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Abstract. The Weil-Petersson and VMOA Teichmiiller spaces, subspaces of the universal
Teichmiiller space, are complex Banach manifolds modelled on different Banach spaces. We show
that they are holomorphically contractible. It is given in [28] that the Kobayashi and Teichmiil-
ler metrics coincide with each other on the Weil-Petersson Teichmiiller space. We show that this
property is also true on the VMOA Teichmiiller space. A couple of other properties of the two
spaces are also obtained.

1. Introduction

Let L>*(D) denote the Banach space of essentially bounded measurable complex-
valued functions defined on the open unit disk D, and let M (D) be the open unit
ball in L>*(D) centered at the 0-constant function. For each element p € M (D),
there is a unique quasiconformal homeomorphism f# of D with Beltrami coefficient
g and normalized to fix three points 1, —1 and i. Two elements p and v of M (D)
are equivalent if f*|g1 = f”|g1, where S' = 9D. Denote by [u] or [f#], [f#|s:] the
equivalent class of p. The universal Teichmiiller space T'(D) can be defined as

T(D) = {[]: € M(D)}.
A natural projection from M (D) to T'(D) is defined by
®: M(D) - T(D): pu+— [u].

Let C be the extended complex plane and D* = (A]\ﬁ Given each element

pn € M(D), let f, be the quasiconformal mapping on C with Beltrami coefficient p
on D and 0 on D* and normalized on D* as

by by
fug) =2+ —+ 50

Then f,|p- = f,|p- if and only if f#|g1 = f¥[s1.
Let Sy,|p. be the Schwarzian derivative of f,|p- and let B(D*) be the Banach
space of holomorphic quadratic differentials ¢ on D* under the following norm

10lls = sup |6(2)]pp (2) < o0,
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where pp-(2) = 1/(]z|*—1) is the Poincaré density on D*. Using the Bers embedding
p:T(D) = B(DY): 5([u]) = Sy,

Ip*>

one can introduce a complex structure on 7'(D) such that ® is a holomorphic split
submersion.

There are several interesting subspaces of T'(D), which are also complex Banach
manifolds but modelled on Banach spaces with different norms. This paper involves
three of them: the space Ty(D), the Weil-Petersson Teichmiiller space and the VMOA
Teichmiiller space. In the following, we first give a brief introduction to these three
spaces.

An element p € M (D) is called a vanishing Beltrami coefficient if for any € > 0,
there exist 0 < 7 < 1 such that |||p\p, || < €, where D, = {2: |z < r}. Let My(D)
be the collection of all vanishing Beltrami coefficients. Then Ty(D) is defined to be

To(D) = {[u]: p € My(D)}.

The space To(D) is a normal subgroup of T (D) under the composition [14], and
the quotient space T'(D)/T,(D) is called the asymptotic Teichmiiller space of D and
denoted by AT(D). For studies of AT (D), we refer to [14], [7], 8] and [10]. Let
By(D*) be the subset of B(D*) consisting of all ¢ € B(D*) such that

(1) limsup [6(2) 752 (2) = 0.

r—1+ |z|=r
Then [u] € To(D) if and only if B([u]) € Bo(D*) [10], and Tp(D) is a complex Banach
manifold modelled on the Banach space (By(D*),|| - ||5). Furthermore, the inclusion
map

i: Ty(D) — T(D)

is holomorphic.
Let Ms(D) be the subset of M (D) consisting of all u € M (D) such that

/|u VWPpd (2) de dy < oo,

where pp(z) = 1/(1 — |2|?) is the Poincaré density on D. (For a convenience of

using fewer symbols in the expressions of integrals in the next section, we consider
pp(z) = 0 if |z| > 1.) The space T»(D) is defined as

T2(D) = {[u]: n € My(D)},

which is called the integrable Teichmiiller space in [3]| or the Weil-Petersson Teich-

miiller space in [22|. Let By(D*) be the subset of B(D*) consisting of all ¢ € B(D*)
such that

1
2

12) loll:={ [ 1ottt oy} <o

It was proved in [3] that [u] € T5(D) if and only if 3([u]) € B2(D*), and T5(D) is a

complex Banach manifold modelled on the Banach space (By(D*), | - ||2). It is also
proved in Lemma 2 of [3| that (1.2) implies (1.1). Therefore,
(1.3) T»(D) C TH(D) Cc T(D).

Furthermore, T5(D) is a group under the composition [3]|. For more studies of T5(D),
we refer to [16], [24] and [26].
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A positive measure A defined on a simply connected domain §2 of C is called a
Carleson measure if

{)\(Q N g(z,r))

|A]|? = sup c2€00, 0<r< diameter(Q)} < 00,

where U(z,r) = {w: |w — z| <r}. A Carleson measure A is said to be vanishing if
lim AQNU(z1))
r—0 r

uniformly on z € 9. We denote by CMy(Q2) the set of all vanishing Carleson
measures on 2. Let M, (D) be the subset of M (D) consisting of all x € M (D) such
that |u(2)|?pp(2) € CMy(D). Then the VMOA Teichmiiller space T, (D) is defined

by

=0

T,(D) = {[u]: p € M,(D)}.
Let B,(D*) be the subset of B(D*) consisting of all ¢ € B(D*) such that

(1.4) |6(2)|*pp: (2) € CMo(D"),
which is a Banach space under the norm

I19lls = [11¢1*pp?le-
It was proved in 23] that [u] € T,(D) if and only if 5([1]) € B,(D*), and T,(D) is a
Banach complex manifold modelled on (B,(D*), || - |l.)-

The proof of Lemma 2 in [3] can be modified to show that (1.4) implies (1.1)
[23]. Therefore,

(1.5) T,(D) C Ty(D) C T(D).
Furthermore, 7, (D) is also a group under the composition [23]. For more studies of

T,(D), we refer to [1], [2] and [20].
Let 7(D*) = 8(T'(D)), T2(D*) = B(1>(D)) and T,(D*) = 5(T,(D)). Then

T(D*) € B(D*), T5(D*) C By(D*) and 7,(D*) C B,(D").

Furthermore,
T2(D*) c T(D*) and 7,(D*) C T(D").

These subspaces of T'(D) are introduced for different purposes: To(D) is used to
define the asymptotic Teichmiiller space of D; T5(D) plays an important role in the
study of the Weil-Petersson geometry of the universal Teichmiiller space [16, 22, 26];
T,(D) has applications in harmonic analysis (see [1], [23] and references therein). In
this paper, we study complex properties of T5(D) and T, (D).

Note that T5(D) (resp. T,(D)) and 7'(D) are complex Banach manifolds modelled
on Banach spaces with different norms. In fact, the topology induced by || - ||2 (resp.
|- |ls) on T5(D) (resp. T,(D)) is stronger than the one induced by || - || 5 restricted on
T5(D) (resp. T,(D)) (]3], [23]). Therefore, it is not obvious that the inclusion map
from T3(D*) (resp. T,(D*)) to T(D*) is holomorphic. In this paper, we first give a
proof to the following folklore theorem.

Theorem 1. (Folklore Theorem) The inclusion maps
ia: (T2(D%), || - ll2) = (T(D), [ - l[5)
and
iv: (To(D), [ - o) = (TD), |- l|5)

are holomorphic.
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A complex manifold X is said to be holomorphic contractible to a point xg € X
if there is a continuous map

F:0,1]xX > X

such that for each x € X, F(0,2) = z and F(1,x) = x¢, and for each t € [0, 1], the
map z — F'(t,x) is holomorphic from X to itself and fixes the point xy. Such a map
F is called a holomorphic contraction of X to x.

It was shown respectively in [5], [3] and [27] that Teichmiiller spaces, the spaces
T2(D) and T,(D) are contractible. Since Teichmiiller spaces are complex Banach
manifolds, an interesting question is to ask whether or not their images under the
Bers embedding § are holomorphically contractible. It is still an open question
whether or not 7(D*) is holomorphically contractible, but Earle proved in [6] that
To(D*) is holomorphically contracted to the base point. The main result of this paper
is to show that 73(D*) and 7,(D*) are also holomorphically contracted to the base
point.

Theorem 2. (Main Theorem) Both T3(D*) and T,(D*) are holomorphically
contracted to the base point [5([0]).

The Kobayashi pseudo metric is defined on any complex Banach manifold, and
hence on any Teichmiiller space. Then one likes to study whether or not the Kobayashi
pseudo metric and the Teichmiiller metric coincide with each other on a Teichmiiller
space. This is proved to be true by Royden on finite-dimensional Teichmiiller spaces
[21] and by Gardiner on infinite-dimensional Teichmiiller spaces [12]|. A unified proof
of the coincidence of the two metrics on all Teichmiiller spaces is given in [9]. The
same problem is studied on the space To(D). It is proved in [8] that the Teichmiiller
metric and the Kobayashi metric are equal on Ty(D), see [15] for a direct proof. The
coincidence of the Kobayashi metric and the Teichmiiller metric on T5(D) is given as
Theorem 1.1 in [28]. In this paper, we show that this property also holds on T, (D).

Theorem 3. The Kobayashi metric coincides with the Teichmiiller metric on
T, (D).

By an invariant metric dxy on a complex Banach manifold X we mean a pseudo
metric that satisfies

dp(f(r1), f(22)) < dx(z1,22) and  dx(g(21),9(22)) < dp(z1, 22)

for any holomorphic functions f: X — D and ¢g: D — X and two points 1,2, € X
or z1, 29 € D. It is proved in [18| that any invariant metric on any asymptotic Teich-
miiller space is a complete metric. As an application of our Theorems 1 and 3, we
obtain the following property.

Corollary 1. Any invariant metric on Ty(D) or T,,(D) is not complete.

The Kobayashi metric is an invariant metric. Theorem 1.1 of [28], our Theorem 3
and the previous corollary imply the following corollary.

Corollary 2. Both T5(D) and T, (D) are not closed in T'(D) under the Teich-
miiller metric.

Note that T(D) is complete and closed in 7' (D) under the Teichmiiller metric
and any invariant metric on Ty(D) is complete.

The paper is organized as follows. We prove Theorems 1 and 2 in Section 2 and
Theorem 3 and Corollary 1 in Section 3.
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2. Proofs of Theorems 1 and 2

Let X and Y be two complex Banach spaces, and U be a non-empty open subset
in X. A mapping f: U — Y is said to be holomorphic if f is locally bounded and
the complex Gateaux derivative d, f(z) defined by

4o 510) = i T 1) =0

exists for each (u,x) € (U, X). There are various equivalent definitions of holomorphy
([19], |24]). In this paper, we use the following characterization of holomorphy (19|,
[23]): a continuous map f: U — Y is holomorphic if for each (u,z) € (U, X) and
cach element y* from a total subset Y, of the dual space Y*, y*(f(u + tz)) is a
holomorphic function in a neighborhood of zero in the complex plane. Here a subset
Yy of Y* is total if y*(y) = 0 for all y* € Y, implies y = 0.

In order to prove Theorem 1, we need the following two known results.

Lemma 1. [3] There exists a constant C' > 0 such that

I¢lls < Cll¢ll2-
Lemma 2. [23| There exists a constant C' > 0 such that

oIl < Cllol|o-

Proof of Theorem 1. By Lemma 1, we know that i3 is continuous. For each
z € D* and ¢ € B(D*), we define [.(¢) = ¢(z). Then |¢(2)| < |é|5(|z]* — 1)72,
which implies ||I.]] < (|z]* — 1)72 Thus I, € B*(D*). Set A = {l, : 2 € D*},
it is obviously A is a total subset of the dual space B*(D*). Now for each pair
(¢, ) € (To(D*), Bo(D*)) and any t on the complex plane with |¢| small, it follows
from Lemma 1 that i5(¢ +ty) € B(D*). Then for each fixed z € D*, we obtain that
L.(i2(¢+1tp)) = ¢(2)+tp(z) is a holomorphic function of ¢. Using the characterization
of holomorphy, we conclude that the inclusion map 5 is holomorphic. Using Lemma 2
and a similar argument, we can see that 7, is also holomorphic. O

Before giving a proof of Theorem 2, let us recall some results and notation in [6].
In order to use some notation introduced in [6], we replace the four spaces B(D*),
By(D*), By(D*) and B,(D*) by their counterparts defined on D. Let A(z) = I and
B(D) be the collection of holomorphic functions ¢ on D with

Ilpllp = sup [¢(2)|pp’(2) < oco.
zeD

Then an isometric isomorphism A* from B(D*) to B(D) is defined by
A*(¢) = (o0 A)(A)?,

where ¢ € B(D*).
Let By(D), By(D) and B, (D) be the subsets of B(D) consisting of all ¢ € B(D)
such that

i sup [(opt(:) =0, [ I (e dedy < o0

r—1- |z|=r
and
[0(2)*pp’(2) € CMy(D),
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respectively. Then A*(By(D*)) = By(D), A*(B2(D*)) = By(D) and A*(B,(D*)) =
B,(D). We denote by To(D), 72(D) and 7,(D) the images under A* of 75(D*),
To(D*) and T,(D*) respectively. Then 73(D) = To(D)N By(D) and 7,(D) = To(D)N
B,(D). In order to conclude Theorem 2, it suffices to prove that 73(D) and 7,(D)
are holomorphically contractible. In the remaining part of this section, the following
theorem of Earle in [6] is employed to prove our Theorem 2.

Theorem A. [6] Given a point 7 in the closed unit disk D and ¢ € To(D), let
9-(2) = 7z and g;(¢) = (¢ 0 g-)(g;)*. Then
G: B x To(D) — To(D): (1.0) — g (¢)

is a continuous map. Furthermore, for each fixed 7 € D the map ¢ +— G(r,p) is a
holomorphic map from To(D) to itself.

Proof of Theorem 2. Let G(7,¢) be the map defined in Theorem A. If G(7,¢)
is continuous and maps holomorphically 73(D) to itself for any 7 € [0, 1], then the
map F(t,p) = G(1 —t,9): [0,1] x To(D) — T3(D) contracts 75(D) holomorphically
to the base point of T5(D).

In the following, by three steps, we will prove G(7,¢) is continuous and maps
holomorphically 73(D) to itself for any 7 € [0, 1].

Step 1. We prove that G(7,¢) = (v 0 g,)(g.)? maps T2(D) into itself for each
7 € [0,1]. By Theorem A and 72(D) = To(D) N By(D), we only need to prove
|G (7, ¢)|l2 < oo for any (7, ¢) € [0,1] x To(D). Let (7,¢) € [0,1] X T2(D) and denote
by D, = {z: |z] < 7}. Then

HG(T,w)Ilg=/D\G(TW)IQpBQ(Z)dIdy:/DT4|30(72)|2p132(2)dwdy

(2.1) §T2/DT2\<p(Tz)|2p52(Tz) d:cdyzrz/ |go(z)\2p52(z) dx dy

T

<72 [ Jo(a) o (e) dedy = ol < .
D

which implies G(7, ¢) € T2(D).

Step 2. We prove that G: [0,1] x T2(D) — T3(D) is continuous. We first show
G(7, ) is continuous on the variable ¢ € T3(D) for each fixed 7 € [0,1] and then
show G(7, ) is continuous on the variable 7 € [0, 1] for each fixed ¢ € T3(D).

Let 7 € [0,1] and ¢,9 € T3(D). Using a similar process of steps in (2.1), we
obtain

|G (7, 0) = G(T,¥)]l2 < 7lle — ]2

Hence G(7, ¢) is continuous at any point ¢ € T5(D) for each fixed 7 € [0, 1].

Now we prove that G(7, ¢) is continuous on the variable 7 € [0, 1] for each fixed
¢ € To(D). We divide the proof into two cases.

Case 1: We assume that a sequence {7,,}5°, of points in [0, 1] converges to a
point 7 € [0,1). Then for any sufficiently large n and all z € D | 7,z and 7z are
contained in a compact subset of D and hence

lim sup ‘Tﬁgpz(rnz) — 7'4<p2(7'z)} =0.
n—0o0 zeD

Thus,

|G (70, ) — G(7, 0)||5 < (228 |70 (Ta2) — T4<p2(rz)}) /DpBZ(Z) dzdy — 0
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as n — 0o. This means that G(-,¢) is continuous at any point 7 € [0,1) for each
fixed ¢ € T2(D).

Case 2: Assume that a sequence {7,}22 ; of points in [0, 1] converges to 1. Denote
by D, = {z: r < |z| < 1}. Since ¢ € T3(D), it follows that for any ¢ > 0, there
exists r € (0, 1) such that

/D lo(2)|Pppl(2) dz dy < e.

Let " € (r,1). Since 7, converges to 1, there exists N € N such that 7,z € D,.; for
any n > N and any z € D,/ ;. Using a similar process of steps in (2.1), we obtain if
n > N, then

/D |G(Tn,so)—<ﬂ\2p52(2)d$dy§/ 2 (IG(ra, @) + 0(2)|*) pp (2) dw dy

Dr’,l

r’1
<t [ o)) dedy < e
D'r,l
Using the same argument in Case 1, we can show

lim [ |G(7,9) — ¢[*pp’(2) dwdy = 0.

neoJp,,
Thus
Jim [|G(70, ) = ¢l =0,
which means that G(7, ) is continuous at 7 = 1 for each fixed ¢ € To(D).

Step 3. We prove that G(7,-): T2(D) — B2(D) is holomorphic for each fixed
7 € [0,1]. Let 2 € D and ¢ € By(D) and define I.(¢) = ¢(z). From the proof of
Theorem 1 and By(D) C B(D), we know [, € B*(D) C B;(D). Set A ={l,: z €
D*}, it is obviously A is a total subset of the dual space Bj(D). Now let (¢,v) €
(72(D), B2(D)) and let t be a complex variable with small |t|. For each fixed z € D
and 7 € [0,1], L(G(7, ¢ + t)) = 72(p(72) + tp(72)) is a holomorphic function of ¢.
Consequently, G(7,+): Ta(D) — By(D) is holomorphic for each fixed 7 € [0, 1].

In summary, the previous three steps imply that G(7, ¢) is continuous on 7 € [0, 1]
and ¢ € T3(D) and it maps 72(D) holomorphically to itself for each fixed 7 € [0, 1].

The second half of the proof is to show that G(7,¢) is a continuous function
defined on [0, 1] x T,,(D) and it maps 7,(D) holomorphically to itself for each fixed
7 € [0,1]. Then F(t,¢) = G(1 —t,¢): [0,1] x T,(D) — T,(D) contracts T,(D)
holomorphically to the base point of 7,(D). We divide the proof into the following
four steps.

Step 1'. We prove that for each (1,¢) € [0,1] x To(D), |G(T,¢)|]? < 2|¢|*
Given a point w € S!, denote by

Uw,r)={z€D: |z—w|<r} and 7U(w,r)={r2: 2€ U(w,r)}.

We prove ||G(7,¢)||? < 2||¢||? by considering the following two cases.

Case 1: We assume that r € (0, 1]. Clearly, if z € U(w,r), then |z| € [1 —r,1].
rp (2)
)

Since is a non-increasing function of |z| for each 7 € [0, 1], we obtain

-3 1 9
1—(1-—
sup p_]?)) ) < sup 'O_Dl (2) < (2 r) .
zeUwr) Pp (TZ) ~ zeU(war) Pp (T2) — 1—72(1—7)
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Thus,

1—7(1— . 2 —
sup M sup p_D3 (2) < sup T < 2.
0<r<1 r zeU(w,r) PD (72) o<r<1 14+ 7(1—1)

Using 7U (w,r) C U(w,1 —7(1 —r)), we obtain

fU(w,r) ‘G(T7 @) |2p]53(2> dx dy

sup
w,r<1 r
Jotw mo(12)]*pp’ (2) da dy
= sup
w,r<1 r
7?|o(12)]*pp’ (72) da dy -3
< sup fU(w,r) D . sup p_Dgi(Z)
(2.2) ~ wrst r eU(w,r) P (TZ)
wir_m () Pop’ () dedy 1 — 7(1 — =3
< sup Jotwa—ra-r) D Rt k) R, P (2)
w,r<1 1- T( ) r 2€U(w,r) PD (TZ)

wlr(1_ry P2 dx dy 1—7(1 — =3
< sup Jowi-rar) 1$(2) 05" (2) Sup{ T(l1—-r) sup ,OD(Z)}

wr<1 1—7(1-=7) r<1

< 2[lell5.

Case 2: We assume that r € (1,2]. Using 7U(w,r) C U(w,r), we obtain

fU(w,r) |G(T, 80)|2,053(z) dx dy fU(w’r) 7'4|<P(7'Z)|2PD (2) dx dy
Sup = sup
w,re(1,2) r wre(1,2] r
fU(w,r) T2|¢(TZ |2PD (TZ) dx d’y
< sup
w,re(1,2] r
fTU(w,r) ‘@(Z)| p]_) (Z) d.f(f dy
= sup
w,re(1,2] r
2 -3
Jotwm [9(2) P’ (2) dz dy
< sup e < Jlgl.
w,re(1,2] r

Combining the above two cases, we conclude that ||G(7,9)||? < 2|l¢||?> at each
point (7,¢) € [0,1] x T,(D).

Step 2. We prove that G(7,-) maps 7,(D) to itself for each fixed 7 € [0, 1].
When 7 = 1, G(7,-) is the identity map and hence it maps 7,(D) to itself. In the
following, we assume 7 € [0, 1).

From Step 1, G(1,¢) is a Carleson measure on D for any (7,¢) € [0,1]
To(D). By Theorem A, in order to prove G(7,¢) maps T,(D) to itself for any 7
[0,1), we only need to show that G(7,¢) € B,(D) for any ¢ € 7,(D). Since 7
[0,1), 7U(w,7) C D, = {z: |2| < 7} for any w € S' and any r. Denote by M

I mm X
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sup..cp [o(72)[%. Then

1 _ 1 _
s [ 6o ey = [ o)) de dy

w r U(’LU,T’)

< M7‘41 / pp(2) dx dy

T JU(w,r)
1 2w 1

< M74—/ / (1 —t33dt — 0
™ Jo 1—r

as r — 0. Hence G(7,¢) € B,(D), which means that G(7, ») maps T,(D) to itself
for each 7 € [0,1).

Step 3. We prove that G: [0,1] x T,(D) — 7T,(D) is continuous. Let ¢, €
T,(D). Using similar approaches in Step 1’, we obtain

IG(7,0) = G(m ¥)ll; < 2lle =YL

This inequality implies that G(7, ) is continuous on the variable ¢ for each fixed for
7€ [0,1].

Now we prove that G(7, ) is continuous on the variable 7 € [0, 1] for each fixed
€ To(D). We divide the proof into two cases.

Case 1: Assume that a sequence {7,,}7°, of points in [0, 1] converges to a point
7 € [0,1). Then for any sufficiently large n, 7,,U(w,r) and 7U(w, r) are contained in
a compact subset of D for all w € S' and 7, and hence

sup sup |G(7n, @) — G(T,0)> = 0 as n — oc.

w,r zeU(w,r)

Since sup,, . = fU(w " pp(2) dz dy < oo, it is easy to see that

1

sup — / |G(7a,0) = G(7, 9)Ppp’(2) dudy — 0 as n — oo.

wr T JUw,r)

This means that G(7, ) is continuous at any point 7 € [0, 1) for each fixed ¢ € T,(D).
Case 2: Assume that a sequence {7,}32, of points in [0, 1] converges to 1. Let

v € T,(D). Given € > 0, we choose 0 < r; < 1 such that for any 0 < r <y,

1
(2.3) sup - [ el dady < e
U(w,r)

west T
Since 7,, — 1, we can choose 0 < 15 < r; and N € N such that for any n > N and
any 0 <r <1y,
1—7,(1—=71)<ry.
Using similar techniques in (2.2), we obtain that for any n > N and any 0 < r < 7o,

1
(2.4) sup —/ |G (T, )P0 (2) d dy < 2e.
west T U(w,r)
Let 7o = min{ry,72}. When 0 < r < g and n > N, (2.3) and (2.4) together
imply

1 _
sup ~ / 1)~ Pl (e) ey

west T

2
< sup 2 / GG+ o)) () e dy < e

west T

(2.5)
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Now we assume 7 > ry. Given a point w € S*, we denote by ww™ the piece of
the boundary of U(w, ) on S!, where w*, w** are the endpoints of w*w**. We choose

Wy, Wo, - -+, Wy O S! satisfying that wy = w*, |w; —wiy| = 7o forany 1 <i <i+1<
k, and w** € U(wg, 1) but w** ¢ U(w;,19) for 1 <i <k — 1. It is obvious that
2r
e |2
To
where [i—g] denotes the integer part of i—g Denote by wgi; = w* and V(w,r) =

Ulw,r)\ UM U(wi, o). Then V(w,r) is contained in a compact set of D for all
w € St and r > ry. Hence for the given ¢ > 0, we can choose N’ € N such that for
any n > N’,

(2.6) sup  |G(7, ) — (2)]” < ero.
zeV(w,r)
Using (2.5) and (2.6) and the construction of wy, ws, - - - , wg, we obtain for any n >
max{N, N'},
1 _
up [ (Gl ) = el o) dr dy
west T JU(w,r)
1 _
<sup s [ (Gl e) — el o) dr dy
wesSt T Jv(w,r)
(2.7) ok
0 2 —3
+sup — » — |G (7o, ) = 0(2)|"pp’(2) da dy
west T ; 70 JU (ws,ro) °
2 2
<l pp () do dy + @(k: +1)(6e) < T+ 6= 210  96e,
T Jp r 2 T

By (2.5) and (2.7), we conclude that
|G (70, 0) — G(1,0)]|2 = 0 as n — oo.

This means G(, ¢) is continuous at 7 = 1 for each fixed ¢ € T,(D).
By considering the above two cases, we have shown that G(7, ¢) is continuous on
the variable 7 € [0, 1] for each fixed ¢ € T,(D).

Step 4. We prove that G(7,-): T,(D) — B,(D) is holomorphic for each fixed
7 € [0,1]. Using the fact that A = {l,: z € D*} is also a total subset of the dual
space B} (D), the proof of this step is identical to the one of Step 3.

Combining Steps 1'-4’, we conclude that G(7, ¢) is continuous on both variables
and it maps 7,(D) holomorphically to itself for each fixed 7 € [0, 1]. O

3. Proofs of Theorem 3 and Corollary 1

It is given in |28] that the Kobayashi metric coincides with the Teichmiiller metric
on the Weil-Petersson Teichmiiller space T5(D). In addition, a criterion (see the
following Theorem B) is given in 28] for a subspace of 7'(D) to have the two metrics
to be same. In this section we use that criterion to show our Theorem 3, although
we first obtained this result through a quite direct approach (see [11]).

Theorem B. [28] Let 7" be a complex manifold with a holomorphic embedding
v of T" into T'(D), and identify T" with «(T") . If T" satisfies the following three con-
ditions, then the Teichmiiller distance on T" coincides with the Kobayashi distance.

(1) The set T'\[0] is contained in the set of Strebel points of T'(D);
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(2) For any T € T', the right translation map for T maps T"' onto itself;

(3) For every 7 € T'\[0], there exists a representative u € T corresponding to a
frame mapping such that, for every j/ € T that coincides with . outside some
compact subset of D and for every t € D, [ty'] € T'.

A Strebel point of T'(D) is a point [u| of T(D) containing a frame mapping,
which is a quasiconformal homeomorphism of D whose maximal dilatation on the
complement of some compact subset of D is strictly less than the extremal maximal
dilatation of [u]. For more information on Strebel points, we refer to [17], [25] and

[13].

Proof of Theorem 3. Using Theorem 1 and the facts that T,(D) C Tp(D) and
T,(D) is a group, it suffices to prove that T,(D) satisfies the condition (3) in Theo-
rem B. For this purpose, we only need to show for any point 7 € T, (D), there exists
a representative p of 7 such that p € M, (D) N My(D). In the following, we prove
the existence of such a representative y for 7. By the definition of T,(D), it is easy
to check that the constructed u satisfies the condition (3).

For any 7 = [v] € T,(D), let h = f”|g1 and ex(h™') be the Douady-Earle
extension of A~ (see [5]). Denote by p1 = pyeqn-1y)-1. Clearly, u € 7. Since T,,(D) C
To(D), (1] € To(D). It follows from Theorem 4 of [10] that fie,n) € My(D). Then
Lex(n)-1 € Mo(D) and hence [h™'] € Ty(D). Again by Theorem 4 of [10], we know
fex(h-1) € Mo(D), hence p € My(D).

To prove u € M,(D), we recall two results from [23]| and [4]. Keep in mind that
CMy(D) denotes the collection of vanishing Carleson measures on D.

Lemma 3. |23]| Assume that «, 5 > 0. For a positive measure A on D, let

5 1— 2a1_ 2\6
)\(z):/ ( [21)( [wl’) Mw) dudv, where w = u + iv.
D

|1 _ Ew‘a+ﬁ+2

Then A € CMy(D) if A € CMy(D).

Lemma 4. [4]| Let h be a quasisymmetric homeomorphism of St. There exists
a constant C' depending on the ratio distortion norm of h such thatV z € D,

_ 2 _ 2 1— 2
bGP o [ WP 0F,,
1= |ps(2)| p 1= |pg-1(w)? [1 —Zw|

where w = u + v, f is the Douady—FEarle extension of h and g is a quasiconformal
extension of h.

Since 7 = [h] = [v] € T,(D), there exists a quasiconformal extension § of h such
that

|15 (w) [P po (w) € CMy(D).
Let g = g~'. Then g is a quasiconformal extension of h~! satisfying

|tg-1 (w)[*pp(w) € CMo(D).
Applying Lemma 3 to the case when v = 1, § = 1 and Aw) = |pg-1(w)|*pp (W), We
obtain

1—|2]?
2
/ g1 (w)| T —zul® dudv € CMy(D).

is a quasiconformal map, the previous condition implies

()2 1|2
My(D
/Dl—mg1<w>|2|1—zw\4d“d”60 o(D),

Since g1
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which is equal to
1+ 2| g1 (W) (1 —2])?
L=z Jp 1= |pg-2(w)[* 1 — Zwl|*

dudv € CMy(D).

Combined with applying Lemma 4 to h = h~!, f = ex(h™') and g, we conclude
L4z Jp (=)
L—2[1 = Jup(2)?
Since f~! is a quasiconformal map, it follows that
p1(2)on(2) € CMy(D), ie., jiy € My(D),

€ CMy(D).

Therefore,
€ M,(D)N My(D). O

Before giving a proof to Corollary 1, we introduce a result of [18].

Lemma 5. [18] Let dormp) and dg o) be the Carathéodory metric and the
Kobayashi metric on T'(D) respectively. Then, for any p,q € T(D), there is a uni-
versal constant « > 1 such that

(3.1) dermy(p,q) < dgroy(p,q) < aderoy(p, q)-

Applying Theorems 1 and 3 to T5(D) and T,(D), we obtain a similar result to
Lemma 5.

Lemma 6. Let deyp, and dir, be the Carathéodory metric and Kobayashi
metric on Ty(D) respectively, let de 1, and dk 1, be the Carathéodory metric and
the Kobayashi metric on T,(D) respectively, and let o be the same constant as in
Lemma 5. Then for any two points p,q € T5(D),

(3.2) der,(p,q) < demy(p,q) < adey (P, q);
for any two points p,q € T,(D),
(3.3) der,(p.q) < dgr,(p,q) < ader, (p, q).

Proof. Since T»(D) is a complex Banach manifold, for any p,q € T5(D) the
inequality der, (p, ¢) < dik1,(p, q) holds. Using Theorem 1, we obtain
der,(p, @) > dermy (P, q)-
It follows from Lemma 5 and Theorem 3 that

1 1 1
dC,T(D) (P, C_I) > adK,T(D)(pa Q) = adT(P, C_I) = adK,Tz (P, C_I)-

Hence, the double inequality (3.2) holds.
Using the same argument, we conclude the double inequality (3.3). U

Proof of Corollary 1. Let p € My(D) and [u] € To(D)\T2(D), and let {r,}2,

be an increasing sequence of positive real numbers converging to 1. We set

_ /"L(Z)7 z e D"‘n’
tn(2) = {0, 2eD,, ..

Then {[u,]}22, C T2(D) is a Cauchy sequence in T5(D) under the metric dr, = dg 1,
and furthermore the limit of {[u,]}52, is [u].

Let d be an invariant metric on T3(D). For any two points p,q € To(D), it is
clear that

der,(p,q) < d(p,q) < digm(p, q).
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By Lemma 6,

1
—dicr, (p,q) < dor,(p,q) <d(p,q) < dxn(p,q).

Thus, {[pn]}, is a Cauchy sequence under the metric d. Suppose that [p*] is a
limit of this sequence in T5(D) under the metric d. Using the previous inequality,
we know that [*] is also a limit of {[u,]}72, under the Teichmiiller metric on T5(D)
and hence on T'(D). By the uniqueness of limits, || = [*]. This is a contradiction.
Therefore, the sequence {[u,]}7; has no limit in 75(D) under the metric d. Thus,
T5(D) is not complete under the metric d.

Using a similar argument, we conclude that 7,(D) is not complete under any
invariant metric d too. O
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