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Abstract. We study Sobolev spaces on noncompact metric measure spaces. We show compact
embedding of H-invariant Sobolev spaces, where H is a subgroup of all isometries preserving the

measure on the metric measure space.

1. Introduction

Let 2 be an open subset of the Euclidean space R™. If the boundary of 2 is
sufficiently regular and p < n, then the Sobolev embedding W?(Q2) < L?(£2) holds,
where p < ¢ < p* = n”Tpp. Additionally, if the set €2 is bounded, then the Rellich—

Kondrachov compactness theorem W1P(Q) << L9(Q) is satisfied, where p < ¢ < p*

(see e.g. [1]). Furthermore, if © is not bounded, then compactness not necessarily

holds. Indeed, by taking @ = R, nonzero ¢ € Cg°(R) such that supp¢ C [—3, 3]
and u,(z) = ¢(x —n), we obtain that u, is bounded in W1?(R), but there does not
exist a subsequence of u,, that converges in LY(R).

On the other hand, suppose that n > 2 and define the subspace of W1P(R")
consisting of radially symmetric functions (invariant under the action of ortogonal

group O(n)), i.e.,
WP(R") = {u € W""(R)" | u is radially symmetric} .

Then it was shown by Berestycki-Lions [4, 33], (see also Coleman—Glazer—Martin [9]
and Strauss [37]) that
W, P(R") << LI(R"),

where p < ¢ < p*. The Berestycki-Lions type theorem has also been established
on Riemannian manifolds (see Hebey—Vaugon [27] and Skrzypczak-Tintarev [35]).
Namely, assume that G is a compact subgroup of the group of global isometries of
the complete Riemannian manifold (M, g). Then, under some additional assumptions
on the geometry of (M, ¢g) and some assumptions on the orbits under the action of G,
the following compact embedding holds W& (M, g) << LY(M, g), where W5"(M, g)
is the subspace of W'P(M, g) consisting of G-invariant functions. Moreover, Balogh
and Kristaly proved the Berestycki-Lions compactness on the Heisenberg group |[3].
More recently, the compact embedding results of the Berestycki-Lions type have
been extended to the generalized Lebesgue-Sobolev spaces W'P() (see Fan-Zhao—
Zhao in the Euclidean case [11] and Gaczkowski-Gorka—Pons in the case of complete
Riemannian manifolds [13]).

The main objective of the paper is to prove the Berestycki-Lions compactness
type theorem (see Theorem 3.2) on metric measure spaces. Roughly speaking, we
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aim to prove the following result. Suppose that (X, p, 1) is a metric measure space
equipped with s-Ahlfors regular measure and H is a subgroup of the measure-
preserving isometries of (X, p). Then, by employing some assumption on the or-
bits under the action of H, we have that the following compact embedding holds
MpP(X) < LI(X), where p < q < p* := -5 and M} (X) is H-invariant Hajlasz
Sobolev space.

Finally, we collect known results about compactness theorems for M spaces.
Kalamajska has proved compactness of the embedding M'? in LP assuming that the
measure is finite (see Theorem 2 in [31]). Tilli and Ambrosio showed that the em-
bedding M'P << L9, where q < p* = SST”p holds for compact metric measure spaces
with lower s-Ahlfors measure (see Theorem 5.4.3 in [2| ). Recently, compactness
results have been proved for variable exponent Hajtasz-Sobolev spaces MP0)(X),
where X is a compact metric space (see [12, 19]).

The remainder of the paper is structured as follows. In Section 2, we introduce the
notations and recall the notion of Sobolev spaces on general metric measure spaces.
We also formulate and prove the covering lemma there. Our principal assertion, con-
cerning the compact embedding of the Hajtasz—Sobolev spaces on noncompact metric
spaces, is formulated and proven in Section 3. Some open problems are contained in
the final part.

2. Preliminaries

Let (X, p, ) be a metric measure space equipped with a metric p and the Borel
regular measure . We assume throughout the paper that the measure of every
open nonempty set is positive and that the measure of every bounded set is finite.
Additionally, we assume that the measure p satisfies a doubling condition. It means
that, there exists a constant Cy > 0 such that for every ball B(x,r),

p(B(x,2r)) < Cap (B(z, 7).

It is well known (see e.g. Lemma 14.6 in [23]) that the doubling condition implies
that, there exists a positive constant D satisfying

1\ _ p(B@i,m))

D|(—) <—————— where s=1log,Cy,
() = 1 (Blaa,72) s

for all balls B(xq,r9) and B(xq,r1) with 7o > r; > 0 and 1 € B(xg,r3). It follows

from the above inequality that if X is bounded, then there exists b > 0 such that the

following inequality holds for r» < diam X

) p(Bl) 2 7

On the other hand, if the metric measure space equipped with a doubling measure
is not bounded, then inequality (1) does not necessarily hold.

In majority part of our paper we shall assume that the metric measure space
(X, p, ) is Ahlfors s-regular (we also say that (X, p, ) is a metric measure space
with s-regular measure p). It means that there exists a constant b such that

1
57‘3 < u(B(x,r)) <brf

for all balls B(x,r) C X with r < diam X.
We are now in a position to recall the notion of Sobolev spaces on metric measure
spaces [21]. Let (X, p, ) be a metric measure space. We say that a p-integrable
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function f belongs to the Hajtasz—Sobolev space M'?(X) if there exists g € LP(X),
called a generalized gradient, such that

[f(2) = Fy)l < pla,y) (9(z) +9(y)) ae for z,yeX.
We equip the space M'P(X) with the norm

I fllarecxy = [ fllzeexy +inf [|g|| o),

where the infimum is taken over all the generalized gradients. Then M is a Banach
space. For the basic properties of this kind of spaces, we refer to [2, 21, 22, 23, 29,
28, 32].

Suppose that f is locally integrable and A is a measurable set then by fa we
denote the integral average of the function f over the set A, i.e.,

i :zﬁfduzﬁéfdu.

To prove the main theorems we shall need the following result.

Proposition 2.1. [15| Let (X, p, u) be a metric measure space with s-regular
measure . If s > p, then
MY (X) = L7 (X),
where p* = SSTpp. Moreover, there exists C' = C(s,p,b), depending on s, p, b, such that
for each v € M'P(X), the following inequality holds

lull e ) < € (lulle ) + llgllzecx)) -

Furthermore, if diam X = oo, then

lull 2o ) < Cligllzecx)-

We need also the notion of isometries preserving the measure. Let Iso(X) be the
group of isometries of the metric space (X, p), then the group of measure-preserving
isometries of (X, p, ) consists of all isometries of X preserving the measure p:

Iso, (X) = {¢ € Iso(X) | ¢yp = p},

where ¢4p is the pushforward measure. It is also noteworthy that in the case of
Riemannian manifolds, we have that Isoy, (M, g) = Iso(M, g), where by V;, we denoted
the Riemannian measure. For a deeper discussion of measure-preserving isometries
we refer the reader to [36]. In further considerations H denotes a fixed subgroup
of Iso,(X). As usual, the orbit of x € X under the action of H is the set H(z) =
{h(z) | h € H}. Given z in X and R > 0, we consider the following quantity

My (z, R) = sup {Card{z; }ier | @ € H(x), B(x;, R) N B(z;, R) =0 for i # j}.

Mpy(z, R) gives the lowest upper bound for the number of non overlapping R-balls
in the orbit of z.

In addition, we denote by My”(X) the subspace of MP(X) consisting of H-
invariant functions. Since H is a subgroup of measure-preserving isometries, one can
casily convince oneself that M, (X) is a closed subspace of M?(X). Therefore,
M} (X) is a Banach space.

2.1. Covering lemma. In this subsection we shall prove the following covering
lemma.

Lemma 2.1. Let (X, p,u) be a metric measure space with doubling measure
and r > 0. Then, there exists a sequence {x;} C X such that for any 6 > r:
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a) X =, Bz, r);
b) For any x € X, x belongs to at most C§ (g)log2 “@ balls B(z;, ).

Proof. Since the measure is doubling, the metric space X is separable. Let A be
a countable and dense subset of X. Put

X(r) = {2} C A Vigpoplan ) 2 5}

By the Zorn—Kuratowski Lemma, there exists a maximal element {x;} in X (r). Thus,
since A is dense and {x;} is a maximal element, we get

X = U B(z, ).
icJ
This completes the proof of a).
Thus, it remains to prove b). For this purpose, we fix x € X and § > r. Set

Js(x)={ieJ |z e B(x;,0)}.
It is easily seen that for i € Js(x), we have
B (x Z) C B(x,26) C B(z;,49).

Since B (a:i, 2) NB ([L’j, 2) = () for i # j, then by the elementary properties of measures
and by doubling condition, we obtain

w(B(z,20)) > p U B<xi’£) - Z ,u<B (x“£>>
)

ieJs(x i€Js(x)

r

v

e (50:) ™ S n(B i, 49)

i€Js(x)

ot (5™ X nB29)

i€Js(x)

v

o (g)% “ Card(Js(2) (B (z, 20))

Consequently, we get

logy C'q
Card(Js(z)) < C8 (;) ,

which completes the proof of the covering lemma. U

3. Compactness

In this section of our paper we state and prove our principal assertion. We will
start with the proof of the following result.

Theorem 3.1. Suppose that (X, p, p) is a metric measure space with s-regular
measure . Assume in addition that u,, is a bounded sequence in M'?(X), where
p < s and, there exists r > (0 such that

lim sup/ |un|P dp = 0.
n—oo yEX B(y,r)

Then,
u, — 0 in LY(X),
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Sp
s—p°

Proof. The strategy of the proof is similar to the proof of Lemma 1.21 from [3§].
Let us fix zyp € X and define the following Lipschitz map
L(2r — p(z,x9)) if x € B(xo,2r) \ (zo,7),
foor (@) =41 if z € B(zo,r),
0 if v € X\ B(zo,2r) ,

where p < ¢ < p* =

where the Lipschitz constant L, = % does not depend on .
We will show that if uw € MP(X) with the generalized gradient g, then f,, ,u €
M*Y?(X). Indeed, taking

9(x) = (Ju(@)| Ly + 9(x)) X B(zo,2r);
one can easily prove that g is the Hajtasz gradient of f;, ,u.

Now, let us recall the following interpolation inequality. Suppose that v <o < «
and v € LY N L. Then, u € L? and

lull e < flullg el =,

where

16 1-4

o v «
We are now in a position to prove our theorem. We may assume that ||uy, || 1.0 (x)

1. Let e < %, such that

A

p<q<t:=q+e<p
It is easy to see that for such e, we have
q—p q+e
q—pte p
Furthermore, by the interpolation inequality and Proposition 2.1, we have

> 1.

Hunfmo,rHLt(X) < Ot p, va)Hunf:vo,rHMlvP(X)-
Thus, taking into account the above considerations, we get
@) tnll Lt B@ory < Ctp,5,0) ([unllLrB@ozr) + |9nllLrBe2r))
S C(tapv S, b7 T) (||un||LP(B(xo,27“)) + ||gnHLP(B(:E0,2r))) .

Additionally, using the interpolation inequality with ¢ = q,v = p, @ = t, we obtain

=9 4—p

i =
/ \un\qdu§</ \un\”du> (/ Iunltdu)
B(y,r) B(y,r) B(y,r)
€ _9—p
q—p+te q—p+te
=(/ |un|Pdu) (/ |un|q+fdu) .
B(y,r) B(y,r)

Subsequently, denoting 7, = SUPyex (f B(y,r) |un|P dﬂ) P and using inequality (2),
we get

ﬂa _q-p €
/ [un| dps < 7 C(t,p, 8,0,7) 5 (il o(Blaoszr) + 190l Lo(Blao.2m) 7
B(y,r)

q—p _qte a—p _gq+e
q—p+te p q—p+e p
S TnD(t>paQ>raSab) (/ |un|pd,u) + (/ |gn|pd:u) :
B(zo,2r) B(zo,2r)
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. — + .
Since [[un|[rr(x) <1 and LT >1, we may write that

/ |un\qdusTnD<t,p,q,r,s,b>(/ P i+ / \9n|pdu)-
B(y,r) B(y,2r) B(y,2r)

Thus, using the covering lemma, we have

/ |un]? dp < Z/ |un|® dp < 7,.D(t,p, ¢, 7, SJ?)Z/
X i1 J Blxir) i=1 7B

<7,D(t,p,q,1,5, b)CZ/ (Jtnl? + |gnl?) du < 7, D(t,p, q,7,5,b)CY,
X

([unl” + [gnl”) dp
(z4,2r)

where C; = b*2¢ is the doubling constant for s-regular measure. Finally, we conclude

lim / |un|?dp =0,
n—oo X

which completes the proof of Theorem 3.1. O
Our next main result is the following claim.

Theorem 3.2. Assume that (X, p, ) is a metric measure space with s-regular
measure p such that M'?(X) is reflexive. Moreover, let H <1 Iso,(X) be such that
li inf M =
R1—I>rolo xEX\lg(xo,R) H(IE,T) >
where xy is any fixed point of X and r > 0. If s > p > 1, then for any q such that
p < q < p*, we have the compact embedding

MyP(X) —— LUX).

Remark. If the metric measure space equipped with a doubling measure sup-
ports a Poincaré inequality, then the space M'?(X) is reflexive. Indeed, from
Theorem 4.9 in [34] we know that if X is a metric measure space equipped with
a doubling measure and X supports g-Poincaré inequality for some ¢ < p, then
M'?(X) = N'"(X), where N'?(X) is a Newton—Sobolev space. On the other hand,
by the Cheeger reflexivity theorem (see 7] and for an elementary proof we refer the
reader to [10]), we have that N'P(X) is reflexive, provided the measure p on X is
doubling and X supports a p-Poincaré inequality.

Example 1. Let (M, g) be a complete Riemannian manifold. Assume that the
Ricci curvature Ric is nonnegative, then by the Bishop—Gromov comparison theorem
(see for instance [8]) we have that the metric measure space (M, V,,d,) is doubling,
where Vj is the Riemannian measure and d, stands for the geodesic distance. Fur-
thermore, by the Buser isoperimetric inequality |5] we get that (M, V,,d,) supports
a Poincaré inequality.

Example 2. Let (Hy,d,[3) be the first Heisenberg group equipped with a Carnot
metrid d and the Lebesgue measure 3 (see [6] and the references given there). Then,
the measure [3 is doubling, in fact the space is 4-regular. Moreover, (Hy,d, [3) sup-
ports a 1-Poincaré inequality [30].

Proof. By Proposition 2.1, we have My;”(X) < L?(X). For the rest of the proof
the following lemma is needed.

Lemma 3.1. For xyp € X and R > 0, we define the operator
Foor: MY (X) — LP(X)
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as follows
FIO7R(U) = u.fme'

If the assumptions of Theorem 3.2 are satisfied, then F,, r is compact.

Proof. Let u, be a bounded sequence in M'?(X). We need to show that the
sequence Fy, g(u,) is relatively compact in LP(X'). For this purpose, we shall use the
characterization of relatively compact sets in LP(X) from [18]. For convenience of
the reader, we briefly recall this result. Namely, the subset F of LP(X) is relatively
compact in LP(X) if and only if F is bounded, has uniform LP-decay and is uniformly
LP-equicontinous.

Since in our case, the proofs of boundedness and uniform LP-decay are straight-
forward, we show that the family w, f;, r is uniformly LP-equicontinous. Let r > 0.
We have

/ unfxo,R(x) - (unf:co,R)B(x,r) pdlu(x)
<oy [ bon@) = totar)| duw)| dute)
X B(z,r)
< [ty [ i@+ ]t auta)
X B(z,r)
< [l o+ iy [l || dute)
X B(x,r)
< rlpp / |G (2)]P dpu() + / 7M<B(1M)) / 19:(y)| du(y)| dp(z)

< vl / Ga(@) P du(z) + / M@ @) du(z) |

where M is a maximal function.
By virtue of the Hardy-Littlewood maximal function theorem |M(v)| rrx) <
Cpllv||Le(x) (see e.g. [28]), we get

/

X

&) = (o) o | i) <2701+ [ 13,0 dita)
X

< 2%72pP (14 CP)(1 + L) lun || a1 (x)-

Therefore, the proof of Lemma 3.1 directly follows from Theorem 1 in [18]. U

We are now in a position to proceed further with the proof of Theorem 3.2. We
take a bounded sequence u,, € M Iﬁp (X). In view of reflexivity, we may assume that,
there exists a subsequence, still denoted by {u,}, that weakly converges to some u
in M4;"(X). Thus, the sequence v, := u,, — u converges weakly to 0 in M;?(X).
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Since the measure p is H-invariant, for each y; € X and for every y, € H(y;) we

have
[ wrdi= [ fugpds
B(yl ,7”) B(y2 ’T)

Therefore, for every y in X,
3) M) [ p@Pdi< [ jrdisc
B(y,r) X

Relation (3) and the assumptions on M (y, ) ensure that for each € > 0, there exists
some finite R, such that for every n

swp [ fufa)rdu < < <e
y€X\B(zo0,Re) J B(y,r) " - infyeX\B(:cmRe) M(y,r) -

Hence, by Lemma 3.1 and the Cantor diagonal method, we may construct a subse-
quence v, such that

lim sup/ |, (2)|P dp = 0.
B(y,r)

n—oo yeX

Finally, this and Theorem 3.1 imply desired result stated in Theorem 3.2. U

4. Final remarks

We summarize the paper with open problems.

Problem 1. Let M'?0) (X, p, 1) be the Hajtasz-Sobolev space with the variable
exponent p(-) (see [12, 24, 25, 26| for definition). Does Theorem 3.2 hold under some
condition on the exponent p?

Problem 2. Let G be a locally compact abelian group and G denote the dual
group. Then, for s > 0 and map v: G" — [0, 00) we define Sobolev space H(G) (see
|20, 17, 16]) as follows. We shall say that f € L?(G) belongs to the Sobolev space
H:(G) if

o

/GA (1479 1£ () djic(€) < oo.

Moreover, for f € H3(G) its norm || f|

H3(G) 1s defined as follows

1f1

H3(G) = </GA (1+~(&)?%)° |f(§)|2dﬂa(§))% :

Suppose that H is a group acting on G and Hth(G) stands for the subspace of
H3(G) consisting of H-invariant functions. The problem is: find conditions implying
compact embedding of H? ;(G).
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