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Abstract. The aim of this note is to show that Poincaré inequalities imply corresponding
weighted versions in a quite general setting. Fractional Poincaré inequalities are considered, too.
The proof is short and does not involve covering arguments.

1. Introduction

Let (X, p) be a metric space with a positive o-finite Borel measure dz, we will
write |E| = [ dz for the measure of a Borel set £ C X. We fix some point 29 € X
and set B, = {x € X: p(z,19) < 1}, B, = {v € X: p(x,79) < r}. We call a
function ¢: By — [0,00) a radially decreasing weight, if ¢ is a radial function, i.e.
¢» = ®(p(-, z¢)) and its profile ® is nonincreasing and right-continuous with left-limits.
We assume that ¢ is not identically zero on B \ B, /2. For any such weight ¢ there
exists a positive, non-zero o-finite Borel measure v on (%, 1], such that

W= = [ @), BT

Note that we put fab f)v(dt) = [, f(t)v(dt). For a function u we denote by

7,
ug = — [ u(z)dr
5= 1g) J "
the mean of u over the set E, and by
[ o(x) dx

the mean of u over the set £ C By with respect to the weight function ¢.

u =

d0i:10.5186/aasfm.2013.3834

2010 Mathematics Subject Classification: Primary 35A23; Secondary 26D10, 26D15.

Key words: Dirichlet forms, Sobolev spaces, Poincaré inequality, fractional Poincaré inequality.

Both authors have been supported by the German Science Foundation DFG through SFB 701.
The first author was additionally supported by MNiSW grant N N201 397137.



722 Barttomiej Dyda and Moritz Kassmann

Our main result is the following:

Theorem 1. Let 1 < p < oo and let ¢ be a radially decreasing weight with
¢ =®(p(-,20)). Let F: LP(X) x (3,1] — [0,00] be a functional satisfying
(2) F(u+a,r)=F(u,7), a€R,
(3) lu(z) — up, |’ de < F(u,r),
Br

for every r € (3,1] and every u € LP(X). Then for M =

(4) () — uf, Po(a) de < M [ Flu.t)v(d)

By 1/2
for every u € LP(By), where v is as in (1).

By choosing the functional F' appropriately, (4) becomes a Poincaré inequality
with weight ¢, see Section 3. Such inequalities have been studied extensively because
of their importance for the regularity theory of partial differential equations, see the
exposition in [5].

2. Proof

Lemma 2. Let §2 be a finite measure space and p > 1. Assume f € LP()) with
fQ f=0. Then

1f + al@ = 51/ @)
for every a € R.
Proof. We may assume a > 0. Then

Lo pear [ g ana Frap2r [ I
Qn{f>0} Qn{f>0} QN{f<—2a} QN{f<—2a}

Furthermore, since [o oy [f| = [on(ps0y | /], we obtain

/ 7 < 2ap | 1
QN{—2a< f<0} QN{—2a< f<0}

< (20! / <20 / 1+ al?,
QN{f>0} an{f>0}

where we use a?~'b < (b+a)?~!(b+a) for positive a,b. Combining these observations
we obtain the result. O

Proof of Theorem 1. First we observe that it is enough to prove that

- ~ 22p B 1
5) u(x) — u 7o) de < 22
B ’31/2’ 1/2

F(u,t)v(dt),

where ¢(x) = ¢(z) A ®(3). Indeed, we have
(3)

2

®(0)

d(z) < o(x) AN D(5) < o(x).
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Hence if (5) holds, then

5 1»g 2(3)
| () =i, Po(a) do = g |

®(5) -, .
2502 ), u(z) — ufy [P(x) da,

where in the last line we have used Lemma 2. Now we prove (5). To simplify the
notation, we assume that ¢(z) = ®(3) for z € By)s, so that ¢ = ¢. Because of (2),

by subtracting a constant from u, we may and do assume that u%l = (, which means
that

(6) Oz/Blu(x)gb(x)dx:/l/:/Bt u(x)dxu(dt):/1:2u3t|Bt|u(dt).

We start from the integral on the right hand side of (4) and use (3)

lulz) — ufy, [Po(x) da

R [ Flut)vdr) > / u(z) — up, | dz v(dt)

1/2 1/2
/ |u(z) — up,|P dx v(dt) + / / —up,[Pxp, () v(dt) dx
1/2 J By By J1/2
=11 + Iy

(In fact I; = I5, but we treat them differently.) We now deal with the inner integral
in I,. For x € By, we have

1

[ lute) = un e (o) - un? Bl v(dt)
1/2 |B1\ /2

Since f11/2 up,|Bt|v(dt) = 0, by Lemma 2 we obtain

1 1
/ () — up, P|By| v(de) > 27 / s, P By v(dt).
1/2 1/2

Therefore

277|Bys|
2_ |UBt |B th) UBt|pB|I/(dt).
2\311/31/2//2 15 E /2' B

Using the inequality |a|? + |b|P > 2'P]a + b|P we obtain

B
L+1>= / / <|u ) — up, | + i 1/2|| Bt|p)dxz/(dt)
1/2 J Bt |B|

27| B L
> 2701Buel gy / lu(z) [P dz v(dt)
2| By 128

B
2l [ o) de

and the proof is finished. O
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3. Applications

Let us discuss some corollaries. Corollary 3 is well-known [5]. However, our ap-
proach allows for very general weights. Proposition 4 allows to deduce a weighted
Poincaré inequality for fractional Sobolev norms from an unweighted version. Corol-
laries 5 and 6 give a more concrete result for fractional Sobolev norms. The first
allows for more general kernels and exponents p. Corollary 6 improves |2, Theorem
5.1] because the result is robust for s — 1— and allows for general weights and
exponents p.

Corollary 3. Let p > 1 and ¢ be a radially decreasing weight. Consider X =
R? equipped with the Lebesgue measure and the Euclidean metric. There exists a
positive constant C' depending on p,d and ¢ such that

(7) | Ju(@) —uf, IPé(z) de < C  Vulz)l"e(z) dv
for every u € WP(By).

Proposition 4. Let p > 1 and let ¢ be a radially decreasing weight of the form
» = ®(p(-,x0)). Assume that for some kernel k: By x By — [0, 00) and some positive
constant C' the following inequality holds

(8) () — up,|P dz < C / [ Jute) = )Pz, ) dyde,

B,

whenever r € (%, 1] and u € LP(X). Then with M = T;'il‘l ;()1(%)

9) [ fulz) - uf, Po(x) do < CM/ u(@) — u(y)[k(z, y)(o(y) A ¢(x)) dy dx

B
for u € LP(X).

Corollary 5. Let ¢ be a radially decreasing weight of the form ¢ = ®(p(-, xo))
and p > 1. Let k: By x By — [0,00) be a kernel satisfying k > ¢ for some constant

¢ > 0. There is a positive constant M depending on d,p and ® such that for
ue LX)

(10) | lu(z) — uf, [Po() do < % | ful@) = u@)PR(z,9)(6(y) A o)) dy de
for uw € LP(X).

Corollary 6. Letp>1, R>1and 0 < sy < s < 1. Consider X = R? equipped
with the Lebesgue measure and the Euclidean metric. Let ¢ be a radially decreasing
weight of the form ¢ = ®(| - |). Then there exists a positive constant C' depending
on p,d, sy and ® such that

u(z) — uf, "6 () de
(11) o

u p

for all u € LP(By).
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Proof of Corollary 3. It is well-known that the following Poincaré inequality
holds

(12) lu(z) —up,[Pde <cr? | |Vu(z)|Pdx
By Br
for every uw € W'P(B,) and r > 0 where ¢ > 0 depends on p and d. Set

F(u,r)=c¢ rp/ |Vu(z)P dz,
for u € W'?(B;) and F(u,r) = oo otherwise. Then for u € W?(B)

/1 Flu,t) v(dt) = ¢ / o [ IVule) Py, (@) de v(dt)

/2 1/2 B1

<c |Vu(:x)|p/1 X (x)v(dt)de =c | |Vu(x)|Po(z)dx.

B1 /2 Bl

By Theorem 1 the assertion follows with C' = 23p+d%c. 0

Proof of Proposition 4. Let

Flur) =C [ [ jute) = atw)PiGe.) dy de

Then
1 1
/ Fu,t)w(dt) = C / / ) — uly) PR, y)xs ()X () dy do v(db)
1/2 1/2JB1J By
1
e / () — uly) Ph(z, y) / N (W)x, () v(dt) dy de
B/ B, 1/2
e / u() — u(y) PRz, 5)(6(y) A S()) dy d.
B1J By
The assertion now follows from Theorem 1. ]

Proof of Corollary 5.  First we use a well-known argument to obtain a non-
weighted Poincaré inequality. By calculus and convexity of the function x +— |x|P we
conclude that |a + b|P > |a|? + bplalP~! sgn(a). Thus

/ [ Jute) = )P ) dyda > / [ (o) = um) + G, = ()P dy o
> C|Br\/B lu(z) — up,|P dx

> clBigl [ Juta) = us P da,
Br
whenever v € LP(B,) and 5 < r < 1. The assertion follows now from Proposition 4.
O
In the proof of Corollary 6 we use the following auxiliary result.
Lemma 7. Let R>1,p>1and 0 < s < 1. Then

[u(z) — u(y)P (1—s) [u(z) — uly)”
(13) /Bl Blwdydl‘ < (3R)p N Blmx{‘xﬂ/‘gﬁ} dy dx
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for all uw € LP(By).
Proof. Let n be a natural number such that n > 2R > n — 1. We introduce
Ay = Ag(z,y) = %y+”7_kx, k=0,1,...n
Then

)P u(Ag_1) — u(A
B 31 |x—y| be B/ B ’3‘3_3/’ bs

— p
<nP~ 1 / / [u(Ax) dqi(Ak” dy dzx.
B1J By |z — y|*tPs

Note that ]Ak,l — A = %]m —y|. If we substitute & = Ag_1, § = Ay, then dgdz =
n~%dy dz (which follows by an elementary calculation, see also [3, p. 570]). Moreover,
T,y € By with |# — | < 2 < &. Hence

[ < v |u(@) —u(y)l g di
n 5.5 |x— |d+ps X{|z—g|< L} @Y AT

Since n < 2R + 1 < 3R, the assertion follows. O

Proof of Corollary 6. From [4] and [1, p. 80] we know that there exists a constant
C = C(p,d, sp), such that for sp < s < 1

(14) / lu(x) — up, [P dr < C(1 TPS/T/T \u|$_ |d+p2’ dy dz,

T

for all u € LP(By). The assertion now follows from (14), Proposition 4 and Lemma 7.

O
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