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Abstract. We continue our previous study on the Bank—Laine type functions: meromorphic
functions f that satisfy f(z) = 0<= f/(z) € {a,b} on the plane, where a, b are two distinct nonzero
values. Using quasi-normality, we prove that there is no transcendental meromorphic function with
this property when the quotient a/b is a positive integer. Moreover, we prove a quasi-normal
criterion for families of such functions. This completes our previous results.

1. Introduction

A Bank-Laine function f is an entire function that has the following property:
f(z) = 0= f'(2) € {—1,1}. The Bank-Laine functions arise in connection with
solutions of second order homogeneous linear differential equations [1], (see also [6]).
In our previous paper [2|, we studied the meromorphic functions f on the plane
C that satisfy f(z) = 0 <= f'(z) € {a,b}, where a,b are two distinct nonzero
values. We call such functions Bank-Laine type functions. We constructed there
some transcendental meromorphic functions with this property when the quotient
a/b is a negative rational number, and proved the following results.

Theorem 1.1. For two distinct nonzero values a and b that satisfy a/b € N
(positive integers), there is no transcendental meromorphic function f of finite order
that satisfies f(z) = 0 <= f'(2) € {a,b}.

A rational function f satisfying f(z) = 0 <= f'(2) € {a,b} exists if and only
if a/b or b/a is an integer. In fact, all such rational functions have been classified
completely [2, Lemma 10, Lemma 11].

It remains a question: whether there are transcendental meromorphic functions
f of infinite order that satisty f(z) = 0 <= f'(z) € {a,b} for a/b € N. In this paper
we answer this question completely by making use of quasi-normality.

Theorem 1.2. For two distinct nonzero values a and b that satisfy a/b € N,
there is no transcendental meromorphic function f that satisfies f(z) = 0 < f'(z) €

{a, b}.

In order to prove Theorem 1.2, we first study the normality or quasi-normality of
the family F,,(D) which consists of all meromorphic functions f in a plane domain
D C C that satisfy f(z) =0 <= f'(2) € {a, b}.
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The idea of proving the results in function theory by making use of quasi-
normality first appears in |7] where it was proved that the derivative of a transcen-
dental meromorphic function with finitely many simple zeros takes every non-zero
values infinitely often.

Recall [3, 9] that a family F of meromorphic functions defined in a plane domain
D C C is said to be normal (quasi-normal) on D, in the sense of Montel, if each
sequence {f,} C F contains a subsequence which converges spherically locally uni-
formly in D (minus a set E that has no accumulation point in D). The set E may
depend on the subsequence. If there exists an integer ¥ € N such that the set F al-
ways can be chosen to contain at most v points, then F is said to be quasi-normal of
order v. Also, we say that the family F is normal (quasi-normal) at a point zy € D,
if there exists a neighborhood U C D of z, such that F is normal (quasi-normal) on
U. An useful fact, which can be proved by making use of the diagonal method, is
that F is normal (quasi-normal) on D if and only if F is normal (quasi-normal) at
every point in D. Another fact is that if F is not quasi-normal of order v in D, then
there exist a sequence {f,} C F and v + 1 points zy, 22, -+ , 2,41 € D such that no
subsequence of {f,} is normal at each z;.

The family F,;(D) is not quasi-normal in general as showed by the following
example.

Example 1. Let for each n € N

fulz) = Snlnz) Mo ),

n 2in

Then we have f,(z) =0 <= f/(z) € {—1,1}. However, it is not difficult to see that
no subsequence of {f,} can be normal at every point on the real axis. In fact, for

zo € R, fn(xo) — 0 while ‘fn (a:o - \/Lﬁ)‘ > (eV™ — e V™) /(2n) — co. Hence each

subsequence of {f,} fails to be equicontinuous in any neighborhood of z,, and so
F_11(C) is not quasi-normal.

However, we prove in this paper the following quasi-normality criterion.

Theorem 1.3. For two distinct nonzero values a and b that satisfy a/b € N, the
family F, (D) is quasi-normal on D of order 1.

We remark that if |arga/b| < 7/3 and neither a/b nor b/a is an integer, then the
family F, (D) is normal in D. This can be seen from [2]. We do not know whether
the number 7/3 can be replaced by a larger one.

The following example shows that the conclusion of Theorem 1.3 is sharp.

Example 2. Let £ € N and for each n € N

1
fu(2) =2 —
Then {f,} is quasi-normal of order 1 on C, since {f,} converges locally uniformly to
z on the punctured plane C\ {0} and no subsequence is normal at 0. We see that
ful2) =0 <= 1) = k+ 1 and f,(2) £ 1. Hence {fu} C Fii1,(C).

Our proof of Theorem 1.3 is inspired by [7, Theorem 1|. The structure of the
present paper is in certain sense similar to 7], and this can be seen by comparing
our Lemmas 2.4, 2.7 and 2.8 with Lemmas 4, 7 and 8 in [7], respectively. However,
there are many different points and the proofs are different to a large extent.
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2. Notations and preliminary results

Throughout in this paper, we denote by C the complex plane, by C* the punc-
tured complex plane C\ {0}, by A(zg,r) the open disk {z: |z — 2| < r}, by A°(z9,7)
the punctured disk A(zp,7)\ {20} = {2: 0 < |2 — 29| < r}, and by A(zp,7) the closed
disk {z: |z — 29| < r}, where 2y € C and r > 0.

In Lemmas 2.8, 2.10 and their proofs, and in the proof of Theorem 1.3, we shall
use frequently the following auxiliary function

(2 + (a—1b)2)
a—b
for a function f and two distinct constants a and b.

For a sequence {f,} of functions, we say that they are locally uniformly holo-
morphic (meromorphic) on D if for each compact subset £ C D, there exists N € N
such that f, for every n > N is holomorphic (meromorphic) on E.

Also, we write f, = f on D to indicate that the sequence {f,} converges spher-
ically locally uniformly to f on D, and f, — f on D if the convergence is already in
Euclidean metric.

Let f be a function meromorphic on D. Then for each closed disk A(z,7) C D,

define
Alzour: f) // 74 (2)

Here, as usual, f#(2) = | f'(2)|/(1+]|f(2)]?) is the spherical derivative. An important
fact is that A(zp,r;, f) is the normalized spherical area of the image of A(zg, r) under
7 1]

We also use n(r, f) to denote the number of poles of f on A(0,r), counting
multiplicity. Similarly, n(r, 1/f) denotes the number of zeros of f on A(0,r).

For a meromorphic function f on C, its Ahlfors—Shimizu characteristic [5, 10] is

defined by
" A0, t;
= [ A0LD,,
0

Ff’a,b(Z) =

and the order of f is defined by

log™t Ty (r,
p(f) = limsup g—o(f)‘
r—00 log r
Thus, each meromorphic function with bounded spherical derivative has order at
most 2.
To prove our results, we require some preliminary results.

Lemma 2.1. [4] Let F = {f} be a family of meromorphic functions on D such
that f(z) # 0 and f'(z) # 1. Then F is normal on D.

Lemma 2.2. [8, Lemma 2| Let F be a family of meromorphic functions in a
domain D, and suppose that there exists A > 1 such that |f'(z)| < A whenever
f(z) =0 and f € F. Then if F is not normal at zy, there exist,

(a) points z, € D, z, — 20;
(b) functions f, € F; and
(c) positive numbers p,, — 0
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such that g,(C) == p; " fa(zn + puC) > g(¢) on C, where g satisfies g#(¢) < g#(0) =
A+ 1, and hence is nonconstant and of finite order.

The following lemma is a direct corollary to the maximum modulus principle.

Lemma 2.3. Let zy be a point in D and {f,} be a sequence of meromorphic
functions on D such that f, > f on D\ {2}, where f may be identically co.

(a) If f, are holomorphic on D and f # oo, then f, — f on D, and f is
holomorphic on D;

(b) If f, are zero-free on D and f # 0, then f, 5 fonD, and f #0 on D;

(c) If f, are holomorphic and zero-free on D, then f,, — f on D.

Proof. Since f,, = f on D \ {20}, f is also meromorphic on D\ {z} or f = o0
[9, Corollary 3.1.4].

Now we turn to prove (a). Since f,, is holomorphic, we get f,, — f on D\ {2z} [9,
Proposition 3.1.6]. Since f # oo, f is also holomorphic on D\ {2} |9, Corollary 3.1.5].
Fix a bounded subdomain U of D such that zy € U and U C D. Thus for arbitrary
given number £ > 0, there exists N € N such that for n > N, |f.(2) — f(2)] <€ on
the boundary OU of U. Hence for m,n > N, |fi(z) — fu(2)] < 2e on OU. Since f, are
holomorphic on D, by the maximum modulus principle, we get | f,(2)— fn(2)| < 2¢ on
the domain U. Thus, by Cauchy’s criterion, {f,} converges uniformly to a function
¢ which is holomorphic on U. Uniqueness of the limit function shows that f = ¢
on U\ {z0}. This shows that f can be extended holomorphicly to z, and hence f is
holomorphic on D, and f, — f on D.

Applying (a) to the sequence {1/f,} and 1/f, we prove (b). The (c) is a direct
corollary to (a) and (b). O

Lemma 2.4. |2, Theorem 4(ii)| Let k be a positive integer. Then the noncon-
stant meromorphic functions f € Fy411(C) which are of finite order must be rational
functions with the form

d
1 N S
( ) f(Z) < 20 (Z—Z())k’

where d and z, are constants with d # 0.

Lemma 2.5. Let k be a positive integer. If the rational function f defined by
(1) has two zeros £1/2, then there exists a K = K(k) > k + 1 which only depends
on k such that

sup f#(2) < K.
zeC

Proof. Since f(£1/2) = 0, we have

@) (3- ) - (- ) 4

Since d # 0, we have zg # +1/2. Let ¢ = (3 — 29)/(—% — 20). Then ¢ # 1 and by (2),
1 =1, so that

29 ]
(3> Ce{cj:exp(k+1z>;]:1727...’]{;}.
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By ¢ = (3 — 20)/(—3 — 20), we get 2o = 5%, and hence by (2),

21—c)’
1 k+1 (_1)k+1
() s
Thus by (1) and (3), f € {f;: 7=1,2,--- ,k}, where
1+ ¢ (—1)*
) fit?) === 33 =; e P
i) (1= )k (Z _ 2(17;))

Since f;(z) — oo and fi(2) — 1 as z — oo, we have fj#(z) — 0 as z — oo. Hence,
the conclusion follows from the continuity of each fj# (z) on C. O

Lemma 2.6. Let k be a positive integer. Then the sub-family F of Fj11(D)
which consists of holomorphic functions is normal on D.

Proof. Suppose that F is not normal at some point zy € D. Then by Lemma 2.2,
there exist functions {f,} C F, points z, — 2y and positive numbers p, — 0 such
that ¢,(¢) = p; ' fu(zn + puC) — g(¢) on C, where g is a nonconstant entire function
of finite order and satisfy ¢g#(¢) < g% (0) = k + 2.

We claim that ¢(¢) =0 < ¢'(¢) € {k + 1, 1}.

To prove g(¢) = 0 = ¢'(¢) € {k + 1,1}, let {y be a zero of g. Then as g Z 0,
by Hurwitz’s theorem, there exist points ¢, — (o such that g,(¢,) = 0, and hence
fn(zn + pnCn) = 0. Since fn € fk-ﬁ-l,l(D)v we get fé(zn + pnCn) € {k + 17 1}: so that
gh(¢,) € {k+1,1}. Since ¢, — ¢ on C, we get ¢'(¢o) € {k + 1,1}. This proves
90 =0 = ¢/(() € {(k+1,1}.

Now we turn to prove ¢'(¢) € {k+1,1} = ¢({) = 0. let (o be a point such that
g (¢) € {k +1,1}. Suppose first that ¢'(¢y) = k + 1. Since g7 (0) = k + 2, we have
g (¢) Z k+1. Thus by ¢/,(¢)— (k+1) = ¢’(¢) — (k+1) and Hurwitz’s theorem, there
exist points ¢, — (o such that g/,((,) = k+1, and hence f) (2, + pn(,) = k+ 1. Since
fr € Frp11(D), we get fo(2 + pnCa) = 0, so that g,(¢,) = 0. Thus by g, — g, we
get g((o) = 0. A similar argument yields that for ¢’({y) = 1, we also have g({y) = 0.
This proves ¢'(¢) € {k+ 1,1} = ¢(¢) = 0.

Hence the claim is proved. However, by Lemma 2.4, such an entire function ¢
must be a constant. This contradiction shows that F is normal on D. O

Lemma 2.7. Let k be a positive integer, and { f,} be a sequence in Fj111(D).
Let zo € D. Suppose that

(i) no subsequence of {f,} is normal at z;
(ii) there exists § > 0 such that f, for sufficiently large n has at most one single
(simple or multiple) pole in A(zy,¢); and
(iii) {fn} is normal on D \ {zo}.

Then there exists a subsequence of { f,,}, which we continue to call {f,}, such that
(D) fu(2) N 2—z onD \ {z0}; B
(IT) there exists g > 0 such that every f, takes each value w € C at most k + 1
times on A(z, dp), counting multiplicity.

Proof. Say zy = 0. Since {f,} is not normal at zy = 0, by Lemma 2.2, there exist
a subsequence of {f,} which we continue to call {f,}, points z, — 0 and positive
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numbers p, — 0 such that ¢,(¢) = p ' fu(2n + pnC) = g(¢) on C, where g is a
nonconstant meromorphic function of finite order and satisfies g7 (¢) < g7 (0) = k+2.
Further, by an argument similar as showed in the proof of Lemma 2.6, we have
9(() =0<= ¢ (¢) € {k+1,1}. Hence by Lemma 2.4,

d — ) — 4

®) 10 =6 e = ey

with d,¢o € C and d # 0. Let ¢, j = 0,1,--- ,k, be k + 1 distinct zeros of

g. Then by (5), H?:O(C — (Y = P(¢) == (¢ = )" — d, and hence for a given

Jo € 0,1, Kk}, T (66" = &7 = PI(GE™) = (k+ D™ = G)*. Thus

I, (6" — &)
(66" = Go)*

(6) =k+1

for a given j, € {0,1,---  k}.

Since g, = g on C, g, has a pole Cnoo With (00 — (o and k + 1 zeros C,(Lj()),
(j=0,1,--- k), with Cfi()) — Céj). Thus f,, has a pole 2z, o = 2, + Pnlnoc — 0 and
k + 1 zeros z,(f;% =2, +pnC7S{()) —=0,(J=0,1,--- k).

By the assumption (ii), the multiplicity of the pole z, ~ is k (for sufficiently large
n). Let

Fo(z—2Y)
(7) fi(z) = g;(é)), where R, (z) = H(JZO_( Znoo)nk )

Then by (ii), f for sufficiently large n is holomorphic in A(0,4). Let ¢(¢) =
[5(2zn + puC). Then {g;} are locally uniformly holomorphic on C. Since

I (¢ — ¢
(C - Cn,OO)k A

on C, and p;'Ru(zn + puQ)gi(Q) = gn(¢) = g(C), we see that {g*} are locally
uniformly zero-free on C, i.e., for each r > 0, there exists N € N such that for
n> N, g:(¢) # 0 on A(0,r). We also see that

(8) 9n(C) = fa(zn + pnC) — 1

on C\ {QO,C(SJ): 0 < j < k}, and hence on C by Lemma 2.3(c). In particular,
[2(20) £ 0.

We claim that there exists 1, 0 < n < ¢, such that f for sufficiently large n has
no zero in A(0, 7).

Suppose not. Then there exist a subsequence of {f}, which we continue to call
{f}, and a sequence {z,0} of points satisfying 2,0 — 0 such that f}(z,0) = 0.
Since f¥(z,) # 0, we have z,0 # z,. We may say that z, is the nearest zero of f
away from z,, so that f(z) # 0 on A(zy, |2n0 — 2u|)- By (8), we have

o Ru(2n + puC) = 9(¢)

(9) Gro = 22— o0,

n
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Then, { f;;} are locally uniformly holomorphic on C, f;(z) # 0 on A(0,1), and
f#(1) = 0. Further, let

(11) Fulz) = o (2n ;(Ozn_oz: Zn)z).

Then fo(z) =0 <= f/(z) € {k+ 1,1}, since fa(2) = 0= fi(z) e {k+1,1}.
By (7), (1 ) d (11), we see that f,(z) = R,(2)f*(z), where

n

(12) Rn(z) _ Ry (zn 4 (200 — 20)2) _ Hf oz — #;ZHC)S()))

Zn0 — Zn (z —
Hence by (9) and since { f,’{} are locally uniformly holomorphic on C, we see that
{f.} are locally uniformly holomorphic on C*. By (9) and (12), we also see that
R,(z) — z on C*.
Thus, since f,(z) = 0 <= f'(z) € {k + 1,1} and {f,} are locally uniformly
holomorphic on C*, by Lemma 2.6, { fu} and hence {f*} is normal on C*. Since

Zn,0—2n

f;(l) = 0, by taklng a subsequence and renumbering, we may assume that f —
f* on C* with f*(1) = 0. As {f*} are locally uniformly holomorphic on C, by
Lemma 2.3(a), we get f: — f* on C and f* is an entire function. Hence, by
F20) = f*(z) = g5(0) — 1, we get f*(0) = 1. Thus (zf*(z)) —1 £ 0. For
otherwise, we would have zf *(z) = z + ¢ for some constant ¢, which contradicts that
f*(1) =0 and f*(0) =1

We claim that f/(z) # 1 on A(0,1) for sufficiently large n. Suppose not. Then
there exist a subsequence of {f,}, which we continue to call {f,}, and a sequence
{25} of points contained in A(0,1) such that f/(z5) = 1. Then, by fu(z) = 0 <
f1(2) € {k+ 1,1}, we get fa(z5) = 0. Since f*(z) # 0 on A(0,1), we get from
fa(2) = Ro(2)f7(2) that R,(z) = 0. Thus by (12),
=P 0

Zn,0 — Rn

Z
for some jo € {0,1,--- ,k}. Hence f*(z) — f*(0) = 1 and by (6)
(Jo) () (Jo) ()
o T (G0 =) T (67 - 6)
Rn(’zn) = (o) k — (o) k
(€8 = Guoe) (& - )

Thus by fn(z) = Ru(2)f7(2), we get a contradiction:

=Fk+1.

L= fo(s) = Bz fa(e) + Ra() i (50) = Rz fa(e) = ko + 1.
This contradiction shows that f/(z ) # 1on A0, 1).

Since f,(2) = Ru(2)f7(2) — zf (z) on C*, we get f(2) —1 — (2f*(2)) — 1 on
C*. Since (zf*(2)) =1 # 0 and f'(z) —1 # 0 on A(0,1), by Lemma 2.3(b), we have
f1(2) =15 (zf*(2)) — 1 on A(0,1), and (2f*(z))’ —1 # 0 on A(0,1). However, we
have (zf*(z2)) ’ = f*(0) = 1. This is a contradiction.

Thus f for Suﬂﬁmently large n is zero-free and holomorphic in A(0,7). Since
{f¥} is normal on D\ {0}, it follows from Lemma 2.3(c) that { f} is normal at 0 and
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hence is normal on D. Further, as f}(z,) = ¢g5(0) — 1, there exists a subsequence of

{f+}, which we continue to call {f#}, such that f* % f* on D with f*(0) = 1.

Now we claim that there exists ;1 > 0 such that f/,(z) # 1in A(0, ) for sufficiently
large n. Suppose not. Then there exist a subsequence of {f,}, which we continue to
call {f,}, and a sequence {w,} of points satisfying w,, — 0 such that f!(w,) = 1.
Then by the condition f,(z) = 0 <= f/(2) € {k + 1,1}, we see that f,(w,) =0
and hence R,(w,) = 0 since f, = R, fr and f* is zero-free in A(0,7). Thus by (7),

wy, = z,(g%) for some jo € {0,1,---,k}. Hence we have f'(w,) — f*(0) = 1, and
by (6)

[T, (208 — 290

(28 — 2 00)F
[z (658 = ¢) T (& = &)
_ J#]O' : N Jj#jo ‘ !
(Cﬁjg) - Cn,oo) ( (SJO) - CO)

Thus we get by f, = R, f,; the following contradiction:

R (w,) = R, (299)) =

(13)
—k+1.

1= fo(wn) = By, (wa) 5 (wn) + R(wn) £ (wn) = Ry, (wn) £ (wn) — & + 1.

This proved the claim that for some p > 0, f/(2) # 1 in A(0, ) for sufficiently large
n.

Next we prove that (zf*(z))’ = 1. Suppose not. Since f; for sufficiently large n
is zero-free and holomorphic in A(0,7), we have by Lemma 2.3(a) that f — f* on
A(0,n) with f*(0) = 1. It follows that f,(z) = R.(2)f5(z) = zf*(z) on A°(0,7n).
Thus f)(z) = (2f*(2)) and hence f/(2) — 1 — (2f*(2))’ — 1 on A°(0,n). Since
fl # 11in A(0, i), we may say that f, —1 % 0 on A(0,7n). Thus by Lemma 2.3(b),
we get f1(2) =15 (2f*(2)) — 1 on A(0,7), and (2f*(2)) — 1 # 0 on A(0,7). This
contradicts that (zf*(2))'|,_, = f*(0) = 1.

Thus (z2f*(2))’ = 1 and hence z f*(z) = z+c for some constant c. Since f*(0) = 1,
we get ¢ = 0, and hence f*(z) = 1. Thus, by R,(z) — 2z in C* and f* 5 1in D, we
get fn(2) = Rn(2)£:(2) = zin D\ {0}. The assertion (I) for the special case zy = 0 is
proved. In general case, one can consider the sequence {F, }, where F,,(z) = f,(z0+2)
and z € U = {z — z: z € D}, and obtain that F,(z) % 2 in U \ {0} by the special
case. Then by the fact f,(z) = F,.(z — z), the assertion (I) follows.

Now we turn to prove the assertion (II). Fix a number &y > 0 such that A(0, &) C
D. Then as f, = R,f* and f* — f* =1 on A(0,d), there exists N; € N such that
for n > Ny, f, has exactly one pole with multiplicity & on A(0,dy) € D and f, # 0, 00
on the circle |z| = dp. In other words, every f, for n > N; takes the value oo exactly
k times on A(0, &).

For w # oo, we consider two cases. Suppose first that |w| < dp/2. By (I), we
have f,(z) % z on D\ {0}, and hence on the circle |z| = &y, fn(2) = 2, f/(2)—=1 =0
and zf](z) — fu(2) — 0. Thus there exists Ny € N, Ny > Ny, such that for n > N
and the points z on |z| = do, |fu(2)| > 3d0/4, |fL(2) — 1] < 60/(16 + 85p) and
|2f1(2) — fu(2)] < 0o/(16 + 85p). It follows from the argument principle that for



On Bank-Laine type functions 463

n > N,
Y
ot et L e
L (23 EE 1w>< =t
SN 16+08630(>1<<; E0)150> =

and hence n <5O, h+w> —n (8o, fn — w)—1 = O since it is an integer. Thusn (50, h+w>
= n (8o, fn —w) +1 =n(d, fn) + 1 = k+ 1. That is to say, every f, for n > N,
takes each value w satisfying |w| < §y/2 exactly k + 1 times on A(0,dy) C D .

Suppose now that |w| > dp/2. Similar as showed above, we have f,(z) — =z,
fl(z) =1 — 0 and zf/(z) — fu(2) — 0 on the circle |z| = dy/4. Thus there exists
N3 € N, N3 > Ny, such that for n > N3 and the points z on |z| = d¢/4, |fu(2)] <
300/8, |f1(2) — 1| < 6o/(16 + 80g) and |zf](2) — fu(2)| < 80/(16 + 86p). It follows
from the argument principle that for n > N3,

(0 ga) ()

2m x )
_ 1 5 (2fa(2) = ful2) = (ful2) = 1) X
o /Iz—‘i? (w— fu(2))(1 = 2) I
<1 116?86 (3 +1) do = L.

and hence n <%°, ﬁ) =n (%O,fn — w) =n (%O,fn) < n (o, fn) = k. That is to

say, every f, for n > Nj takes each value w satisfying |w| > d¢/2 at most k times on
A(0,00/4) C D.

Thus for n > N = max{N;, No, N3}, every f, takes each value w € C on
A(0,80/4) at most k -+ 1 times.

The proof of Lemma 2.7 is completed. U

Lemma 2.8. Let k be a positive integer, and {f,} be a sequence in Fy411(D).
Let zy € D. Suppose that

(i) no subsequence of {f,} is normal at zy; and
(i) for every 6 > 0, there exists N € N such that f,, for n > N has at least two
distinct poles in A(z,9).
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Then there exist a subsequence of { f,,} which we continue to call { f,,}, and a sequence
{nn} of positive numbers satistying n, — 0 such that f,, has at least two distinct zeros
a, and b, in A(zg,n,) such that

(14) sup F7

fn’anybn

E (z) = o0.

A(0,1)

Proof. Say zp = 0. As showed in the proof of Lemma 2.7, since {f,} is not
normal at 0, there exist a subsequence of { f,,} which we continue to call {f,,}, points
2, — 0 and positive numbers p,, — 0 such that

d (€= —d

(15> gn(g) = pglfn('zn + pn() o g(C) =(¢—C — (C — CO)IC = (C _ Co)k

on C, where d,(, € C and d # 0.
As showed in the proof of Lemma 2.7, it follows that f,, has a pole 2, « = 2, +

PrCnoo — 0 With §, 0 — (o and k + 1 zeros zﬁi[)) =2z, + panL{()) —0,(=0,1,--- k),

with C,(L{()) — ¢ where ¢ are k + 1 distinct zeros of g. Note that, we also have (6).

We claim that ¢/,(¢) # 1 locally uniformly on C, i.e., for each r > 0, there exists
N € N such that for n > N, ¢/ (¢) # 1 on A(0,7). Suppose not, then there exist
ro > 0, a subsequence of {g,}, which we continue to call {g,}, and a sequence {(,}
of points contained in A(0,ry) such that ¢/ (¢,) = 1. By taking a subsequence, we
may say (, — ¢ € A(0,79). By ¢/.(¢.) = 1, we get f'(z, + pnCs) = 1, and hence by
the condition, f,(zn + pnCa) = 0. Thus ¢,(¢,) = 0 and hence g(c) = 0 by g, = g, so
that ¢ and hence g, (for sufficiently large n) are holomorphic in a neighborhood of c.
It follows that g, — g and hence g/, — ¢’ on this neighborhood. Thus by g¢/,((,) = 1,
we get ¢'(c) = 1. This is a contradiction, since ¢'(¢) # 1 on C.

Since ¢, ~ g on C and ¢ is a pole of g with exact multiplicity k, every g, (for
sufficiently large n) has exactly k poles tending to (p.

We claim that the k poles of g,, coincide. Suppose not. Then g, has s > 2 distinct
poles C,(L{?)o, 1 <j < s with multiplicity m; such that > 7, m; = k and g}flo — (.
By taking subsequence, we may assume that the number s and the multiplicities
m; are all independent of n. Further, as (y is the unique pole of g, the poles of g,
other than C,(L{?)o, 1 < j < s, if exist, must tend to co. Also, the zeros of g, other
than C(j()), 0 < j <k, if exist, must tend to oo. It follows that the sequence {g*} of

n,

functions defined by
[T (¢ = Gix)m
[T-o(¢ = ¢o)

is locally uniformly zero-free and holomorphic on C. Since g, = ¢ on C, we see from
(16) that

(17) gi(¢) = 1

on C\ {(o, Céj) :0 < j <k}, and hence on C by Lemma 2.3(c).
By (16), we have

(16) 9n(C) =

9n(C)

[IE, -
ni&—wﬁm%@

9n(C) =
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and hence
GO TToC - ) ¢ o T (€ — O
Q;L(C) _ ( : 0 ) H CnO Zj_im Hz;é](g)g <11 )7
HJ:l(C Cn Oo)m] 7=0 Hj=1(< - Cn,oo)mj+
so that
/ Mn(o

| ’ [T, (¢ — ¢ik)ymtt

where

Mn<<>=( HOTTC=Go) ) TTe-¢i)

(19) JZO j=1 s
~ 5 TT€ -6 Soms TT¢ — 60 - T - ™
=0 J=1 i j=1

Since C(JO =P (0<j < k) and (Y = Go, (1 < j < s), we see from (17) and (19)

My (€) = (B +1)(C = ) = [(C = ) —d] - k(¢ = Go)* ™ = (€= )™
= kd(C — ¢o)*™

on C. Thus, by Hurwitz’s theorem, M,, has s — 1 > 1 zeros (counting multiplicity)
tending to (p.
On the other hand, we can see from (19) that for each 1 < v <'s,

k

M, (¢, = =g () T = ¢90) - my TT (¢ — ¢id) # 0.

j=0 i#v

Hence, the s — 1 > 1 zeros of M, are different from the points {Q(ﬂ))o :1<j<s}, s0
that by (18), ¢/,(¢) — 1 has s — 1 > 1 zeros tending to (5. This contradicts the above
claim that ¢/, () # 1 locally uniformly on C.

This contradiction shows that the k poles of g,, coincide, and hence ¢, ~ is a pole
of g, with exact multiplicity k. Thus by (15), 2,00 = 2, + Pnlnec is @ pole of f,, with
exact multiplicity k.

Now let
Bz =29
20) o) = Tt
@1 it =442,
(22 G2(C) = Falzn + pnl) = H@:O (fml%)gn@)
Then as showed above, by (15) and (22), we have
(23) gn(C) = 1

on C\ {¢o, ¢ 0 < j <k}, and hence on C by Lemma 2.3(c).
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We claim that for every § > 0, there exists N € N such that f! for n > N has
at least one zero in A(0, ).

Suppose not, then there exist dg > 0 and a subsequence of {f*}, which we
continue to call {f}}, such that f* # 0 on A(0,dy). Since f, = R, f and f,(z) =0
<~ fl(z2) € {1,k + 1}, we see by (20) that f,(z) # 0 and f/(z) # 1 for z €
A(0, 50)\{zn0 0 <j <k}. Since 27(12) — 0, by Gu’s criterion (Lemma 2.1), {f.} and

hence {f*} is normal on A°(0,dy). So we may assume that f* 25 f* on A°(0,d),
where f* may be oo identically.

We prove further that there exists 0 < d; < dg such that f/(z) # 1 on A(0, d;) for
sufficiently large n. Suppose not, then as showed in the proof of Lemma 2.7 (before
(13)), there exists a subsequence of {f,}, which we continue to call {f,}, such that
£1(z99Y = 1 for some jo. This, combined with (21), (23) and (6), would lead to the
followmg contradiction:

(Jo) ©)

H' ’(ZnO _Zn[)) % j
P fi(0)

1= fi(299)) = R (299 f(255)) =

(28 = Znoo)"
n, n,00
Go) _ ) | ) )
_ H];&jo(gn,o Cn,O)g:(gr(]jg)) N H];&JO(CO CO ) _ k + 1.

(C(JO) anoo)k (CéjO) L

We claim that f* # 0. For otherwise, we would have f,, = 0 and hence fl =0,
fI'— 0 on A°(0, ;). Thus by the argument principle and f/(z) # 1 on A(0,6y),

& RO &1 1 4
((Ga) b Ga) Gl s L 7

It follows that f] has no poles in A(0,0,/2). This is a contradiction, since z, o, — 0
is a pole of f,.

Thus f* # 0. Hence by f* # 0 on A(0,8) and f* =5 f* on A°(0,dp), it follows
from Lemma 2.3(b) that f* 5 f* on A(0,8). Since fi(z,) = g:(0) — 1, we get
f*(0) = 1. This shows that f* is holomorphic in some neighborhood A(0, d2) of 0 and
hence so is f¥ in A(0, d/2) for sufficiently large n. Thus by f, = R, f}, f. has only
one single pole (of multiplicity k) in A(0, d2/2). This contradicts the assumption (ii).

Thus, for every § > 0, there exists NV € N such that f; for n > N has at least one
zero in A(0,0). It follows that there exists a subsequence of { £}, which we continue
to call {f}}, such that f’ has a zero b, in A(0,1/n). By (22) and (23), we have

— 0.

(24) = b = 2n — 0.
Pn

Set a,, = zﬁg and 7, = ‘27(110’ + 1/n Then by 2, o = 25 + PnGnco With (, o = (o and

Ay = 2Zn —i—pn(&)] with Cn,o — Co , we see that i, — 0, a,,b, € A(0,n,) and from (24)
that a,, # b, and

1
Zn,oo - % i 2Cn,oo - Cy(L,()) - C;; -

1
an = bn A —G) 2
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This, combined with Fy, 4,5, (1/2) = fu(an)/(a, —b,) = 0 and
_ an+bn
an7an,b’n (Zn,oo 2 ) - fn(szO) = 0%,

an_bn an_bn

shows that each subsequence of {F, ., 5, } fails to be equicontinuous in any neighbor-
hood of z = 1/2 and hence fails to be normal at 1/2. Now (14) follows from Marty’s
theorem. Lemma 2.8 is proved. 0

Lemma 2.9. If f is a meromorphic function of infinite order, then there exist
points z, — oo and positive numbers €,, — 0 such that

(25) Aznsen; f) = %//A( )(f#(z))zda — 0.
Proof. See |7, p.12]. O

Lemma 2.10. Let k be a positive integer, and f be a meromorphic function in
Fi+11(C). If f is of infinite order, then f has infinitely many pairs of distinct zeros
(2n.1, Zn2) such that z,1 — zp2 — 0 and

(26) Sup Ff?'zn,lyZn,Q (Z) — 0.

A(0,1)

Proof. Since f is of infinite order, by Lemma 2.9, we have (25) for some points
z, — 00 and positive numbers €, — 0. It follows that there exist w,, € A(z,, &,) such
that f#(w,) — co. Thus, by Marty’s theorem, no subsequence of {f,} is normal at
0, where

(27) fu(2) = f(wn + 2).
Thus, by Lemma 2.6, f, for sufficiently large n has at least one pole w, such that
Wy, — Wo.

Suppose first that there exist 6 > 0 and N € N such that f, for n > N has
at most one single (simple or multiple) pole in A(0,9). Then f, for n > N is
holomorphic on A(0,0) \ {w,}. Since w,, — wy, it follows from Lemma 2.6 that {f,}
is normal on A°(0,0). So by Lemma 2.7, there exists a subsequence of {f,}, which
we continue to call {f,}, such that for some dy > 0, f, takes each value w € C at
most k + 1 times on A(0, dp), counting multiplicity. Thus for sufficiently large n,

A(Zn>5n;f) S A(Oyéo;fn) S k + 1,

which contradicts (25).
Thus there exists a subsequence of {f,}, which we continue to call {f,}, such

that for every 6 > 0, there exists N € N such that f, for n > N has at least two

distinct poles in A(0,6). Then by Lemma 2.8, there exists a subsequence of {f,},

which we continue to call {f,}, such that each f, has at least two distinct zeros a,

and b,, tending to 0 such that

(28) sup F¥

E fn,an,bn(z) — 0.
A(0,1)

Let 2,1 = Wy + ap,y 2n2 = Wy + by Then (2,1, 2,2) is a pair of distinct zeros of f
satisfying 2,1 —2n2 — 0, and (26) follows from (28), since Fy ., | .. ,(2) = F¥, a,6,(2)
by (27). The lemma is proved. O
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3. Proof of Theorem 1.3
By the definition, we have Fop = bFap1 = {bf: f € Fapa} for b # 0. Thus

by the assumption that a/b is a positive integer and a # b, we may assume that
a=k+1and b= 1, where k is a positive integer.

Let £ C D be the set of points at which Fj1 1(D) is not normal. Then for every
29 € E, there exists at least one sequence { f,,} C Fj11,1(D) such that no subsequence
of {f,} is normal at zy,. We consider two cases.

Case 1. For every zy € E and every sequence {f,} C Fit11(D) which has no
subsequence normal at zg, there exist 6 > 0 and N € N such that f,, for n > N has
at most one single (simple or multiple) pole in A(z, d).

We first show that Fj11(D) is quasi-normal at every point wy € D.

To prove this, let {f,} C Fri11(D) be a sequence. If wy ¢ E, the by the
definition of E, {f,} is normal at wy; If wy € E, there are two cases: one is that
{fn} has subsequence which is normal at wg, and the other is that no subsequence
is normal at wy. In the later case, by Lemma 2.6, f, for sufficiently large n has
at least one pole w, such that w, — wy. Hence, by the hypothesis, there exists
d > 0 such that f,, for sufficiently large n is holomorphic in A(wy,d) \ {w,}. Thus,
again by Lemma 2.6, { f,} is normal on A°(wy, d). These discussions show that every
sequence { f,,} has a subsequence which is normal on A°(wg, n) for some 1 > 0. Thus,
by the definition, Fj411(D) is quasi-normal at every point in D. Hence, Fyi11(D)
is quasi-normal on D.

Next, we show further that Fj11(D) is quasi-normal of order 1.

To prove this, let {f,} C Frr11(D) be a sequence. Since Fiiq1(D) is quasi-
normal on D, there exists a subsequence of {f,,}, which we continue to call { f,}, and
a set E, having no accumulation points in D such that f, = ¢ on D \ Ep.

We have to show that the set Ey can be chosen to be a single-point set. Suppose
not. Then there exist two distinct points z; and z; such that no subsequence of {f,}
is normal at z; or z5. Then by Lemma 2.7, the limit function ¢ coincides with z — z;
in a punctured neighborhood of z; and with z — 25 in a punctured neighborhood of
zy. It follows from the uniqueness of the limit function that z — z; = 2z — 29. This is
impossible, since z; # zs.

Case 2. There exist zp € F and a sequence {f,} C Fry1.1(D) which has no
subsequence normal at zy such that for every > 0, there exists N € N such that f,
for n > N has at least two distinct poles in A(zp, 9).

We argue by contradictions for showing that this case can not occur.

By Lemma 2.8, there exists a subsequence of {f,}, which we continue to call
{fn}, such that each f, (for sufficiently large n) has at least two distinct zeros w,
and v, tending to zy as n — oo such that

(29) sup F;i —
A1)

(2) > K+1,

where the constant K > k + 1 is defined in Lemma 2.5.

Fix § > 0 such that A(z,38) C D. It guarantees that for each pair (a,b) of
distinct zeros of f,, in A(zp,¢), the corresponding function F}, ,,(2) is meromorphic
on A(0,1). Since f, # 0, each f, has finitely many zeros in A(zg,d). This, combined
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with (29), shows that the set
(30) E, = {(a,b): a,b € f,1(0) N A(z,6) satisfying sup Ff#n’ab(z) > K + 1}
A(0,1) ’
is non-empty and finite. For (a,b) € E,,, define
|a — b
— > 0.
0[5 = 2|
Then there exists (ay,b,) € E, such that for every (a,b) € E,,
(32) Tp = T(ap, by) < 7(a,b).
Since (uy,v,) € E,, we have 7,, < 7(u,, v,) — 0 and hence a,, — b, — 0.
Let hn(2) = F¥, ap,(2). Then by a, — b, — 0, the sequence {h,} are locally
uniformly meromorphic on C. And by the definition of the set E,,, we have

(33) sup hif(z) > K + 1.
A(0,1)

(31) 7(a,b) :=

We claim that no subsequence of {h,} is normal on C. Suppose not, by taking a
subsequence, we may say h, - h on C. Since h,(+1/2) = 0, we have h(£1/2) =0
so that h # oo. Thus by (33),

(34) sup h(z) > K + 1.

A(0,1)
It then follows that h is nonconstant and from K > k + 1 that h'(z) # 1 and
h'(z) # k+1.

Since f,(z) =0 < f'(2) € {1,k+1}, we have h,(z) = 0 <= h! (2) € {1, k+1}.
Hence, by Hurwitz’s theorem, h(z) = 0 <= h'(2) € {1,k + 1}.

We claim that h is of infinite order. Suppose not, then as h is nonconstant, it
follows from Lemma 2.4 that h is a rational function with the form (1). Hence, as
h(£1/2) = 0, we get by Lemma 2.5 that supz, ;) h*(z) < K. This contradicts (34).

Thus, h is of infinite order. Hence, by Lemma 2.10, there exist two distinct zeros
a and f of h which are not 0 such that |a — | < 1 and
(35) sup F,faﬁ(z) > K + 2.

A(0,1)

Since h, = h on C, there exist points a,, — o and 3, — /8 such that h,(a,) =
hn(Br) = 0, and by (35), for sufficiently large n,

(36) sup Fi}amﬂn(z) > K+ 1.
A(0,1)
Now set
n bn 7 n bn
(37) i, =& ; + (an — by, bp="2 ;F ¥ (an — by)Bo.

Then a,, and l;n are two distinct zeros of f,, by the definition of h,,. Since 7,, — 0 and
o, — o, we have

1
+ |an — bullan| =6 — (7_— - |ozn|> lay, —bp| <6

n

a, + by,

|y, — 20| < — 29

for sufficiently large n. Thus a, € A(z,d). Similarly, b, € A(z, ).
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Further, as F;, , ; (2) = Fh,a,.5,(2), we get by (36) that
sup F# . (2)> K+ 1.

- n)ATLabn
ao1)

~ ~

Thus (ay,b,) € E, by (30), and hence 7(ay, b,) < 7(an,b,) by (32).
However, by (31) and (37), we have

T(dnai)n) _ 0 — ’an;bn B Z0| |a ~3 |
T(an,by) 6 — [mfn — 5y 2tba(q, —b,)] S
5_ |an+bn _ ZO‘
(38) < 2 |, — Bl
5_}an-21-bn _20’_ an;‘ﬁn}’an_bn’ n n
|05n_6n|

_ 1O TPl 8l <1
1_|an42r5n|7_n_>|04 Bl <1,

~

so that for sufficiently large n, 7(ay, b,) < 7(an, b,). This contradicts that 7(ay,, b,) <
T(an, by).

Thus no subsequence of {h,} is normal on C. Now let H be the set of points at
which {h,} is not normal. Then H is non-empty.

Suppose first that for every ¢y € H and every subsequence {h,,} of {h,} which
has no subsequence normal at (o, there exist n > 0 and J € N such that h,; for
j > J has at most one single (simple or multiple) pole in A((y, 7).

Then by an argument similar to that in Case 1, {h,} is quasinormal of order 1 on
C, and further, there exists a subsequence of {h,}, which we continue to call {h,},
and a point {§ € H such that h,(z) = z — ¢ on C\ {¢;}. But, this contradicts
ha(£1/2) = 0.

Thus there exist (;* € H and a subsequence {h,,} of {h,} which has no subse-
quence normal at (5* such that for every n > 0, there exists J € N such that h,; for
j > J has at least two distinct poles in A((g*, 7). We rewrite the subsequence {hy, }
by {h,}.

Then by Lemma 2.8, there exists a subsequence of {h,}, which we continue to
call {h,}, such that each h, has at least two distinct zeros a) and b} tending to (}*
as n — oo such that

(39) sup F .. (2) > K + 1.
Aoy "
Now let
A, = ? —Qi_ + (an - bn)a;a B, = - —2i_ + (an - bn)b;

Then as showed above, A, and B, are two distinct zeros of f, in A(z,d), and by
(39) Wlth the fact an,An,Bn (Z) = th,a;,b; (Z),

sup Ff#n,An,Bn(Z) > K+ 1.

A(0,1)

It follows that (A,, B,) € E, and hence 7(a,,b,) < 7(A4,, B,) by (32). However,
an argument similar to (38) yields that 7(A,, B,) < 7(ay, b,) for sufficiently large n,
which contradicts that 7(ap, b,) < 7(A,, By).

The proof of Theorem 1.3 is completed. U



On Bank-Laine type functions 471

4. Proof of Theorem 1.2

As a/b is a positive integer and a,b are distinct and nonzero, we may assume
that {a,b} = {k + 1,1}, where k is a positive integer.

Suppose that there is a transcendental meromorphic function f in Fj441(C). By
Theorem A, the function f is of infinite order.

Thus by Lemma 2.9, there exist points z, — oo and positive numbers ¢, — 0
such that

(40) e )= - //A RACIEES

It follows that there exist w, € A(zpn,&n), wy, — 00, such that f#(w,) — oo, and
hence by Marty’s theorem, no subsequence of {f,} is normal at 0, where f,(z) =
f(w, + 2).

Since f € Fry1.1(C), we see that {f,} C Fri11(C). Thus by Theorem 1.3,
{fn} is quasi-normal of order 1 on C. Since no subsequence of {f,} is normal at 0,
{fn} is normal on C*. Further, by the proof of Theorem 1.3, only the Case 1 can
occur. It follows that there exist 6 > 0 and N € N such that f, for n > N has
at most one single (simple or multiple) pole in A(0,d). So by Lemma 2.7(II), there
exists a subsequence of {f,}, which we continue to call {f,}, such that on some
neighborhood A(0,dy) of 0, each f, takes each value a € C at most k + 1 times,
counting multiplicity. Thus A(z,,€,; f) < A(0,do; fn) < k+ 1. This contradicts (40).

The proof of Theorem 1.2 is completed.
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