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Abstract. A degree c rotation set in [0,1] is an ordered set {¢1,...,t,} such that there is a

positive integer p such that ¢t;(mod 1) = tirpmod q) for i =1,...,q. The rotation number of the

set is defined to be g. Goldberg has shown that for any rational number % € (0, 1) there is a unique
quadratic rotation set with rotation number §~ This result was used by Goldberg and Milnor to
study Julia sets of quadratic polynomials [8].

In this work, we provide an alternate proof of Goldberg’s result which employs symbolic dynam-
ics. We also deduce a number of additional results from our method, including a characterization

of the values of the elements of the rotation sets.

1. Introduction

Let f be a complex polynomial in one variable and let zy be a fixed point of f.
Then zy € K(f), the filled-in Julia set of f. Define the rational type Tp of zy to be
the set of all rational angles ¢, such that the external dynamic ray of angle 6 lands
at z9. The fized-point portrait of f, denoted by P(f), is the set of all such T}, where
T is the rational type of the fixed point z; of f.

The above terminology was developed by Goldberg and Milnor in [8] as a way
of classifying polynomials of degree two or higher with connected Julia set. Their
main theorem establishes when a given fixed-point portrait is that of a critically
preperiodic polynomial, that is, a polynomial whose critical points are all strictly
preperiodic.

Central to the results of Goldberg and Milnor is the notion of a rotation set
(see Section 2), which Goldberg defines in [7]. The main theorem of Goldberg’s
paper establishes that a rotation set is uniquely determined by its rotation number
and deployment sequence. The quadratic case of this theorem, relating to rotation
sets under the doubling map, takes a particularly elegant form: for rational number
’5’ € (0,1) there is a unique quadratic rotation set with rotation number %.

Goldberg’s proof relies heavily on geometric arguments. It is noteworthy, how-
ever, that Goldberg’s result can be stated entirely without reference to complex
dynamics, or any sort of geometric interpretation. As such, it is logical to seek an
alternate proof which dispenses with this additional machinery. Our goal in this note
is to provide a proof of Goldberg’s main theorem on quadratic rotation sets using
purely symbolic arguments. We also show that such an approach can simplify some
of the auxiliary results in Goldberg and Milnor’s paper in the degree two case.
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2. The doubling map, rotation sets and the main theorem

Let t € R/Z. Define the doubling map on R/Z as D(t) = 2t(mod 1). Let
t € R/Z; we define the (forward) orbit of t under D as Orbp(t) := U, >0 D" (t). It is
easy to see that Orbp(t) is finite if and only if ¢ is rational. We will say that a point %,
is periodic if there is a positive integer ¢ such that D°? (¢y) = to, and if ¢, is periodic
we will let the period of ty be the smallest such ¢, and say that ty is ¢-periodic. The
orbit of such a point consists of ¢ periodic points, each of period ¢, and is called a
cycle of period q. Note that D(t) has one fixed point at ¢ = 0, or, equivalently, ¢t = 1.
The following proposition is well known and its proofs and applications are plentiful,
for example, see [3, 5, 9].

Proposition 1. Let a,b € Z" with a <b. Then t, = § is periodic if and only if
b is odd.

Note that if ty = 57 where r is odd then D°"(t) is periodic. Let ¢y be g-periodic.
Define the ordered orbit of ty, denoted by Orbp (ty), as the set of all elements of
Orbp (tp) written in increasing order, that is, Orbp (to) = {t1,2,%3,...,t,} where
each t; € Orbp(t) and t; < ¢ty < t3 < --- < t,. We will say that Orbp (ty) =
{t1,t2,t5,...,t,} is a rotation set if there exists a fixed positive integer p < ¢ such
that for each t;, D (t;) = t(i+p)mod ¢- We Wwill refer to the rational number § as the
rotation number of the rotation set. To illustrate, let us note that if we take ¢ty = %,
we have

1 1243 — 1 1234
(1) Orbp <g> = {5757575}7 Orbp (5) = {57575,5}

>
Since D(t;) = D(3) = 2 = t, while D(t3) = D(2) = 2 = t4, we sce that Orbp (1)
is not a rotation set. As a matter of fact, the reader may want to verify that there
exists no rotation set whose elements have denominator 5. On the other hand, let us

take tg = 3% Then

5 5 10 20 9 18 — ) 5 9 10 18 20
(2) Orbp (3—1> —{573—1757575}7 Orbp (ﬁ) —{575,3—175,3—1}-

—
It may now easily be checked that Orbp (3%) is a rotation set with rotation

number % As another example, note that Orbp (3—11) is a rotation set with rotation
number % It is a worthwhile and somewhat illuminating exercise to find the rotation
sets for rotation numbers g and %. Clearly, then, some rational values give rise to
rotation sets, while others do not. A consequence of our work below is a charac-
terization, in terms of binary expansions, of which values yield rotation sets. For
ti tr € {t1,t2,ts3,...,t,}, we define y(¢;,t;) = min,,~o(j + m)mod ¢ = k to be the
forward distance between indices of t;, t5. The following proposition helps justify the
terms rotation set and rotation number.

Proposition 2. Let ty be g-periodic. The following are equivalent.

(i) Orbp (to) = {t1,ta, ts, ..., t,} Is a rotation set.

(11) For any tj, tk c {tl, tz, tg, e ,tq}, "}/(D(t]), D(tk)) = ’}/(t]’, tk)

We omit the straightforward proof. The following is a key characterization of
rotation sets.
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—
Proposition 3. Let ty be g-periodic. Then Orbp (to) = {t1,t2,t5,...,t,} Is a
rotation set if and only if t, —t; < %

We will give a simple proof of this result in the following section. We are now
ready to state our main theorem, which was given as a special case of Theorem 7 in
|71

Theorem 1. Let p,q € Z™ with p and q relatively prime, and p < q. Then there
exists a unique rotation set whose rotation number is §.

The remainder of this paper will be devoted to proving this theorem and related
discussions. This result allows us to refer to such a set as Roty <§>. We will call this

the 2g—rotation set of degree 2.

Interest in this result has arisen at least partially due to its importance in complex
dynamics. In [8], Goldberg and Milnor used rotation sets to study fixed points of
quadratic polynomials. Given a quadratic polynomial with connected Julia set, a
fixed point of f is rationally visible if it is the landing point of an external ray with
rational angle. Goldberg and Milnor proved that a rationally visible fixed point is
either hit by the O-ray, or by the set of all rays whose angles are the elements of a
quadratic rotation set. For example, the Julia set of the polynomial e®™3 2 + 22 is
shown in Figure 1 below. The fixed point 0 is rationally visible, and the angles of
the rays landing at 0 are the elements of the rotation set given in (2).

"

Figure 1. The Julia set of e2™)3z + 22, Note the angles of the external rays landing at the
origin are the elements of Rots (%) Letting Ry be the ray of angle 35—1, R the ray of angle % and so
on, every application of the complex map rotates the five external rays, mapping each R; to R;4o;

after five iterations, all five external rays return to their original position.

3. Binary string interpretations

We begin with the proof of Proposition 3.

Proof of Proposition 3. Suppose first that ¢, > ¢; + 1/2. Then ¢, > 1/2 and
t1 <1/2, so that D(t;) = 2t; < 2t, — 1 = D(t,). This violates (ii) from Proposition
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2, since 7(t,,t1) = 1, and the only way that we could have vy(D(t,), D(t;)) = 1 with
D(t,) > D(t1) is if D(t,) = t4, D(t1) = t1. Thus, {t1,t2,15,...,t,} is not a rotation
set. Conversely, suppose t, < t;+1/2. Fort',t" € [0,1), let Z(¢',t") be [t', "] if ¢’ < ¢”
and {t € [0,1);t >t ort <¢"}if ' > ¢". Let t;,ty € {t1,t2,13,...,t,}, and set m =
Y(tj,te). Then A = {t;,(j+1)mod g - - - » t(j+m—1)mod ¢» tk } 18 a cyclicly ordered set, and
I(tj, tp) N {t1,ta,ts, ..., tg} = A. It is clear that D(A) = {D(t;), D(t(j+1)mod q) - - - »
D(t(j4m—1)mod q), D(tr)} is cyclicly ordered as well. Furthermore, since ¢, —t; < 1/2,
D is injective on [ty, t,], so that Z(D(t;), D(tx))N{t1,t2,t3,...,t,} = D(A). It follows
that v(D(t;), D(tx)) = m = ~(t;,t;), and thus {t1,%s,5,...,t,} is a rotation set by
(ii) of Proposition 2. O

We begin our efforts towards the goal of proving Theorem 1 by recalling that
periodic points under D can be expressed as rational numbers with odd denomina-
tors. It will be convenient for our purposes to express fractions as repeating binary
decimals. The following well known proposition characterizes the binary expansions
of rational numbers with odd denominators. Varying versions, proofs and examples
of this proposition may be found in several symbolic dynamics articles, such as [1] or
[2]. The proof is included to further motivate the subsequent discussion.

Proposition 4. Let § be a rational number in [0,1) with GCD(a,b) = 1. Then
the binary expansion of { is of the form .SSSSS ..., where S is a finite block of 0
and 1’s if and only if b is odd.

Proof. Consider a rational number of the form § =.5555S ..., with ¢ denoting
the length of the string S. Then the binary expansion of (27 —1) is S. We conclude
that £ being of the form .5SS5SS .. . is equivalent to being equal to a rational number
with denominator equal to 29 — 1 for some integer ¢, which is equivalent to b dividing
29 — 1. It is clear that this can only occur if b is odd. To show sufficiency, we must
show that any arbitrary odd b divides 29 — 1, for some ¢. To see that this must be
so, note that we can find m > n such that 2 = 2" (mod b). 2 is always invertible in
the ring Z/bZ when b is odd, so we can conclude that 2"~ = 1 (mod b), and thus
b|(2m" —1). OJ

This proposition shows that we may reformulate the discussion of rotation sets
in terms of binary strings. It should also be noted that, in the symbolic dynamics
context, the binary expansion of points in [0, 1) defines a factor map from ¥} onto
the circle. Let 33 be the space of repeating one-sided infinite binary sequences. That
is, every X € X3 can be realized as the concatenation SSSSS. .., where S'is a finite
block of 0 and 1’s. We will write S = 1%10°11920%2 ... 1%0% to signify the string
formed by a; 1’s followed by b; 0’s, followed by ay 1’s, etc. Let o be the usual left
shift map on 3%, given by o (z12223...) = xewzzy.... To every X € 35 we will
associate the finite string Sx = z12273...7, of length ¢, where Sy is the shortest
possible repeating block of X. Conversely, given a finite binary string S, let Xg be
the periodic binary sequence given by the concatenation SSS.... Let S and T be
two different strings of length q. Then we will say that S is cyclically equivalent to
T if S is a cyclic permutation of T', or equivalently if there exists a p < ¢ such that
o? (X1) = Xs. In this case we will write S ~ T, and we will denote the equivalence
class of S under this relation by [S]. We will call the corresponding sequences Xg
and Xp cyclically equivalent as well, and similarly denote the equivalence class of
such sequences [Xs] or [X7]. Let 3% denote the space of equivalence classes in 3.
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For any finite string S, set M(S) = .955..., that is, M(S) is the rational
number whose binary expansion consists of a decimal point following by infinitely
repeated copies of S. For example, M (101) = .101101101... = % In general, if the
length of S is ¢ then M(.S) can be expressed as a fraction with denominator 29 — 1.
Likewise, for X € % let M(X) = M(Sx). Given [X] € 3%, let Xy denote the
maximal element of [X], that is, the member of [X] such that M (Xyay) > M(Y) for
all Y € [X]. Let X, be the minimal element of [X], defined analogously. Let the
width of the class [X] be defined to be d(Xmax, Xmin) = M (Xmax) — M (Xmin). We
should note here that we are implicitly appealing to the fact that the lexicographic
ordering of sequences in ¥} corresponds to geometric ordering on [0, 1). We will call
[X] admissible if d(Xmax, Xmin) < % Let C’f; be the set of all equivalence classes of
the form [Xg], where S is a binary string of length ¢ containing p 1’s. Proposition
3 reveals the following to be simply a restatement of Theorem 1 in the language of
binary strings.

Theorem 2. Let £ € [0,1] be a rational number. Then C} contains a unique
admissible equivalence class [X].

Note that it is not assumed here that GC'D(p, q) = 1, although it will be shown
in the next theorem that it is enough to consider only that case. We will see in
what follows that our proof gives somewhat more information about the admissible
equivalence class than is stated in Theorem 2. Call two strings S and T converses
of each other if they are each equal to the other with its digits reversed; in other
words, S read left to right is equal to T read right to left. So, for example, 01001 and
10010 are converses of each other. A string which is its own converse will be called a
palindrome. An example of this would be 10101. For a finite binary string S let the
density of S be defined to be g, where ¢ is the length of S and p is the number of 1’s
in S. The following is immediate from the methods we will use to prove Theorem 2.

Theorem 3. Let £ € (0,1). Let [X] be the unique admissible equivalence class
in C}; which is guaranteed by Theorem 2. Suppose that Xy.x =2122...7, and
Xmin =Y1Y2 - - - Yq- Then the following hold.

i)y =12,=0,y1 =0,y, =1, and x; = y; for 2 <i < q—1.
ii) Sx,.. and Sx,,, are converses, or equivalently, xox3 ... 2(4—1) Is a palindrome.
iii) If [Xs] € C}P for any positive integer n is admissible, then S = T" with
[X7| the admissible class in CP; that is, S is the concatenation of n copies of
a string of length q containing p 1’s corresponding to the unique admissible
element in C?. Thus, for any rational g € [0, 1], with p and q relatively prime,

there is a unique admissible equivalence class in 23 with density §> and this
can be found in C¥.

This theorem allows us to prove information about the geometry of a rotation set.
Making the obvious identification between R/Z and the circle T, of circumference
1, we see Proposition 3 guarantees that a rotation set, Rota(p/q), is located entirely
in an arc of length less than a half. By combining part (i) and (i7) of this theorem,
we see the shortest arc containing Rots(p/q) is of length % — 2q1_1. Indeed, in binary
form Sx,,.. = 1P0 and Sx_, = 0P1, for where P a palindrome of length ¢ — 2, giving
M (Xpax) — M (Xpin) = 019710197 . = 2 —

2 29—-1°
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Furthermore, a rotation set partitions T into a disjoint series of arcs; namely
the connected components of T\Rots(p/q). Indeed, given two adjacent elements,
ti,tir1 € Rota(p/q), with indices reduced mod ¢, these arcs are just the intervals
Vi = Z(t;,tiv1). The length of V; is hence given by I(V;) = (t;11 — t;) for i =
1,...,¢—1,and [(V,) = 1+t — t;. We then have

Proposition 5. The arc of greatest length is V,, and its forward image under
doubling, V), is the arc of shortest length. Moreover, the length of V; is given by

2n71
l L) =
V)= 5

where i = np(mod ¢) and 1 <n <gq.

Proof. Since M (Xpax) — M(Xpin) = 0197101771 .| it follows V; has the com-
plementary length of .109711097 .. .. Since any ¢; € Roty(p/q) can be written of the
form t, = D°"(t,) for some n, it follows I(V;) = 2"I(V,) mod 1. The lengths of the
V;’s are thus the elements of Roty(1/q), the largest of which is I(V,) = 107711077 . ..
and the smallest of which is its image under doubling, I(V},) = .07 110771 .. .. O

mod 1,

We recall that Goldberg and Milnor [8] use rotation sets to study fixed points
of quadratic polynomials. Given a polynomial f(z) = 2% + ¢ with connected Julia
set, a fixed point of f is rationally visible if it is the landing point of an external
ray with rational angle. Goldberg and Milnor prove a rationally visible fixed point is
either hit by the 0-ray, or by all of the elements of a rotation set Rotg(g). These rays
partition C into sectors. The sectors have angular width equal to the lengths of the
V; given above. Furthermore, Goldberg and Milnor proved that the sector of smallest
angular width contains the critical value ¢ and the rays bounding this sector are the
only two parameter rational rays to land at c. This smallest sector in our notation is
V, = (tp, tp+1). The critical point, 0, is contained in sector of largest angular width,
corresponding in our notation to V, = (¢,,t1).

4. Proofs of Theorems 2 and 3

The cases £ =0 and 2 = 1 are trivial, so we will assume 2 € (0, 1). We proceed

by induction on ¢q. The case ¢ = 2 is trivial. Assume validity for all values less
than ¢. Let ¢ = hp + v be the Euclidean representation of ¢, such that h and v are
nonnegative integers with 0 < v < p. Let A = 10" ! and a = 10". We will proceed
through several lemmas.

Lemma 1. If an equivalence class [ X| does not contain a representative formed
by concatenating A’s and a’s, then [X] is not admissible.

Proof. First let us note that we can choose a representative X such that Sy starts
with 1, and can therefore be written Sy = 1010 ...10™ ,where 74, ...,r, are non-
negative integers(which may be 0). We are therefore trying to prove that r; = h—1 or
h for all 5. Notice that if r; < h for all j, the string would have length less than or equal
to hp which is less than ¢, and if r; > h for all 7, the string would have length greater
than or equal to (h + 1)p which is greater than ¢. This observation gives us a lower
bound on X,,.« and an upper bound on X,;,, as follows. By rotating if necessary we
can assume that 7; < h — 1, so that M (Xpay) > 10" 1100 (D 10h= 1100 (4D
Similarly, we can rotate so that vy > h, rotate one more place to obtain a string be-
ginning with h 0’s, and then M (X,,;,) < .0719720"197" ... Notice that these bounds
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for M(Xpmax) and M (X ) have a distance less than 1/2 between them, but just
barely. Now, suppose that there is some r; greater than or equal to h + 1. Then
in the same manner we can bound M (X,) < .0 1e-(hH)phtl1a=(h+) " which
is no longer within 1/2 of the lower bound for M (X,,.x), and [X] is therefore not
admissible. Likewise, if there is some r; less than h — 1, we obtain M (Xyax) >
1072109710 21097" . .., which is no longer within 1/2 of the bound for M (X i),
and [X] is not admissible. Thus, r; = h or h — 1 for all j. O

We see from this that we need only consider equivalence classes which contain
an element formed by concatenating A’s and a’s. Suppose [X] is such an equivalence
class. Sx,.. must begin with a 1, and so can be written as Sx, .. = Y1Y5...Y,, where
each of the Yj’s is either A or a. On the other hand, S, , must begin with a 0. To
express Xpmin i a similar fashion let A° = 0"~ '1 and let a¢ = 0"1. If X,,;, ended in
a 0, then we would have D(M (Xwyin)) < M (Xmin), which contradicts the choice of
Xmin as the minimal representative. Thus, Sx_. ends in a 1, and can therefore be
expressed as a concatenation of A¢’s and a®’s. It is evident that we need to be able
to determine how the distance function behaves on strings in the form of Sy, .. and
Sxpm- £ Y; = A(resp. a) we will use the notation Y;¢ to denote A°(resp. a®).

Lemma 2. Suppose that Sy = Y1Y5...Y,,, where each of the Y;’s is either A or a,
and Sy = Z1Z5...Z,, where each of the Z’s is either A® or a®. Then d(Y,Z) < 1/2 if
and only if one of the following conditions holds:

i) Yi¢= 7.
i) Y1 =a, Z; = A
iii) Vi =A, Zy = a°, and Y; = a, Z; = A°, where j is the smallest index greater
than 1 for which Y # Z;.

Proof. Since M(Y) > M(Z), d(Y,Z) < 1/2if, and only if, M(Z) > M(Y)—1/2.
Suppose that Y and Z satisfy (4ii), so Sy = 10""1Y;...Y,, S; = 0"1Z,... Z,. Now,
Y5...Y, can be written as 1Yy ... Y7 0", where r is either & or h—1. We are therefore
comparing 10" 1Yy ... Y207 with 0717, . .. Z,. Note that M (10" 1Yy ... Y, ,07)—
1/2 = M(0"1Yy ... Y, ,07). Since Y; = a® and Z; = A, we see that M(0"1Yy ...
Y 07) < M(0"12, ... Z,), so that d(Y, Z) < 1/2. That (i) and (i) imply d(Y, Z) <
1/2 is similar, but simpler. The only other case to consider is when Y; = A, Z; = a°,
and Y; = A and Z; = a°, where j is the smallest index greater than 1 for which
Y # Zj. The same argument shows that in this case d(Y, Z) > 1/2. Note that if
Y® # Zi, then there must be a j > 1 such that Y # Zj, since the number of A’s
present in Y must equal the number of A°’s in Z, due to the fact that Y and Z have
the same length. We have therefore exhausted all cases. This completes the proof of
Lemma 2. 0

There is a very convenient symmetry to Lemma 2 which is based on the fact that
Lemma 2 is essentially a statement about binary strings on symbols, one of which, A,
is greater than the other, a. The statement of the theorem holds if we replace every
A or A° with a 1 and every a or a¢ with a 0. Let us isolate this as a new lemma,
the proof of which we omit due to the fact that it is essentially identical to that of
Lemma 2.

Lemma 3. Suppose that Y = YiY,...Y,, where each of the Y’s is either 1
or 0, and Z = Z1Z,...Z,, where each of the Z’s is either 1 or 0. Suppose that



234 David Bowman, Ross Flek and Greg Markowsky

M(Y) > M(Z). Then d(Y,Z) < 1/2 if and only if one of the following conditions
holds:
i) Y1 = 7.
i) Yi=1,2,=0,Y; =0 and Z; = 1, where j is the smallest index greater than
1 for which Y; # Z;.

We are now ready to complete the proof of Theorem 1. We can apply the in-
duction hypothesis to obtain a unique admissible equivalence class [W] in C}. Let
W = Wy ...W,, where each W; is either 1 or 0. Let [X] be the equivalence class in
C? containing the element X = Wi ... W/, where each W} = Aif W; =1 and W] =a
if W; = 0. The claim now is that [X] is the unique admissible equivalence class in
C’g’. Let Wiax = Y1 ... Y, Whin = Z1 ... Z,,, where each of the Y;’s and Z;’s is either
L or 0. Then it follows that Xp.x =Y/ ... Y, and Xy = (Z°)§ ... (Z2');. Comparing
Lemma 2 and Lemma 3 we see that the fact that d(Wiax, Winin) < 1/2 implies that
d(Xmax; Xmin) < 1/2. Uniqueness and statement (ii) regarding converses and palin-
dromes all follow from the corresponding properties of the admissible element in C,
and therefore C? contains a unique equivalence class with the required properties.
This completes the induction. Statement (iii) of Theorem 3 is a simple consequence
of uniqueness: if [X7] is admissible in C?, then letting S = T™ gives an admissible
class [Xs| € C7F, which is unique by the prior argument. This completes the proof
of Theorems 2 and 3. ([l
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