions of g satisfy (2.1) and (2.2), with the same value of
Ry in the two cases g = f and g = F. For r > 0 with |z,| # r and |w,| # r for all v,
we have

(2.5) log }g(re”a)‘ = Z (T, 9)e™

where [11], since g has genus 1,
CO(T7 g) = N(Ta 079) - N(Tu 0079)7

wra=3 3 (£-3) 3 3 (5-%)

|z |<r
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(2.6) Cm(r,9) = —ﬁ > (;)m N ﬁ (ziu)m

lzv|<r |zv|>7
1 w,\" 1 r\"
— — — — >2
+2m|z|;<r> +2m| Z (w,,) =

and
Cfm(/r} g) = Cm(/r7 g)? m 2 1'

73

We note for each m that ¢,,(r, g) is a continuous function of r. In view of the fact that
the set of values of r for which the Fourier series (2.5) does not converge uniformly is
countable and hence negligible for our purposes, for ease of exposition we treat (2.5)
as valid for all » > 0. Analysis of the logarithm of the modulus of a meromorphic

function via its Fourier series originated with F. Nevanlinna [13].

Lemma 1. Suppose the meromorphic function g is given by (2.4). Suppose for

small € > 0 there is an associated Ry = Ry(€) such that (2.1), (2.2), and (2.3) are

satisfied where N (r) and n(r) are the counting functions of g. Let

R1 - NRL

(2)7

If r > Ry, we have

loglg(re”)| = > en(r,g)e™ = ga(re?) + gy(re”),

m=—0o0

where

ga(re”) = N(r,0,9) = N(r,00,9) + ca(r, g)e’ + c1(r, g)e™ + Y ap(r)e™

|m|>2

with a_.,,(r) = an(r) and

2
o PPN (r)
(2.7) lam ()| < (14 38) p—t m > 2,
and
go(re’”) = > bm(r)e™
m|>2

with b_,,(r) = by, (r) and

6EpN
b)) < N0 sy
m
In particular,
(2.8) lgolly < 12N (r).

Proof. We make the following elementary observations:
(i) if ¢t > r, then

(2.9) n(t) < (148t < 1 T ) (f)p < (1+38) n(r) (f)p;

— & T T
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(ii) if Ry <t < r, then

(210)  n(t) > (1= > 1 - © n(r) (f)p > (1= 38)n(r) (f)p ,

and

(iii)

(2.11) n(r) < (1+&)r" < 1+§pN(r).

Upon applying integration by parts as well as (2.6), (2.9), (2.10), and (2.11), we
have for all m > 2 and all r > R; that

entr) < o [ (2) ant+ o [T (5)" anto

- 2m T 2m

() e () s )
1—25) / ( ) ”dt+(1+32§)n(r) /TOO (g)m—ﬂ%
AR

(s 5

en(r N pn(r) N 3m5n( ) - pn(r) N 5én(r)
2(m+p) m2 — p? 2—p2 " m?—p? m
14+¢ 2 e N 6epN

< Ny (L +—p < (1435280 | GepNTr)
1—¢ m? — p? m? — p? m

Thus for |m| > 2 we may write ¢,,(7,9) = am(r) + by(r) where a,,(r) and b, (r)
satisfy the required inequalities. We note that g, and g, are real. O

We observe that near a zero or pole of g, log |g(7“ei9)| is unbounded and, in view of
(2.7), evidently g,(re”) makes a dominant contribution to log |g(re™)|;
|go(re'®)| is small in the sense of (2.8).

Lemma 2. Fory € [-m, 7], a € [-m,7],0<6 < F,r >0, and 7 > 0, let

0
E, (fe, )‘d&.
,,aeza

Y+5+d

1
I(y,c,0,7,7) = Py / log
T

~—

Wl

Then for r < 7

I(vy,a,6,r,7) = —

Sl
WK
§M|H
/N
| =

m . mm mm
~> cosm(y — ) (sm — cos md + cos — - sin m(5>
7
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(2.12) _ 1 (—T>2 0s2(y — ) 'n2(5+—1 (_r)3 0s3(y — «) cos 36
. = i
= coS s o \7 cos 3(y oS

I~ 1 /r\m .. mm mm
- — Z — <:> cosm(y — «) (sm —— cos md + cos —— sin m5> ,
T A= ms AT 2 2

and for r > 7

1 9 1
I(v,a, 0,7, 7) = (— + —) log2+ — (2) cos(y — ) cos &

2 7 AT
mm

1 ~ m
(2.13) -—=) — (i) cosm(y — a) (sin — cos md + cos % sin mé) .
r

Proof. We apply (2.6) to E; (;) If r <7, then
re'

re' =1 /r\m
log By ( + [ = =30 = (£) 0— ).
og 1(?@“)' mZZQm - cosm(f — «)
If r > 7, then
re' ror =1 /F\"
log | B <fei°‘) = log = + = cos(f — a) — mZ:l - (;) cosm(f — «).
Term-by-term integration now establishes the lemma. 0

Lemma 3. Suppose g, € > 0, and Ry are as in Lemma 1. Suppose Ry > Rj.
For r > R,, set

1 T Zu 1 r w,
TP DR Pt e TP D o
Rao<|zu|<r Ro<|wy|<r
and
1 [" t P
(2.14) Pr:—/ o) ppetar = T
2 o \t r p?—1
If r > Ry, we have
) R\
i) |&l<@+8P (1 - (72> )
and
P,

(ii) ca(r,L,) > 117

where L, is the Lindelof function of order p.



76 Joseph Miles

Proof. We observe for r > Ry that

1 [ t
J::—/ (C——)ptp_ldt
2 g, \t T

2.15
( ) B PP B rP B rP & p—1 N P @ p—1
2\p—1 p+1 p—=1\r p+1\ r

IA

We further observe from integration by parts that

1 /Ry r 1 [ /(r t\¢
2.1 = (2 - )R+ = — =) = at.
( 6) J 2(7’ RQ)RQ—FQ/RZ(t—I-T)tdt

From (2.2), (2.15), and (2.16) we have

Q=3[ (5 ) ante

r
Ry 7 . (1+5)/T root\ t?
—— =) RY -+ - ) —dt
(7’ R2>(+€) 2 2 Ry t+7" t

< (1487 <(1+5)P, (1 _ (%)H) ,

establishing (i) for all » > Rj.
Using (2.6), integration by parts, and the fact that 0 < ¢* — [t*] < 1 for all ¢, for
r > 1 we have

P-atit) = [ (5= 1) ae-w)
1 r
:%/0 (%—;) ptﬂ—ldt+%/l (%—;)d(t”—[ﬂ’])
ARy
=20-1 2, \t"¥)
pr 1 1 3eP.
st () <

where the last inequality follows from (2.3) and (2.14). This establishes (ii). O

We next prove a sequence of lemmas leading to Lemma 9, a result critical to
our analysis of the characteristic of F', the function obtained from the original f by
replacing the outlying zeros and poles of f by zeros and poles that are not outliers.
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Using Lemma 9, we show that because F' has no outlying zeros or poles, its char-
acteristic is effectively dominated for all large r by the characteristic of a canonical
product with zeros on a ray through the origin at the moduli of the zeros and poles
of F. (See (3.90).)

Suppose a = |a| "™ # 0. Let

z
o(z) = B ()
and
z
V() = 1/, (—) |
—a
Note for all » > 0 and all 8 that
P(re'®) = 1/p(re”),
and hence
(2.17) log |¢(rei(9+”))| = —log ‘cp(rew)‘ )
Lemma 4. If 7 < |0 — a| < 37/4, then for all r > 0
log ‘gp(reie)‘ + log ‘(p(rei(“”))‘ > 0.

Proof. Since |cos(f — a)| < \/Li, we have

2 2

2log ’cp(rew)’ + 2log |go(rei(9+”))’ =log |1 — ’T—‘ei(e“) + log |1 + ﬁei(ea)
a a
r2 \? 42
= log ((1+W> —WCOSQ(H—Q)
A

Lemma 5. For all r > 0,

L /2 log | (re™)| df = L / log |t (re)| df + log™* L
27 27 '
—3

lal

us

2

Proof. Applying (2.17) and Jensen’s Theorem, we have

3 3
i 0 _ _i i(0+m)
o /log‘gp(re )| do = o /log‘w(re )| d6
—3

[VE]

__i r 0 _i f 0 +
= Qﬂ/log‘w(re )}d@- 27T/log|¢(re )‘d@—i—log

r

lal’

NE
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Lemma 6. Suppose |a| < § and 0 < § < 5. Then for all r > 0

7r+5 7T+5

—/log}wre }d6>—/log|wr6 ‘d@—l—log

Proof. Noting that the ¢ = 0 case is treated in Lemma 5, we suppose 0 < ¢ < 5.
If $ <0 <35 +9, then

P <40 <7T+5+7T<37T
—< - -« —a< = =< —.
4 2 2 6 4
From (2.17) and Lemma 4 we conclude for such 6 that
(2.18) log |(re)| — log |1(re”)| = log |p(re™)| + log |¢(re 9”))} > 0.
If -5 —0 <6< —7, then
o <-Z_5-Z<y <—Zf4Z< 2
172 6 TRt T
From (2.17) and Lemma 4 we conclude that (2.18) holds for such 6 as well. Lemma 5
combined with (2.18) now yields Lemma 6. O
Lemma 7. Suppose |7—a| <fand0<o< . Let A=[y—5—0, v+ 5 +0
and B=[y—2—0, v+ - — A Thenfora]]r>0
1 i0 i0 1 i0 i0
%/log lo(re”)| —log |4 (re”)| do > %/log lo(re’)| —log ¢ (re”) | db.
A B

Proof. Noting that the zero of ¢(¢?7z) has argument « — v and that (e”z2) =
1/¢o(—€e"z), we apply Lemma 6 to conclude

L

% / log [p(re"”)| — log [1)(re"”)| dff = % / log [(re" )| — log [¢(re'®*))| df
A

|
NIE]

> logt —.
|al
From Jensen’s Theorem we have
v+ -6
1 i0 i0 + 7
Py / log ‘gp(re )‘ — log W(re )| df = 2log T’
y—5—0
Subtraction yields
1
_/log‘go re’ ‘—log|w re’ ‘d0<log | B 2—/log|g0 re’ |—log‘w re’ |d6
A
establishing Lemma 7. U

For r > 0, let

u,(6) = log | Ey (rew)| = = (log(1 — 2rcosf + r?) + 2r cos ) .

N | —
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As we are concerned with the set where the logarithm of the modulus of a quotient
of convergent Weierstrass products of genus 1 is positive, we analyze the behavior of
u-(#) in considerable detail.

Since

(2.19) ul(0) = r’sinf <

2cosl —r
1—2rcosf+1r2)’
we observe for all r > 0 that

u(8) <0, T <0<, and

(2.20) 2

u(6) >0, -7 <0< —g.

From (2.19) it is clear that u,(f) is a decreasing function of 6 for 0 < 6 < 7 if
r > 2. Since u,(0) is even for all » > 0 we conclude that if r > 2, I is an interval of
length less than 27, and « is any real number, then

/ur(e —a)df < /ur(Q —7)db
1 I
where 7 is the midpoint of I. Equivalently, with I as above, s > 0, and 2|z,| < s, for

all real o we have
i0 i0
Jo) d@g/nglL a9
|Z,,|ew‘ |ZV|€w
T

(2.21) /log
T
if 4 is the midpoint of I.

Set U,(0) = u,(6) — u,(0 + 7). We note that U,(—%) = 0 since u, is even. We
have

2r3sin 6 (4cos? 6 — (1 +r?))
(1 —2rcosf +12)(1+2rcosf +1r2)
Thus U/ () = 0 if § = 0 or if cos?§ = %. Since U/(—2) > 0 and U/(6) is of

2

UL(6) = ul(6) — (6 + 7) =

constant sign on (—%’r, —%), we conclude that U, is increasing on (—%“, —%) and
thus
2
U.(0) <0, T o< —Z, and
(2.22) 3 2
U,(6) >0 Teg< I
T ) 2 3
Lemma 8. Suppose 0 <6 < g. Forr > 0, the only solution of
(2.23) (0 + 7+ 28) = u,.(0)
in (—%’r — 20, —%) occurs at § = —% — 0. In fact we have
2
w (0 + 7 + 28) — u, (6) > 0, —§—25<9< —g—cs,
and
™ T
ur(0 4+ m+26) — u,(0) <0, —5—6<9< -3
Proof. Noting that the case 6 = 0 is a restatement of (2.22), we suppose 0 <
§ < %. We first observe that § = —5 — 0 is a solution of (2.23) since u, is an even

function.
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We consider the interval —% — 0 < 6 < —7. We have

g<g+6<6+w+25§g+25<w,

and conclude from (2.20) that on this interval u,(6) is increasing and u,(0 4+ 7 + 26)
is decreasing, implying

(2.24) up (0 + 7 + 28) — u, (6) <0, —g_5<9§ _g.

Now suppose —§ < ¢ < —%. From (2.22) we have
ur(0) — u,. (6 +7) =U.(0) > 0.
We also have
T 2m
5 <O+m<b+m+20< ?+26<7r,
which in conjunction with (2.20) implies

up(0 4 ) > u, (0 + 7w+ 20).

Combining the last two observations with (2.24), we conclude

(2.25) w6+ 7+ 20) — un(6) <0, —g —5<f< —g.
We next consider 6 in (—%’r -2, =5 — 5). We have
T ™
—— =< bO0—7T—-20 < ——.
5 < ™ < 3

From (2.25) we conclude
up(—0) < u,(—0 — 7 — 20).

Since u, is even we have

2
w (0) < u (6 + 7 + 20), —§—25<9<—g—5,

which combined with (2.25) yields Lemma 8. O
The following lemma plays a central role in establishing inequality (3.90). Sup-
pose I is an interval of length somewhat greater than m and 2, = |2,]|e’® where «

is close to the midpoint of I. Lemma 9 asserts for any r > 0 that the integral over
I of the logarithm of the modulus on |z| = r of the Weierstrass factor of genus 1
with zero at z, is maximized by choosing a to be the midpoint of I. Note that the
example in the Introduction shows that this conclusion does not hold in general if o
is permitted to stray as far as 27/3 from the midpoint of I. Note also that (2.21)
asserts that if |z,| < r/2, then choosing « to be the midpoint of I is extremal for all
a, not just for those a close to the midpoint of I.

Lemma 9. Suppose 0 < < %, v € [-m, 7], [a —7| < £ +0, 2, = |z]e*, and

r > 0. Let
V+5+S V+E+8 .
Ala) = / u (0 — ) do = / log E1<T|Z”|e >‘d9.
2y
Y—5—96 y—5—9
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Proof. We have

A'(a):ur<'y—g—(5—a>—ur<’y+g+5—a>.

If0<a—vy<%+9, then
2m

T ™
—— =2 ———0- —— =90
3 0 <7y 5 )—a< 5 ,

and we deduce from the first conclusion of Lemma 8 that A'(a) < 0. If —% —§ <
a— v <0, then
T eq-T§—a<-T
2 2 3’7
and the second conclusion of Lemma 8 implies A’(«) > 0. The first derivative test
now establishes Lemma 9. O

We conclude this section with the following elementary fact.

Lemma 10. Suppose V and W are integrable real-valued functions on an interval

{0el: V(@) >0tCcAcC{fel: V() >0}, B=1—-A,

and

!W@wz!W@w

Then |V, < |V + W],
Proof. We have

/W@M:!V@M§!V@+W@M—!W@M
s/ww+wmﬁw—/www,

as well as

Vo (0)do=— [ V(0)do=— | V(O)+W(6)do+ | W(b)db
[vromn== [rom--] /
g/(

Adding these inequalities establishes Lemma 10. 0

vauvw»nw+/iwmd@

3. Proof of the Theorem

By the Hadamard Factorization Theorem we may suppose f has the form of ¢
n (2.4). We suppose there exists a small € > 0 and large ry such that

N _ ko)
T(r,f) 1+¢’
and seek a contradiction. We suppose, as we may, that
N(T707L) kL(p)
T(r, L) 1457

(3.1) r > 71,

(3.2) r > 70,
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where L is either the Lindelof function L, of order p, or, in view of (1.1),

o= I15(gfee) T ()

for some real . (Here of course z, and w, are the zeros and poles of f.)
Without exception we consider only € > 0 satisfying

(i) 26 < kr(p) < |sinmp| < 7(p —1) < 1077, and

(3:3) (i) (1428 (1 + 9% +135(1+ 5>/)> <l+e

To such € > 0 we associate a quantity Ry (&) with (2.1), (2.2), and (2.3) satisfied where
N(r) and n(r) are the counting functions of f, as well as a quantity Ri(£) > Ry(¢)
as in Lemma 1. In the proof we frequently use without comment the fact that k. (p)
is small.

It is critical to our argument for the values of p under consideration that the
dominant terms of the Fourier series of log | f(re)| are ¢(r, f)e” and c_y(r, f)e?,
and that a continuous argument of ¢;(r, f) varies quite slowly. To this end we prove

Lemma 11. Suppose € > 0. Let 3(r, f) be a continuous argument of ¢, (r, f). If
R3 > max(Ry,r) is such that
1 _
Z < ERCTY,

1= Ro |wu|

|zl,|<R

ol |
then

300, ) = BRas D] < 125

if

i)

Proof. For 1 < p < oo, let my(r, f) denote the LP norm of log |f re’ )‘ For
r > Rs we have by (3 1) that

N(r) __N({) ki(p)

R3<Ra§r<Ra<

(3-4) my(r, f)+ N(r)  2T(r, f) ~ 2(1+¢)’
ma(r, f) > N(r) (22(2)5) - 1) |

We write

(3.5) log | f(re”)| = ci(r, f)e” + c_a(r, fle™ + q(re”),

and conclude from Lemma 1 applied with g = f that

[N

(36) lll, < ||q|\gszv<r>{1+2<1+3é>22 () } F122N(r) < 2N (1),

It follows that

12¢1(r, f) cos(8 + B(r, )y > |[log | f(re) |||, = [|a(re®)|], > N(r) <2§<7le;)€) _3) :
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implying
TN (r) (2(1+5) )
3.7 cq(r, > -3].
By (3.2) the analogue of (3.4) for L, is

N(r,0,L,) _N(0.Ly)  Rau(p)
ma(r, L) + N(r,0,L,)  2T(r,L,) ~ 2(1+5)

and the above argument leads to

aN(r,0,L,) (2 (145) . 1)

a(r,L,) < 1 k2 0)

Using (2.1) we conclude for » > Rj3 that

2(1+¢)
Lcérg))' - N(f&g > ff (f)g) 2 (1=8) (1= 2k2(p)) > 1 = 3kslp)
kr(p)
where in the last inequality we have used (3.3i).
Let
M = ! > ! > 108,

3kr(p) ~ 3m(p—1)
We note that

(3.8) 1—]&4 = (10%) 3k (p) < 37(10%)(p — 1) < 37(107°) < 107*.

From above we have

(3.9) % = 1= 3k (p) :1—%, > Ry,
and from (3.3i)
(3.10) Fe
6M
For r and R, under consideration we further note from (3.8) that
R, \"" _ 10!
(3.11) (7) > o
We let
1 r Z, 1 T w,
Ar_Qzu%:Ra( g T> 2|w§Ra< g T>
and

oy
I

| —
:lﬁ
|
|
N——
|
N —
|
VR
&=
|
ﬁ|§
N———

83
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Since

|zv|<R |lwy |<R
1 r oz, 1 r w,
SR ED
Ro<|zv|<Ra 7% Ro<|wy|<Ra v
we have by the choice of R3 and conclusion (i) of Lemma 3 applied to f with Ry = Ry
that
1 ro oz 1 row,
A+ B| <A |+ |Bi| <ér R + < — =24 = — -
A+ BI<IAl B <o Ry Y | D-Eeg B [T
Ro<|zv|<r Ro<|wy|<r
Ro\"™
(3.12) <érR{T 4 (148)P, 1—(—)
r

<&+ (1+8)P < (1+28)P,.
By (3.9), (3.10), and conclusion (ii) of Lemma 3 we have

|A, + B,| = |ei(r, f)] > (1 — %) ci(r, L,)

1\ P 3
- ) s (1o 2P,
>< M)1+€>( mw)

An application of conclusion (i) of Lemma 3 with Ry = R, yields

(3.14) um<41+@3<1_<%>kj.

From (3.10), (3.11), (3.13), and (3.14) we conclude
|AT‘ 2 |Ar + Br| - ’BT’

el
(3.15) >}1<y_i%—(l+@<1—%;)>

9998
P(==).
-7 ()

Oé<7a) = arg (Ar + Br) — alrg Ar = ﬁ(ra f) —arg Ar
for some continuous arg A,. We have

1B,)* = |A, + B, — A4,]* = (|A, + B,| — |A,])* + 2|A4,] |A, + B,| (1 —cosa(r)),

(3.13)

Let

or
(|Br| + ’Ar| - |Ar + BT|)<|BT| + |Ar + Br‘ - |A7‘D

(3.16) = 2|A,| |A, + B,| (1 — cosa(r)).



On a problem of Nevanlinna 85

From (3.10), (3.12), and (3.13) we have

3 2P,
(3.17) B,| + |A,| — |A, + B.| < (1+28)B, — (1 - m) p<Zr

By (3.14) we have
(3.18) |B.| + |Ar + B,| — |A:] <2|B,| <2(1+¢€)P.
Inserting (3.13), (3.15), (3.17), and (3.18) into (3.16) yields

W > (1 _ %) (%) (1 - cosa(r)) > 2 (%) (1 — cosa(r)).

For an appropriate branch of a(r) we have

(a(r))®  (a(r))t _2(1+8)

2 41 9997 '’
implying
(3.19) a(r)] < =
) alr —.
99
We rewrite A, as
r 1 R Z, 1 R w,
A =2 fo 2 ) _ 2 fa Wy
s (E-5)-5 e (-8
‘ZL/'SRa ‘wV|SRa
r o [1 Z,  Z R, 1 w, w,R,
+R_a§Z(R_a_r2>2 (Ra )
|zv|<Rq |wy | <R,
-
= 5 Ra; X )
(@R )+ X)

where by (2.1), (2.2), (3.3i), and (3.7)

n(R,) (1+&R, (1+8)pN(R,)

|X| < 9 < 9 < 2(]_—5) <2(p_]')|cl(Ra7f)|

From the continuity of 3(-, f) at R, and (3.19), we first conclude for r slightly greater
than R, that

|argAT‘ - 6(Ra7f)| < 2/987

and in turn conclude from the continuity of arg A, and the above estimate on |X|
that

larg A, — B(Ra, f)| < sin™'(2(p — 1)) <3(p — 1)
for all » and R, under consideration. From (3.19) we conclude

2 -
80 1) = BB )] < g +3(107) < 55

establishing Lemma 11. U
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For r > R3 we define the following sets:

Ir: [_ﬂ(rvf)_z —ﬁ(?“,f)—f—ﬁ ’

2’ 2
L= [=80.0)+ 2, -8, + ),
Xo={oe =50 f) =5 ~Br )+ ) tlog | fre")| > 0},
v, ={0e [~ 80. )~ T 5 f) + o) log | fre)| < 0},
Jo = =B ) = 5+ (alp)*, =B(r, ) + 5 = (ke ()] N Y5,
Ky = [ =00 £) + 5 4 ulo), —50r, )+ 5 — (b)) 0 X,
and
Cr=[=80.) =5, =80 1) = % + (ke (0)?)
U (= B £)+ 5 = (ko) =Blr, ) + 5 + (ku(p))*?)
O (= B0+ T ko)), B0 ) + ).

Because p — 1 is small and consequently the Fourier series of log | f (re“’)‘ is
dominated (see Lemma 1 and (3.7)) by c1(r, f)e? +c_1(r, f)e™® = 2|ei(r, f)] cos(0+
B(r, f)), to a first approximation we have X, = I, and Y, = L,. In order to make
precise statements, we study these sets in some detail and in particular obtain upper
bounds on the measure of the symmetric differences X, A I, and Y, A L,.

We note that

X, — I, Cc K,UC,

and
I, — X, cCcJ.ud,,
and thus
(3.20) X, NI, C K, U J.UC,.
We also note that
(3.21) Y, AL =X, AI,.
Suppose 0 € J,.. By (3.7)
3N (r 3N(r
2ler(r Pleos 0+ 801 1) > 5 (k)" = G200
Since f ¢ J,., from (3.5) we have
d(re”) = log | F(re)| = 2 es(r, )] cos(@ + Blr, f)) < —— )
(kr(p))

Applying (3.6) we conclude that

(80 < . = (52 <o ()
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implying
8T
() < o (b ()"
A similar argument yields
8
m(K;) < g(’%(ﬂ))m

From (3.8), (3.20), and (3.21) we conclude

167
m(X, AL)=m(Y, AL, < | — +4 | (kr(p)*?
(3.22) ( 9 )

167
< <7 + 4) (r(107%))* < (2.06)107°.
Clearly the integral of cos # over an interval of length 7 is largest when the interval
is centered at 0. For later use we now express this fact in more quantitative terms.
Suppose |on| < 1% and & — & < |as| < 2F. Elementary calculations yield

150
a1+
i / cos 0 df = cos = oS (ﬁ) - -999787
2 T - -
Oél—%
and
az+3
1 / cosfdl = S5 _ coS (% — ﬁ) ) .99781.
2 . - -
ag—g
Thus
a1+g azt+3
! 1 .00197
(323> — Cosede _ / COSGdG > '
27 o -
0417E a27£

2 2

Suppose that z, is a zero of f such that for a choice of arg z, satisfying | arg z,+
B(zu], f)| < 7, we in fact have

T

(3.24) jarg 2, + 81, )] 2 oo

FOI' SU.Ch Zy, We Set
* —iB(|zv |, f
2y |ZV| € (1= )

We regard such zeros as outliers and replace them with z3. After a similar replace-
ment of outlying poles (see (3.38)), we obtain a new meromorphic function F' whose
characteristic function effectively dominates that of f in a suitable average sense.
(See (3.47).) We now begin a detailed analysis of this replacement process.

12

G1(z) =log

and

H,(z) = log
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Suppose 1 < s = |z,|. If K(z) denotes either G1(z) or Hy(z), from (2.6) we have

69) _ Z dmeime

|m|>2

where
T m
| = om <_)
Thus ,
o 2 /m\4 (T 7\ 4
15 <3 (5) <€‘1> <(3)
or )
Il < (%)
We conclude
i i 72
(3.25) max (|G (re)]|, , [|H1 (re®) s) < (5) .

Now suppose that r > s. We have from (2.6) that

G, (rei?) = logg + gcos (6+B(s, f)) —Re 3 % (z—) emd.

,
m=1
Set
gi(re”) = = cos (6 + (s, f))
and
60 v imo
— _R — ([
ga(re™) e mz_l p- ( . )
Similarly we write
: ror =1 Z,\
Hl<re@9)zlogg—i—gcos(ﬁ—argz,, — mZ::E <_> mo
= logg + hy(re™) + hy(re™).
Trivially we have
27"
(3.26) lgr = Pally < llgr — Pl
as well as
s

(3.27) max ([|g2[ly , [h2ll,) < —=

: ¥
Thus

2r

(3.28) Gy = Hilly < llgr = Pully + llgelly + IRl < — 4

For t > 1, define t” <t < t' by

t\NL N 10t M 1P
3.29 — = (- = =— > —>10"
(3:29) <t”) <t) Sk(p) 100 3m
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where we have used (3.8). Throughout the rest of the proof, for any ¢ > 1 the
quantities ¢” and t' are specified by (3.29). We note that with this notation the
conclusion of Lemma 11 asserts that if R3 < R, = s <r < s, then

(3.30) 1800 = Bls, )] < 35

We now suppose R4 > R3 and consider z, satisfying (3.24) with |z,| = s where
Ri < s < s < Rp, with Rg > R/, yet to be specified. We set

dr
/{QW/GI re' — Hy(ré' d9——/G1 re' — Hy(ré' )d@} pre]
=/+/+/:H+HI+IV.
RA S s/

Our first goal is to show that I > 0. To this end we show that |II| and |[IV| are
relatively small and that III is positive and relatively large because for s < 2r the
dominant term g;(re®) — hy(re) of Gy(re®) — H(re®) makes a significant positive
contribution to III in view of (3.22), (3.23), and (3.30).

Clearly

d 2
(3.31) | < / |Gr(re®®) = Hy(re?) ||, TPL S @)

by (3.25). Likewise by (3.8) and (3.28)

R
V) < i > Ndr _10' (2 7
JE— ﬂ' —
- s rPtt T MsP \p—1 p

(3.32) g

3 2 m 2(107)
= (10%)s (p— 1t p) =

We write

/

7 1 dr
III:/{2 /gl(re ) — hy(re 0——/91 re?) — hy(ré’ )d@} o

s

/

—I—/S{%/gz(re ) — ho(re’ )de—_/92 re'’) — h(re’ )d&} (Zl

s X,

= 1[I, + IIIp.
By (3.27) we have

d
(3.33) | </Hg2 re®) — ho(re' < D

Hl Tp—i—l — psp
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Let

/

y 1 dr
IIIC:/{2 /gl(re ) — hy( re 9——/91 re® — hy(re’ )d@}m.

S

From (3.22), (3.26), and (3.29) we conclude

!

1] : :
ULy — Mle| < o / { / |g1(re™®) — o (rei®)| df

s XrANI,
i i dr
+ / ‘gl(re % — hy(re 9)} de}r/’“
(3.34) Y, AL,

&
() () - )

=B(r.f)+3 B(s,f)=B(r.f)—5
/gl(rew) df = (C) cos(0 + B(s, f)) df = <i> / cos 6 dbf
Ir ’ —B(r,f)—% ’ B(s,f)=B(r.f)—5
and
—B(r.f)+3 —argz,—B(r,f)+3
/hl(reie) do = <£> / cos(f — arg z,) df = <£> / cos 0 df.
I —B(r.f)—% —argz,—B(r.f)—%

For s < r < ¢ and a choice of arg z, satisfying |arg z, + 3 (|z,|, f)| < 7, we have
from (3.24) and (3.30)

4?” > 7+ oo > |—arg 2, — Bs. )] +1B(s, f) = B )|

> [—arg 2, = 0(r, f)| 2 |—arg z, = 8(s, [)] = [6(s, f) = 5(r, [)]
T T

36 150°
Combining this inequality with (3.23) and (3.30) we obtain

.001
—/91 re”) — hy(re') do > 00197 <E>
s

™

Since
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we conclude using (3.29) that

S/

2(.00197) [ /r\ dr  2(.00197) [ 1 10°
. 111 _ - = 1——1.
(3:35) = T / (3) an TSP p—1 M

S

Combining (3.33), (3.34), and (3.35) we have
I = e + T, — Il + 1M1
> MMl — |1, — Ilg| — [

(3.36) S (ﬁ) ( L ) (1 - %4) (.00125 — .00002) — %

- 00122
(p—1)sr
The combination of (3.31), (3.32), and (3.36) yields
(3.37) I > 10— [1I] — [IV] > 0.

Now suppose w, is a pole of f such that for a choice of argw, satisfying
largw, + B(|w, |, f) + 7| <,
we in fact have

(3.38) argw, + Blw,|, /) + 7] = 5.

For such w,, set
wk = |w,| e”{BlwvlH+m,

Such poles w, are considered outliers and are replaced by poles w*. If Ry < |w,| <
/ 14
lw,|" < Rp, write

and

If

dr
/{QW/GQ re® — Hy(ré' d@——/GQ re® — Hy(reé' )d@}m,

minor modlﬁcatlons of the above argument show that

(3.39) 1> 0.

(The modifications involve the minus signs in the definitions of Gy and Hj, and the
fact that the intervals of integration in the analogue of (3.23) are each translated by
7. These effects cancel one another, and we apply the modified (3.23) to obtain the
analogue of (3.35) with the sense of the inequality preserved.)

For z, not satisfying (3.24) and w, not satisfying (3.38), we now define z} = z,
and w} = w,. Let F be the meromorphic function obtained from f by replacing the
Weierstrass factor F1(z/z,) by E1(z/z}) for each zero z, of f satisfying R4 < |2,| <
|z,|" < Rp and replacing each Weierstrass factor £ (z/w,) of f by Ei(z/w?) for each
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pole w, of f such that Ry < |w,| < |w,|" < Rpz. The combination of (3.37) and
(3.39) yields

RBHlog|f(re"9)H|1 b 1 dr
i dr:/{%/logu (re’ \de——/log|f re’ ]d@}rpﬂ

Ry Ra X,

Rp
1 T i 1 T i dr
g/{%/logw(re )‘d@—%/log‘F(re )|d6}rp+1
Ra X, Y,
Bslllog |F(ret |H
S/ s L dr.
R

Since f and F have zeros and poles of the same modulus, we conclude from the first
fundamental theorem that

Rp Rp ~
T(r, F
(3.40) / gj Jar < / %dr.
Ra Ra

Our next task is to show that if all outlying zeros z, and outlying poles w, are
replaced by 2} and w} as above (and not just those of modulus s where Ry < s <
s’ < Rp) to obtain a new function F', then a version of (3.40) holds for F' with a
small error term (see (3.47)). We begin by letting

1, 5()
fa(z) = IZV;RAE <)
(=
|wy|<RA Wy
z
fa(z) = ‘ZVERA B (Z_j) ,
|wu1\_§IRA b <w_;>

and

fa)= I & (C,) A 5 ()

|ZV|SR Ry

It is elementary from (2.6) or from [11, page 380| that |c,,(r, fa)| < |cm( fa)l
for all m and all » > 0 and consequently, by Parseval’s identity, that ma(r, fa) <

mo(r, fA) as well. For » > e R4 we have

N(r,00, fa) = N(Ry4,00, fa) +n(Ra, o0, fA)lOg o

< N(eRy, 0, f) <1 + log R_> < R—N(GRA,OO fa).
A A
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For such r and all m we in fact have

(3.41) enlr fa)] < 5 [enteRa f0)].

For m = 0, (3.41) is established as above with oo replaced by 0 and f4 by fa. For
|m| > 2, (3.41) is a routine consequence of (2.6). To establish (3.41) for |m| = 1, for
|z,| < Ra set

ro |z

k(r) =

lal

(r) = r (eRa 2|
M= Ra\Jal ~ eRa)
Straightforward calculations yield k(eR4) < n(eR4) and £/(r) < n/(r) for r > eRa4,

implying «(r) < n(r) for r > eR4 and establishing (3.41) for |m| = 1. Combining
the above observations, we have

and

/ d< NTOOfA +m2(qu>d
Tp—l—l rp+1
Ry

Nr 00, fa) + mo(r, fA)
rp+1

dr

eRA

N(r,00, fa) + ma(r ,fA)d
fr'p“!‘l

Ny EaTT—

eRp
g RB
< ——— log —
10kL(p) ®Ra
for a sufficiently large choice of Rp since the last integral above is convergent. Iden-

tical reasoning shows that this inequality holds with f4 replaced by f 4. We conclude
that

Rp Rp

T(r, fa/fa) fA/fA / (r, fa) +T(r, f2) € Rp
3.42 d log —
(342 R/ < i 2

if Rp is sufficiently large.
Let

I1 El(

|zv|>R%

Ey

|wy | >R

Elu| & w



94 Joseph Miles

e
fale) = S
E _
\w};[R” l(w )
and
Ei | — E
| ]ll%// ' (’ V|) 1_>[R” 1<|wV|>

It follows from [11, second paragraph of page 381] (or alternatively from (2.6), (2.7),
(2.8), and part (i) of Lemma 3 applied with Ry = R7) that mo(r, f5) < 3r”/kr(p)
for R}, <r < Rp. Thus we have from (2.6) and (3.29)

/ rp+1 d< NTOOfB +m2(’f3)d

r P+ 1
R//

RB
(3.43) . .
mo\T, B
<2 T dr <

log Rp _ 6(log M —log 10*)
ku(p) = R (p = Dkr(p)

1"
RB

For r < R, and m > 2, we have from (2.2) and (2.6)

A 1o (1+&)rm
< = - .
lem (7, fB)] < ‘cm(r, fB)’ om / <s) < 2(m — p)(RY)m—r
R}
Thus
R// R//
/ (7" fB)d < moo(T fB) dr
rp+1 ’["p+1
Ra 0
p By
(344) ~ - 1 1 " / m—p—1
<(1+¢) s R” r dr
m=2 0
00 1 2
=(1+¢ (—) <2
( >mZQ p—

The estimates establishing (3.43) and (3.44) do not depend on the arguments of
the zeros and poles of fg, and thus hold for fp as well. We choose Rp so large that
6 (log M — log 10%) __ ¢ Rp

(p— DkL(p) 10kL(p) = Ra
and conclude from (3.43) and (3.44) that

(3.45) 2+

Rp Rs )
(3.46) / T f5/fs) / T(r,f5) + T(r.fs) , _ ¢ Ry

retl retl 5kr(p) = Ra’
RA RA
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We let F' be the meromorphic function obtained from f by replacing every factor
Ei(z/z,) of f by Ey(z/z) and every factor Ey(z/w,) of f by E1(z/w}). We note that
F = fAfBF/fAfB. We further note that the quantities Ry, Ri, R3, and ry depend
only on € > 0 and the moduli of the zeros and poles of f, and hence can be taken
to have the same values for the function F as for f. Combining (3.40), (3.42), and
(3.46) we conclude

RB RB

T(r, f) T(r,F) 2e Rp
(347) / W dr < / ol dr + 5/{)L(p) log R_A
Ra Ra
for R4 > Rz provided that Rp/R 4 is large enough that (3.42) and (3.45) are satisfied.
Having removed the outlying zeros and poles of f from further consideration by
replacing f by F', we simplify the notation by henceforth denoting the zeros of F' by
z, and the poles of F' by w,. We next show for all large r that {6 : log ‘F(reioﬂ >0}
is effectively an interval.

Lemma 12. Suppose € > 0 and Rj3 is associated with ¢ and F' as in Lemma 11.
Let b > 0 be the modulus of the zero or pole of F' of smallest modulus. For

P\ (527)
(3.48) r > R, = max (Rg, (%) ’ )

there exist

6, € (—ﬁ(nf) - g - (;—6+ 17;—0) , =B(r. f) —%+ (§—6+ f%))
d
T e (-89 +5 = (55 +120) 0D+ 5+ (55 + 120))
such that

(i) log |F(re®)| =0, j=1,2, and
(i) there are no other solutions of log |F(re')| = 0 in

2 2
(_ﬁ(r’ f) == =Bl ) = %) U (—ﬂ(r, N+5 =B )+ g) |
Furthermore, if
Y (rei®) = log™ ‘F(rew).} ;0 <0< 0,
_log ‘F(rezﬁ)}7 02§0<91—|—27T,

then
|log | F(re”)| — Y(rew)Hl < 12EN(r).

Proof. From Lemma 11, (3.24), and (3.38) we conclude that if " < |z,| < ' or
r" < |w,| <1’ then for appropriate choices of the arguments we have

™ ™
4 — 4+ —
and
(3.50) largw, + 7 + B(r, f)] < — + —.
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We write ' = GH where

n,a(2)
Gz) = 2= v
0, 5()
%<|wy\§27‘ Wy
For m > 2, using (2.2) and integration by parts we have with obvious notation
1 /1\™ (1+¢)
" )< —— | = 2 —L PP,
2m/ nalt) < =50 <2> na(2r) 4 gy
For m > 1 we have
r/2

(3.51) 2m/< ) dny(t ﬁ (%)man) —%0/(;)7””};@) dt.

Since ny (%) = ny(2r), from (2.6) we conclude for m > 2 that

r
2

r/2

1 [ rym 142
.52 H <— N — < ————_2P7TMpP,
(3.52) |em(r, H)| /<> dny(t +2m/(t) dnnll) < 52
2r

We have from (2.1) and (3.29)

L Gy (GE) [DRTE
(1+8) oy n(Bo)r (148 0
(3.53) <5 % Tap-n )

a+a) ,((™"\"" R 1 AN
< 2 r +brf’—1+ p—1 r

where we have also used (3.48).
We note from (2.1) and (3.29) that

r/2

Qo G e 85 (- (5))
() e )
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Combining (3.49), (3.50), (3.51), (3.53), and (3.54), we have

1 T 1 T
ey (r, H)| > 3 Z P Z w
<]z <5 ' <|wy <5
(3.55) N Iy 2 B ey S e e

= Re)p-1  20-1

49
p
- (525) ™

Trivially we have

<
cos (% -I—%O) ) (10~Hre  (1+2) (r)p
4 2

1 1
(3.56) len(r, G| < = (2 - —> n(r) < §(1 + &)’
2 2 4
and thus
A48
(3.57) ley(r, )| > ey (ry H)| — |ei(r, G| > rP.

We write ¢ (r, F) = c¢i(r, F) + cB(r, F), where

1 r Z, 1 r w,
A ——— vy = - v
a(r,F)—lej”(Zy ) Ly (wy )

From (3.29), (3.53), and (3.57) we conclude that

i m) < e (30 (525 +2)

< (%) (f’—;) (pr_pl) < (9.88)(107%) |ey (1, F)) .

From Lemma 11, (3.24), and (3.38), we conclude there exists a continuous argu-
ment of ¢Z(r, F) such that

T T
larg ¢’ (r, F) — B(r, )| < 36 T 500

The above estimate on |cf!(r, F)| implies there exists a continuous argument 3(r, F')
of ¢1(r, F') such that

larg ¢’ (r, F) — B(r, F)| < sin™" ((9.98)(107°)) < 10™*.
We conclude that
(3.58) B(r, f) = B(r, F)] < == + — 410
Let &(r) be an argument of ¢;(r, H). By (3.56) we have
(Jex(r, H)| = lea(r, F))* + 2fea(r, H)| |ea (r, F)| (1 = cos(a(r) — B(r, F)))

—ea(r, Q) < (2(1 +§)r”)2,
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implying
9(1 + &)%r?r
32 e (r, H)| ey (r, F)|

1 —cos(a(r) — B(r, F)) <
From (3.55) and (3.57) we conclude

9p—12 3(p—1)
3242 2

1 —cos(a(r) — B(r, F)) <
and hence
(3.59) a(r) = Br, F)| < 2(p— 1)

for an appropriate choice of a(r).
We define Q(re') by

log |H(re")| = N(r,0, H) — N(r,00, H) + 2 |c1 (r, H)| cos(8 + a(r)) + Q(re").
From (3.59) we have

—lei(r, H)|, |0+ B(r, F) —
> |ey(r, H)J, ’0+ﬁ r, F) +

ml:\ wl:!
VANVAN

INERNHE

(3.60) C;2(2 le1(ry H) | cos(0 4+ a(r))) {

From (3.52) we have for all § that

d [0.9]
= p=m.p p
d@Q(TG %) <(1+6)mgz2m_p2 P < drf,

which combined with (3.55) and (3.60) yields

d len(r, H)| /2, ‘9—!—@’
(3.61) d@ long ret | {> ‘Cl(T,H)’/Q, ‘94—5

Consider a factor E (

wl=! wl:\
N E N

) of G(z), where of course g < |z < 2r and

v

arg 2, + 812 )| < 5.

If 10+ 06(r,F)£ =

;T‘ < %, then

T<l6+80nF) <
We have by Lemma 11 and (3.58)

’9 - argzy| 2 ’94—6(7’, F)’ - |6(T‘, f) - 6(er)‘
— 1Bzl f) = B(r, I = 16(2l, f) + arg 2,
SR A B A S
4 36 135 150 36 6
and similarly
|0 —arg z,| < .
Thus

!rew — z,,‘ > g (23111 1)

r
12 4
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We conclude for the two intervals of 6 in question that
d re® (re?)?
do 8 ( 2y ) 2, (re?? — z,)

Applying a similar analysis to the poles of G, we conclude that

:‘Im ‘g&

d
= —log |G(ré’ |‘ < 8n(2r) < 8(1+¢&)2°rf

if |0+ B(r, F) £ 3| < Z. From (3.55) and (3.61) we conclude

1 (r, H)| /4, |0+ B(r, F) —
(3.62)  log|F(re” |{>\cl<r,mr/4, 0+ 8(r F) +

We now apply Lemma 1 with ¢ = F'. Let

Si(r) = {0 € [ =B f) = 5, —Br. ) + ) [(re®)] > 17},
(Here the meaning of F is that specified in Lemma 1.) We have from (2.1) and (2.8)

that
m(Op(r - m(op(r 12 ~ ~
—(S ( ))7’" < —21 / ‘Eb(rew)’ df < (—(g ( ))> 125(1 +€)rp

wl=\ w|=1
VANVAN
N E N

27 ™
Sp(r)

implying
(3.63) m(Sy(r)) < 3007 ()2
By Lemma 1 for all § we have
| Fa re?) — 2|ci(r, F)| cos(0 + B(r, F))| <3N(r),
and thus from (3.57) and (3.58) we conclude for every

oe (005 G i) 0 =3~ G i) -0

that log |F(re"?)| < 0 and for every

ve (80N =5+ (5 1) D)~ 5+ (55 + 1)) — S0

that log|F(re)| > 0. Combined with (3.63), these inequalities establish the exis-
tence of the required #,. The existence of 6, is established similarly. The uniqueness
of solutions of log |F(re')| = 0 in the specified intervals follows from (3.58) and
(3.62).

We now turn our attention to the second conclusion of Lemma 12. Let D} =
[01,02), D? = [92,91—|—27r) and D3 = {0 € [01,01 + 27) : log |F(T€i9)‘ > 0}. Suppose
0 € D} — D3. In view of the monotonicity of log {F (re?)| implied by (3.62), we have

cos (0 + B(r, F)) > g

From Lemma 1 applied with g = F" and (3.57) we deduce
F,(re'®) > 2|ey(r, F)| cos( + B(r, F)) — 3N (r) > V2|ei(r, F)| — 3N(r) > 0.
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Since 6 ¢ D3, we evidently have
}Fb(reie)‘ > ‘log ‘F(reieﬂ

implying
1

1 1 %
(3.64) o / }log‘F(reQ)HdHS% / | Fy(re™)| db.

D1-D3 DI-D3
Now suppose § € D> N D3. As above we have

cos(0 + B(r, F)) < —g.

We conclude
Fa(rew) < 2|eq(r, F)| cos(6 + B(r, F)) + 3N(r) < —V°2 ler(ry, F)] +3 N(r) < 0.
Since 6 € D3, we have

)

}Fb(rew)‘ > ‘log ‘F(rewﬂ

and
1 1. 1 z.
(3.65) > / [log | F(re)[| do < o~ / | Fy(re')| df.
D2nD3 D2nD3
Finally we have from Lemma 1, (3.64), and (3.65) that
|log | F(re”)| — Y(rew)Hl =5 / |log | F(re”)| —log* |F(re”)|| d6
D1

1 i - i
+%/|10g|F(T6 )’—i—log }F(re )Hd9

DZ
1 ) 1 )
=5 / |log‘F(7’€w)Hd9+% / ‘log‘F(rew)HdQ
DL—D3 DZND}

< HFb(Tew)Hl < ||Fb(rei6)H2 < 12éN(r),
finishing the proof of Lemma 12. U

For simplicity of notation for r > Ry we let D, = D! and D, = D2 Let ~(r)
denote the midpoint of D,. Evidently from Lemma 12

(3.66) 8(r, f) + ()] < 5= + 7o

We next establish a suitable analogue of (1.3), with F' playing the role of f in

that inequality. We outline the argument before presenting the details. We initially
z

suppose m(D,) > m. In view of Lemma 12, the contribution of a factor E; (—)

<y

z

or 1/Fy| —
/i

modulus of that factor evaluated at z = re??. For the purpose of this overview, we

identify the contribution of such a Weierstrass factor to T'(r, F') with this integral

over D,. For all zeros z, = |z,]e'™ of F with |a,, —v(r)| small, Lemma 9 implies that

) to T'(r, F') is essentially the integral over D, of the logarithm of the

v
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the choice of «, maximizing the contribution of E; (i to T'(r, F) is a,, = (7).

Using Lemma 7 we show below that a pole w, = |w,|e?® with |8, + 7 — v(r)|
small makes a smaller contribution to 7'(r, F') than would a zero z, = |w,|e!®+™),
whose contribution by the above remarks is in turn dominated by that of a zero
at |w,|e”™. By Lemma 11 and (3.66), since F' has no outlying zeros or poles, the
above discussion accounts for all zeros and poles of F' with modulus between " and
r’. Once the contribution to T'(r, F') of the Weierstrass factors associated with the
remaining zeros and poles of F' is taken into account by relatively routine methods,
we obtain (3.90), an inequality asserting that T'(r, F') is effectively dominated by the
characteristic of a canonical product with zeros of argument ~y(r) at the moduli of
the zeros and poles of F.
Let

(3.67) Ry — R’<156>( )

Suppose r > Rs. (Recall in particular this implies r > 7o, where r( is specified in
(3.1) and (3.2).) Suppose temporarily that

(3.68) m(D,) > 7.
We note by Lemma 12 that
(3.69) (D)<7r—|—2<36—|——>.
If
, T
{Ri<t<r:|8t.n) =800l =75} =0.
let t; = R),. Otherwise let

(3.70) t, = sup {Rﬁl<t<7’: |B(t, f) — B(r, f)| > 12}
Let
(3.71) tgzinf{t>r:|ﬁ(t,f) B(r, f)|>ﬁ}

where we interpret inf () = +oo. From Lemma 11 and (3.29) it is evident that ¢; <

"<y < to. Define intervals I, = (0,25’1/], I, = (tll/ ,tl], I3 = (tl,tg], I, = (tQ,t/Q],
and I5 = (t,, +00), where Iy and I are empty if ¢, = +00. For 1 < j <5, let Z; be
the set of zeros z, of F' for which |z,| € I;, and let W, be the set of poles of F' for

which |w,| € I;.
z
E (=
ZV];[Z I(ZV)

For 1 < j <5, define
E
wyl;[W 1(w )

HE1(|Z|€W ) I El(\wle” )

2v€Z; wy, €W

Fj(2) =

and
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We also define
z z
G = — - —— .
I R() I ()
20€Z3 wy €EW3
If any of the sets Z; or W} is empty, the corresponding product is interpreted to be 1.
Suppose w, € Ws. From (3.38), (3.66), (3.70), and (3.71) we have for an appro-

priate choice of the argument that
argw, + 7 —~(r)| < largw, + 7 + S(|w, |, f)]

(3.72) +18(r, f) = 8wy, )l +16(r, f) +~(r)]
<7/36+7/12+4 w/36 + /120 < 7/6.

Set ¢(z) = By (—wi) and ¢(z) = 1/E; (wi

v v

(3.72), we may apply Lemma 7 with a = —w, to conclude that

1 . . 1 , .
o /log ’go(re’e)’ — log W(rew)‘ do > - /log |@(T€ZG)| — log ‘w(releﬂ do.
D, D

Dy

). In view of (3.66), (3.69), and

Summing over all w, € W3, we conclude that

L log ‘G3(rei9)‘ —log ‘Fg(rew)‘ db
2T
Dy

1 . .
> %N/log }Gg(rewﬂ — log }Fg(fr’ew)| de.

Dy

(3.73)

If 2, is a zero of Gj, i.e., if either 2, € Z3 or —z, € Wj, by the argument
establishing (3.72) we have

larg z, — y(r)| < 7/6,

and from Lemma 9 and Jensen’s Theorem we conclude by summing over all zeros z,

of (G5 that

1 . : 1 4 4
3= [ 108 | Latre™)| =og Galre") [ d = o= [ 10 |La(re)| = log Gatre) | dt
D, bt

Dy

- %/log ‘Lg(rew)‘ — log |G3(rei9)‘ do > 0.
D,

Combined with (3.73), this implies

1 ) ,
Dy /log |L3(7’€19)| — log ‘Fg(frewﬂ do

Dy

> 1 /log ‘Lg(reie)‘ — log |F3(rei9)‘ de.
2T

Dy

(3.74)

We now suppose ty < +oo and consider 2z, = 7, in Zs. By (3.66), (3.71),
Lemma 11, and the definition of F' we have for an appropriate choice of arg z, that



On a problem of Nevanlinna 103

g 2, = ()] = larg 2, + 5(12] )

~B(12] . £) 4 Blta. £) — Blta. 1) + Br. ) = Blr. ) — (7
(3.75) > [8(t2, ) = B0, £)| = (lang 2+ B(1] . )

18021 £) = Blea, £+ 150, ) + 7))

il (7T+7T+7T+7T>>7T
12 36 150 36 120 80"

Evidently

| ( )| < v + T —|— T + T + T < T
arg z, — y(r — =+t —+ =+ —< -
&5 =7 12736 7150 " 36 120 6

Recall that z, e Z4 and thus 7, is much larger than r. Upon setting § = (m(D,) —
T)/2 < 35 + 755 in (2.12), we obtain
i0
B ( re ) ‘ df
et

1 re?
D

1 ? 2 1 ’ 3
> y (%) (1 — CoS 8_7(;) sin 20 + o (:—V) <1 — CoS %) cos 39
B SN AR L ¥ ’
™ m2 \r, 107 r, )’
where in the last step we use 7/r, < r/r’ < 1074/(=1),

Suppose w, = s,e™ € W,. Asin (3.75) and the observation immediately there-
after, we have for an appropriate choice of the argument

(3.76) g—o < largw, + 71 — y(r)] < %

and we conclude as before from (2.12) that

1 ret? ret? (I—cosz) /r\*
il —— | FE A dg > > 80/ ()
! <sye”(”) ‘ T8\ (31,6“7”) ’ - 107 (sy)

— [ log
Summing over all z, € Z; and w, € W, we conclude

2T
L /log ‘L4(rei9)‘ —log |F4(rei9)‘ db
2m

D,

t/

3 2 3 p—3
3.77 (1 — CoS %) / r 3 (1 — CosS %) p t_2
B0 = on <t> dn(t) > 5"\ 5

[)

.006 £\ 72
_ P _“
=) (%)

Suppose z, = 1, € Zs and w, = s, € W;5. From (2.12) we have

1 ret ret

— [ log |Ey| ——— ]| — log |E - do

or [1oe] (i )| s (5 )|
Dy
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1 2
(3.78) > — (L (1 —cos2(v(r) — ay)) sin 20

s L (i (1 - cos3 (+(r) - ) cos 35

Likewise we have

(3.79) — / log |E

10 1 4
E( )‘db__(i) |
s, evmw 4 \ s,

(s )|+

From (3.78) and (3.79) we deduce that

—/log | Ls(re’ ‘ — log |F5(re’ ‘d& > _417r (f)4dn(t)
(3.80) D, '

t

From (3.77), (3.80), the fact that t,/t, < 10~%(~1 and Jensen’s Theorem we con-
clude
1 4 .
> / |(LaLs)(re”)| — log | (FyFs)(re®)| do > 0
Dy
1 . .
> o / log |(LaLs)(re'®)| — log |(FyFs)(re®)] db.
Dy
We now suppose t; > Ry, i.e., there exists t € (R}, r) with |3(t, f) — B(r, f)| > &5

As observed immediately after (3.71), we must have ¢; < r” or, equivalently, ¢} < r.
For 2, = r,e'* € Z,, the argument establishing (3.75) holds in this case as well, and

(2.13) yields
ret?
(r ew(r)) ’ — log | E4 ('rl,eiav) ‘ do

—/log

1/ 7r 2 1 /7 \m r
2 1) (1o DY aoni - 230 L ()" 5 o002y -
_71'(7‘1,)< P80/ " TAm? \r > (000 )7“

v

(3.81)

where we have used r,/r < t,/r < t;/t) < 107%®=Y_ For w, = s,e" in Ws, (3.76)
holds as before and from (2.13) we have

_/log ( ew(w))‘ + log

S, et S,

0
El( i )‘d& > (.00024)—

Thus
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t1

% / log | Lo(re®)| — log | Fy(re®)| df > (.00024) / (%) dn(t)
(3.82) D !

> (.00023) (pr_pl) (%)H.

The moduli of the zeros and poles of F} (equivalently the zeros of L) are much
smaller than r. Applying rough estimates from (2.6) to the Fourier coefficients
¢m(r, F1) and ¢, (r, L1) and noting that ¢/ > Ry, > Ry, we have as in (3.53)

1 . .
5 / !log |L1(7“619)| — log }Fl(reze)H do
Dy
t'{

< o | a(re®)]| = o [Fare)] |, < 2.1 [ Fantt)
b

(3.83) < (2.1)(148)r* ((%’)pl + bﬁgl + (pi 1) (%Y)N)
< (2.)(1+8&)r (%)H (1—]\2;1) (p—fl + 5)
< oo () ()

The combination of (3.82) and (3.83) yields

% /log |(L1L2)(T’ei9)| — log ‘(F1F2)<7’6i0)’ do

Dy
1 r
>2(107°) (—— ) [ — ) !
( )(P—l) (tl) 1
> Q(N(T,O,Fng) +N(T,OO,F1F2)) > 2N (T,OO,FlFQ),

where we have used r/t; > r/r" > 10%/(=1),
From Jensen’s Theorem we have

% /log ‘(Lng)(reie)‘ —log ‘(FlFQ)(rew)} df

1 . ‘
+ % /10g }(Lle)(re’(’)‘ — log ‘(Fng)(rewH df = QN(T, oo, FlFQ).
57‘

Rearranging, we obtain in the case t; > R} that

1 ; j
Py /log |(L1L2)(T€Z€)‘ — log ‘(F1F2)(7“€19)| do

D,



106 Joseph Miles

B = o [low|(LaLa)re)] - og (R e
= %/bg }(L1L2)(T6w)‘ — log ’(F1F2)(T‘€w)| df — 2N (r, 00, F1 Fy)

Z QN(T', o0, FlFQ) Z 0.

Now suppose t; = Ry, i.e., |3(t, f) — B(r, f)| < 55 for R} <t <r. If 2z, € Zy and
w, € Wy, then as in (3.72)

largw, + 7 — v(r)| < |largw, + 7 + B(Jw,|, f)]
+18(t1, f) = B(lwy |, ) +18(r, f) = B(ts, f)I +168(r, f) + ()]
T T T T T T

“36 10 "12 736 120 "6

and

s

6

by similar reasoning. We may thus repeat the argument leading from (3.72) to (3.74)
to conclude

‘arg 2y — PY(T)‘ <

1 ) .
P /log |L2(re”9)| — log ‘Fg(rewﬂ do

D,

(3.85) : | |
> Dy /log ‘Lg(reze)‘ —log |F2(T610>‘ do.
T
D,
Estimate (3.83) holds just as before, and we have
t’l/

Jtog 24| —tog | Fi e, < (2:1) [ St

<21 +8é)r (RTZL) a (%) ([& + 5) <ér’,

where we have used (3.67).
From (3.85) and (3.86) we conclude in the case t; = R} that

% /log ‘(Lng)(Tew){ — log |(F1F2)(rei0)‘ do
D,
> % /log |(L1Lo)(re)| — log |(Fy Fy) (re®)| d6 — &r”.
Dy
The combination of (3.74), (3.81), (3.84), and (3.87) yields in all cases that
% /log |L(re”)| —log | F(re")| d6

Dy

(3.86)

(3.87)
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1 ) )
(3.88) > Py /log ’L(re’g)‘ — log ’F(re’e)‘ df — ér’,
T
D
where L = LyLoL3L4Ls. This is a preliminary form of the desired analogue of (1.3),

with L and F' in (3.88) playing the roles of f and f respectively in (1.3).
Let

h(rei®) log |L(re™)| — log ‘F(rei9)| +2ér?, e D,,
) log|L(re)| — log |F(re®?)], 0 €D,.
We note from (3.88) that
1 < 1 -
(3.89) — | h(re®)df > — / h(re®) do.

2T 2T

D, D,

We now combine Lemma 10 and Lemma 12 with V =Y, W = h A= =
[01,05), and B = [0, 6, +27). We are permitted to apply Lemma 10 in view of (3 ( )
and we conclude

[log |F'[[|, — 12&(1 + &)r” < [[log [F|[|, — [IY" — log | F| |,
<Y, < HY + hH1 <28’ + ||Y +log |L| — log | F|||,
< [[log |L[||; + [IY" — log | |||, +2&r”
< |log |L|||, + 14 &(1 + &)r*.
Thus we have
277, F) — N(r) = [log |Fll, < log LIl + 26 (1 + )1
=2T(r,L) — N(r) + 26 (1 + &)r”,
or
(3.90) T(r,F) < T(r, L) + 13 (1 + &)r*.

If (3.68) fails, i.e., ime(lAjr) > 7, we repeat the above argument starting with
(3.68), replacing D, by D,, F(z) by 1/F(z), and L(z) by L(—z). Instead of (3.90),

we obtain the inequality
T(r,1/F(z)) <T(r, L(—z)) + 13&(1 + &)r*

which is equivalent to (3.90) by the first fundamental theorem. Thus (3.90) holds in
all cases, and is the desired analogue of (1.3).

We apply (3.90) for all r in an interval [R4, Rp] where R4 > R; and Rp/Ry4 is
large enough that (3.42) and (3.45) are satisfied. In view of (2.1), (3.1), (3.2), (3.3ii),
(3.47), and (3.90), we have

R

B
1—|—€ T(r, F) 2¢ Rp
(1428 d o
o ( N S <42 / s ”5/@() ®Ra

A
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2ep - Rp
2¢) 13&(1 + 1
1+2¢) / rp—i-l T+ (51%(0) +13&(1 + )p) 0g —— Ra

1+— 2€p ~ ~ > RB

1—|—2€ + +13&6(1+¢€ log —

< (kL( ) 5kr(p) ( ) gRA
1+e¢ Rp
< ——log —.
k(p) " Ra

This is the desired contradiction.
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