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Abstract. We are concerned with the Neumann type boundary value problem to parabolic
systems
Owu — div(De f (x, Du)) = —Dyg(z, u),
where u is vector-valued, f satisfies a linear growth condition and & — f(z,¢) is convex. We prove
that variational solutions of such systems can be approximated by variational solutions to

Oyu — div(De fP(z, Du)) = —Dyg(z,u)

with p > 1. This can be interpreted both as a stability and existence result for general flows with
linear growth.

1. Introduction and results

Throuhgout this paper, we fix dimensions n, N € N, a bounded Lipschitz domain
2 € R" and a finite time interval (0,7") with 0 < T" < co. By Qr we denote the
space-time cylinder © x (0,7"), by St the lateral boundary 92 x (0,7") and by 0pa§2
the parabolic boundary Sz U (Q x {0}). We are concerned with the L?-gradient flow
associated with variational functionals of the type

T[] = /Q [F(x, Du) + g, u)] de

with Borel measurable functions f: Q x RV*" — [0,00) and g: 2 x RY — [0, ),
for vector-valued maps u: Q7 — RY. We assume that f satisfies the linear growth
condition

(1.1) v[€] < fla,§) < LA+ E]) for all (z,€) € Q x RM*™
with structure constants 0 < v < L and that
(1.2) & f(x,&) is convex.

In addition, we suppose that the partial map u +— g(x,u) is convex. On a formal
level, solutions of this gradient flow correspond to solutions of the system of parabolic
partial differential equations with a natural boundary condition

Oyu — div(De f(z, Du)) = —Dyg(x,u) in Qrp,

(1.3) > 2 (2, Dun; =0 on Sy, i=1,...,N,
=17
u(x,0) = uy(x) on ) x {0},
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where n denotes the outer unit normal of Q and £ = (£})1<i<n,1<j<n- In the case of the

model integrand f(x,§) = [¢| this boundary condition reads as Y77, [Du|~' Duin; =

0 on the lateral boundary, which implies the Neumann boundary condition g—z =0.

Inspired by Lichnewsky and Temam [28], we consider variational solutions to (1.3).
For the precise notion of solution cf. Definition 1.1. In the present paper, solutions
to (1.3) are constructed by approximating f by f? with p > 1 and then letting p | 1.
Since f? satisfies a standard p-growth and coercivity condition for p > 1, there exists
a very well developed existence theory for solutions of the L2-gradient flow associated
with

Ifu] = / [#7(x, Du) + glx,w)] d,

which formally corresponds to the system of partial differential equations with a
natural boundary condition

Owu — div(De fP(z, Du)) = —Dyg(z,u) in Qp,

(1.4) Z?zlg—g(x,Du)nj =0 on Sr,i=1,...,N,
u(x,0) = uy(x) on Q x {0}.

The construction of solutions to (1.3) as limits of solutions to (1.4) can also be
interpreted as a stability result in the limit p | 1. Note that we have not approximated
g, since it would not simplify the existence result for the gradient flow associated with
I,. However it could be the aim of a future work to investigate stability for more
general integrands f; and g; converging to f, respectively g in a suitable sense.

At this point, an overview over related existence and stability results is given. A
well investigated special case is the total variation flow, which formally corresponds
to

Oyu — div (%) =0 in Qr.

Different notions of solutions such as entropy solutions (allowing L!-initial data),
weak solutions and variational solutions and different boundary conditions have been
considered in the existence results 2, 3, 4, 5, 6, 7, 11, 17, 23]. The obstacle problem
associated with the total variation flow has been treated in [16]. Gradient flows re-
lated to functionals consisting of the total variation plus certain lower order terms
are applied in image restoration. FExistence of variational solutions to such flows
has been shown in [13] by elliptic regularization both for Cauchy—Dirichlet and Neu-
mann boundary values. The existence of variational solutions to the time dependent
minimal surface problem has been established by Lichnewsky and Temam, cf. [28].
Spadaro and Stefanelli proved the existence of solutions to the time dependent min-
imal surface problem and more general continuous integrands of linear growth in
[32] by elliptic regularization (also called weighted energy dissipation). Here, for
a.e. t € (0,T), a solution satisfies the equation u'(t) + OF (u(t)) > 0, where OF
denotes the subdifferential of the relaxation JF of the given integral functional F.
Solutions to more general equations of the type

Owu — div(a(z, Du)) =0 in Qp,
where a(z, &) = D¢ f(x,€) for an integrand f:  x R™ — R, have been constructed
by Andreu, Caselles and Mazon, cf. [5, 8, 9]. Here, the integrand f satisfies a linear
growth condition. For any fixed x the partial map £ — f(x, ) is assumed to be convex

and differentiable. Furthermore, a continuity condition similar to (1.8) is imposed
on the recession function f*°, allowing the application of a variant of Reshetnyak’s
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continuity theorem. Observe that the differentiability assumption on the partial map
£ — f(x,€) excludes integrands like f(&) = [£| or f(x,&) = a(z)|¢].

While there is a wide range of existence results for functionals with linear growth,
only a few stability results are known. Although the focus is not on stability but
on existence, stability methods were used in [18]|, where de Leon and Webler were
concerned with the inhomogeneous total variation flow with zero Dirichlet boundary
values. More precisely, the intermediate existence result for more regular data given
in [18, Sec. 4] relies on approximation by solutions of the inhomogeneous parabolic
p-Laplacian. This is slightly related to [33], where Té6lle showed that solutions to the
inhomogeneous total variation flow can be approximated by solutions to the inho-
mogeneous parabolic p-Laplacian if the initial data and the inhomogenities converge
in a suitable sense. Here, the case of zero Dirichlet boundary values as well as Neu-
mann boundary values is considered. Another stability result concerning p | 1 has
been obtained by Gianazza and Klaus in [22]. For a bounded C'-domain and time
independent Dirichlet boundary values the authors constructed solutions of the total
variation flow as limit of solutions of the parabolic p-Laplacian. The overall proof
strategy in the present paper is the same as in [14]. The authors use stability meth-
ods to prove the existence of variational solutions to Cauchy—Dirichlet problems of
the type

Ou — div(De f(z, Du)) =0 in Qrp,
u=ygq on Opar(2,

where f satisfies a linear growth and coercivity condition and is convex with respect
to the gradient variable and the boundary values g are possibly time dependent.

In contrast, stability in the case p — p, > 1 is well established. For a recent
result see [21|. Here, Fujishima, Habermann, Kinnunen and Masson showed that
parabolic (Q-quasiminimizers related to the parabolic p-Laplace equation with given
boundary values are stable with respect to parameters () and p. Since the proof relies
on higher integrability of the gradient, the result is restricted to the case p > f—fz
In the degenerate case p > 2, a stability result for solutions of parabolic p-Laplace
equations has previously been obtained by Kinnunen and Parviainen, cf. [25].

1.1. Convex functionals with linear growth. Note that f is a Carathéodory
function, since (1.1) and (1.2) together imply that £ — f(x, &) is Lipschitz continuous
(cf. Lemma 2.10). Assumption (1.1) ensures that

(1.5) /f z, Du)d

is finite on the Sobolev space W1(Q2, R"). However under the above conditions (and
even under reasonable extra assumptions) the infimum of F will not be attained in

Wh1(Q,RY), but only in BV(Q, RY). As usual, BV(Q2, RY) denotes the space of
functions u € L*(Q, RY) with finite total variation

| Du|(Q) := sup { / u-divdr: ¢ € Cy(QLRY™), [lo] po@ry) < 1} < 00.
Q

Note that Du € RM(Q2, R¥*"), the space of finite vector-valued Radon measures.
The norm in BV(Q, RY) is defined by
ullgvoryy = |lullLi@ryy + [ Dul(92).

Therefore we need to extend F from WHH(Q, RY) to BV(Q,R"Y). To this end we
define the so called recession function f> of f, which takes into account the jumps
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of BV functions. More precisely, for an integrand satisfying (1.1) we set

(1.6) f2(z,€) == liminf ¢f(Z,¢" 15) for (z,€) € Q x (RV*"\ {0}),

x_?w_)
and f*(z,0) = 0 for all z € Q. Note that f* is positively 1-homogeneous and convex
in £. Moreover, f* fulfills the following linear growth and coercivity condition

(1.7) v|€] < £z, &) < LI¢] for all (x,€) € Q x RV,
In addition to the assumptions on f above, we impose the continuity condition
(1.8) lim tf(x t~ 15) exists in R
T—x 5—)5
t10

for every (z,&) € Q x (RV*™\ {0}), which ensures that the lower limit in definition
(1.6) is indeed a limit and that the recession function f* is continuous with respect
to (z,€&) on @ x RV*". Let u be a function of bounded variation. By D% we denote
the absolutely continuous part and by D*u the singular part of the Lebesgue decom-
position of Du with respect to the Lebesgue measure £". Moreover, Vu denotes the
Radon—Nikodym density of D*u with respect to L", i.e. we have

Du = D+ D*u = Vu L" 4+ D%u.

Using the preceding definitions, we extend the functional F: Wh(Q,RY) — [0,00)
to a convex functional F: BV(Q RY) — [0,00) by

(1.9) /f z, V) dx+/f°°< Dl ) d| D%y

for any v € BV(€2, R"). Note that F = F on WH(Q, R").
1.2. Variational solutions. Furthermore, we assume that the Borel measurable
function g: Q x RY — [0, c0) satisfies the growth condition
(1.10) 0 < g(z,u) < M1+ |uf*) forall (z,£) € QxRN
with a structure constant M > 0 and that
(1.11) u g(x,u) is convex.

Note that the preceding two conditions together imply that u — g(z, u) is locally Lip-
schitz continuous, cf. Lemma 2.10. To obtain a rigorous formulation of the problem
associated with f, we consider the parabolic function space L. (0,7T;BV(2, RY))
consisting of the weakly* measurable maps u: (0,7) — BV(Q,R") that fulfill ¢ —
|u(t)||svry) € L'(0,T); cf. Section 2.1 for a precise definition. A Cauchy datum
is given by

(1.12) u, € L*(Q,RY).
In the present paper we study variational solutions to the Cauchy—Neumann problem
associated with (1.3) in the sense of the following definition.

Definition 1.1. (Variational solution for functionals with linear growth) Assume
that the Cauchy datum u, fulfills (1.12), that f satisfies hypotheses (1.1), (1.2) and
(1.8), that the functional F is given as in (1.9) and that ¢ fulfills (1.10) and (1.11).
We identify a measurable map u: Qp — R in the class

ue L>(0,T; L*(Q,RY)) N L., (0,T;BV(Q, RY))



Existence for evolutionary Neumann problems with linear growth by stability results 1059

as a variational solution to the gradient flow associated with (1.3) if and only if the
variational inequality

/T.’F'[u]dt—l—//Tg(%u)dxdt
(1.13) // v - ( v—udxdtJr/ Flv dt+// (z,v)dwdt

=3l =)Dl L2@ry) + 51000) = woll 20 )

holds true for a.e. 7 € [0, T] and any comparison map v € L:_(0,T; BV(Q, RY)) with
Ow € L0, T; L2(Q,RY)) and v(0) € L?(Q, RY). O

Remark 1.2. Variational inequality (1.13) allows us to conclude that any vari-
ational solution in the sense of the preceding definition attains the initial datum in
the L2-sense; cf. Lemma 2.11 for details.

Next we are concerned with the approximations f? of f with p > 1. Note that
for any p > 1 the integrand f?: Q x R¥*® — R satisfies the standard p-growth
condition

(1.14) VPIEP < fP(@,6) < LP(1+ [E])P < Ly(1 + [€]7)

for all z € Q and £ € RV*" where L, := 2P"'LP. Since f is non-negative and (-)? is
non-decreasing and convex on R¢, we have that

(1.15) € — fP(x,€) is convex.

We consider Cauchy data

(1.16) up, € L*(Q,RY).

Definition 1.3. (Variational solution for functionals with superlinear growth)
Let u,, fulfill (1.16). Assume that f? satisfies hypotheses (1.14) and (1.15) and that
g satisfies (1.10) and (1.11). We identify a measurable map u: Q7 — R in the class

u e CO[0, T]; L*(, RN)) N LP (0, T; W'»(2, RN))

as a wvariational solution to the gradient flow associated to (1.4) if the variational
inequality

//T [f?(z, Du) + g(z,u)] dz dt
(1.17) < //QT O - (v —u)drdt + /QT [f?(z, Dv) + g(z,v)] dzdt

= 5l =)Dl ry) + 51000) = tpoll iz m)

holds true for any 7 € [0,7] and any comparison map v € LP(0,T; WP(Q, RY))
with v € L1(0,T; L?(2,RY)) and v(0) € L*(Q, RY). O

Remark 1.4. Note that variational inequality (1.17) implies that any variational
solution in the sense of the preceding definition attains the initial values w,, in the
sense that u(t) — wu,, in C°([0,T]; L*(Q,RY)) as ¢ | 0; see Lemma 2.14 below.
Furthermore, if u,, € L*(Q, RY) NnW1P(Q, RY), u possesses a time derivative dyu €
L*(Q7, RY), cf. Theorem 3.1. O

The following theorem is the main result of the present paper.
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Theorem 1.5. Assume that f satisfies hypotheses (1.1), (1.2) and (1.8) and g
fulfills hypotheses (1.10) and (1.11). Let p; > 1 for i € N with p; | 1 as i — oc.
Assume that the Cauchy data w;, := u,, , satisfy assumption (1.16) and that

(1.18) Ui — U, in L2(Q,RMN).
For any © € N let
u; € C°([0,T); L*(Q,R™)) N L (0, T; W (Q,RY))

be the variational solution to (1.4) in the sense of Definition 1.3 with Cauchy datum
U; 0. Then, there exists a limit map

we C([0,7); (. RY)) 1 L, (0, T: BV(Q, RY))

such that

U — u in LY(Qp, RY),
Du; = Du  weakly* in RM(Q2, RV*"),
U U weakly* in L* (0, T; L*(9Q, RN))

as k — oo. The limit function u is the unique variational solution to (1.3) in the
sense of Definition 1.1.

1.3. Plan of the paper. In Section 2, we collect results that we will need
in the following sections. These are already known or their proofs are basically the
same as in the case of Dirichlet boundary values. In particular, we prove a certain
continuity property with respect to time in Section 2.7. This allows us to deduce
compactness for the sequence of variational solutions associated with exponents p >
1, which is crucial for passing to the limit p | 1. However, we postponed well-
known results about continuity, uniqueness and localization of variational solutions
in the case p > 1 to the appendices A and B, since we give longer proofs for the
convenience of the reader. In addition, Appendix A contains the continuity and
uniqueness results for p = 1. Next, we establish the existence of variational solutions
to problems with superlinear growth in the case of regular initial data in Section 3.
This result is extended to the case of L2-initial data in Section 4. Note that in contrast
to previous existence results, cf. for example [13|, comparison functions with time
derivative in L'(0,T; L*(Q,RY)) instead of L*(Qp, RY) are admissible. However,
this condition is more natural, since L*(0,T; L*(Q, RY)) is the predual of the space
L>(0,T; L*(2,RY)), in which the variational solutions are contained. In Section 5
we give the proof of the main result. More precisely, we first derive the convergence of
the variational solutions associated with p > 1 to a suitable limit map as p | 1. Using
a version of Reshetnyak’s lower semicontinuity theorem, Theorem 2.3, we establish
the variational inequality for the limit map and certain regular comparison maps.
In particular, we require v € L2(0, T; WH2(Q2, RY)). By an approximation argument
involving a version of Reshetnyak’s continuity theorem, cf. Theorem 2.4, we finally
prove the desired variational inequality for general comparison maps. Compared to
the case of Dirichlet boundary values treated in [14], througout the present paper
the construction of admissible comparison maps is somewhat easier, since we do not
have to care about boundary values attained by mollifications.
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2. Preliminaries

A vital ingredient in the proof of Theorem 1.5 is the following compactness
lemma. We use the abbreviation

mf(t) = f(t+h) = f(t)
for h >0and t € (0,7 — h).

Lemma 2.1. [31, Theorem 5| Let X C B C Y be three Banach spaces such
that the embedding X — B is compact and 1 < p < oo. Assume that the set
§ C LP(0,T; X) is bounded and satisfies the property

|70 fll e r—nyy = 0 as h L0 uniformly for f € §.
Then, the set § is relatively compact in L*(0,T; B).

2.1. Parabolic function spaces. Let X be a Banach space and 1 < p < oc.
By L*(0,7"; X) we denote the space of Bochner measurable functions u: [0,7] — X
with ¢ — |lu(t)||x € LP(0,T). However, since BV(Q2, R") is not separable, assuming
Bochner measurability is too restrictive in the case X = BV(Q, RY). For example
the cone in space-time u(t) = X, (s, is not Bochner measurable, because its image is
not separable in BV (2, RY). Therefore, we consider weakly*-measurable functions
instead. Observe that BV(Q, RY) is the dual of the separable Banach space X
consisting of the functions g — div G with g € CJ(Q, RY) and G € CJ(2, RV*™), see
e.g. |1, Remark 3.12|. Hence, a function v: I — BV(Q, RY) = X/ is called weakly*-
measurable if for every ¢ € X, the mapping I > ¢t — (v(t),¢) € R is measurable.
Here (-,-) denotes the duality pairing between BV (€2, R") and X,. This definition
implies that the norms ||v(t)||gv(o,r~) depend measurably on ¢ € I. Indeed, the norm
on BV(Q, RY) = X/ can be written as

lv(®)llsvery) = sup {{v(t), ¢): ¢ € Xo, llellx, < 1}.

Since by definition t — (v(t), ) is measurable and X is separable, the supremum
in the preceding equality depends measurably on ¢t € I. At this stage, we are able to
define the parabolic function spaces

L7, (0,T;BV(Q,R"Y))

: - :
— {v: 0,7] = BV(Q, RY) v is weakly™-measurable with }

t = lv(t)lsviryy € LP(0,T)

for any 1 < p < oo. For a brief summary on the different notions of measurability
and the related concepts of integration, cf. [19, Chap. 2.

We will need the following compactness property of the space L. (0,T;BV(€,
RY)). Its proof is formulated in [16, Lemma 2.4| for the case N = 1, but all of the
arguments stay valid in the vector-valued case.

Lemma 2.2. Assume that the sequence u; € L., (0,T;BV(,RY)) satisfies
u; — u weakly in LY(Qp, RN) as i — oo for some u € L*(Qp, RY) and

T
lim inf / | Dus($)[() dt < oc.
1—00 0

Then we have u € LL_(0,T;BV(Q,RY)) and

/0 | Du(t)|(€) dt < lim inf /O | Dy ()](€2) dt.

1—00
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2.2. Reshetnyak (semi-)continuity. From [30, Corollary 4.15| we infer the
following result on lower semicontinuity of the functional F. For related results
cf. also [1], [20] and [26, Theorem 2].

Theorem 2.3. (Reshetnyak’s lower semicontinuity theorem) Assume that Q2 C
R" is a bounded Lipschitz domain and that f: Qx RN*™ — [0, 00) is a Carathéodory
function satisfying (1.1) and (1.8) and that £ — f(x,§) is quasiconvex for every
x € Q. Further, suppose that the functional F is given as in (1.9). For functions
ug, u € BV(Q,RY) with v, — u in L'(Q,RY) as k — oo we have that

(2.1) Flu] < lim inf Fluy).

k—o0

Proof. We assume that the right-hand side of (2.1) is finite, since otherwise, the
claim trivially holds. Hence, we can find a subsequence uy, with

vlimsup |Duy, () < lm Fluy,| = liminf Flug] < co.
j—o0 k—o00

j—o0
Since ug, — u in L'(2) by assumption, we deduce that uy, = u weakly* in BV(Q, RY)
as j — 00. Therefore, we are in a position to apply [30, Corollary 4.15], which yields
Flu] < lim Fluy,] = lilgninf]:[uk],
—00

j—o0
which is assertion (2.1). O

Next, we state the following version of Reshetnyak’s continuity theorem which
is obtained by specializing [10, Theorem 3.10] to bounded domains; see also |27,
Theorem 3| for a related result.

Theorem 2.4. (Reshetnyak’s continuity theorem) Suppose that €2 is bounded,
that 02 has zero L"-measure and that f: O x R™ — R fulfills (1.1), (1.2) and (1.8).
Moreover assume that (ju,)ren Weak*-converges to p in the space of finite R™-valued
Radon measures on Q. If there holds

Jo (L7, ) |() = [(£7, m)|(Q)

for the R™"'-valued measures (L™, yy,) and (L™, i), then we have

i [ (g e [ (et ) |
k

_ dp® o [ dp ;

= [ () o [ ()

In the preceding theorem (£, 1)(A) is nothing else than (L£L"(A), u(A)). More-
, (L, u)‘(ﬁ) denotes the total variation of the vector valued measure (L£", ).
~L"+ 1® the total variation

In terms of the Lebesgue decomposition p = p®+ p’° =
can be expressed as follows

(7, )| @ /\/H_’dﬁ

2.3. Mollification in space. In order to prove Theorem 1.5, we need to
regularize certain comparison maps. To this end we first extend these functions from
2 to R™ by means of the following lemma. Its proof can be found in [17, Lemma 2.3|
for the case N = 1 and 9,v € L*(27). However, the arguments extend to the case
considered in the present paper.

dﬁ"
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Lemma 2.5. Assume that 2 C R" is a domain with bounded Lipschitz bound-
ary. Then there exists a bounded linear extension operator E: BV(Q, R") — BV(R™,
R”) with the properties

(i) |[DEv|(0Q) = 0 for every v € BV(Q2, RY),

(i) ifv € L2 (Q,RY)NBV(Q,RY), then Ev € L*(R",RY) N BV(R",RY),

(iii) ifv e L2(Qp, RY)NLL, (0, T;BV(Q,RY)), then Ev € L>(R" x (0,T),RY) N
LL (0, T;BV(R",RY)). If v € L*(0,T; L*(2, RY)) holds true, then also
8,Ev € LY(0,T; L*(R", RV)).

Let ¢. denote the standard mollifier on R™. We compile properties of the spatial
regularization v, := v % ¢. of a map v in the following lemma.

Lemma 2.6. Let v € L., (0,T;BV(R",R")) with d,v € L*(0,T; L*(R",R"))
and v(0) € L*(R™,R"). Then the following assertions hold true:

(i) v. »vin L*(R™ x (0,T);RY) ase | 0,

(ii) v. € CO([0, T); WH2(Q, RYN)) for any € > 0,

(iii) for any € > 0 we have

sup [[ve(t) |2 mnmyy < sup [[o() || 2w m),s
te[0,T] t€[0,T]

(iv) Qe — Oy in LY(0,T; L*(Q,RN)) ase | 0,

(v) in the limit € | 0 we have for a.e. t € [0,T] that
Du.(t) = Duv(t) weakly* in RM(R™ RN*"),
(L7, D= () [(2) = [(£", Do(t))[(£2).

Proof. Assertions (i), (iii) and (iv) are standard properties of mollifications.
Next, we prove (ii). Note that v.(0) € C*(R",R") . Hence v.(0) € W?(Q, R")
holds true as well. Since ¢. € CP(R",R") is independent of time and dv €
LY0,T; L*(R™ RY)), we have that

8tve = (atv) * ¢€7
that

atDUa(zat) = atv(yat) ®Dx¢a(x - y) dy
R?’L

and that d,v.,d,Dv. € L'(0,T; L*(2,RY)). Indeed, by Young’s inequality for con-
volutions we obtain

T
1002 012 mmy) < / PR P p——
0

= ||¢s||L1(Rn)HﬁtUHLl(O,T;m(Rn,RN))
= HatUHLl(O,T;LZ(R”,RN))

and

T
10: Dvel| 10,7522, mNY) S/ | Doel| L1 (rr mey | 040 L2(mn mA) dE
0

= ||D¢s||L1(R",R") atU||L1(0,T;L2(Q,RN))
= c(n,¢) ||atv||L1(0,T;L2(Q,RN))
This yields claim (ii). Finally, we are concerned with claim (v). Observe that

sup |Dv.(t)[(R") < |Dv(t)|(R") for a.e. t € [0,T].

€€(0,1)
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Since v.(t) — v(t) in L2(R", RY) for a.e. t € [0, T], the limit of any weakly* conver-
gent subsequence of Duv.(t) is Dv(t), which proves the first part of (v). Then also
(L™, Du.(t)) — (L™, Do(t)) weakly* in RM(Q2, RN"*1). By lower semicontinuity, this
implies

(£, Do) (@) < limnf (£, D ()| (@),
Moreover, we compute that for a.e. ¢t € [0,7] and all € > 0
|(L", Dv-()(2) = (1, Du(t)) * 6.L7[(Q) < |(L", Du(t))|(5).
This yields assertion (v). O

2.4. Mollification in time. Let h € (0,7], X be a separable Banach space
and v, € X. We consider v € L"(0,T; X) for some 1 < r < oo and define for any
t € [0, 7] the mollification in time by

(2.2) Mh@y:eﬁmf+%ée5

Sometimes we will also use the notation [v];° to make clear which initial datum is
used. By construction, this regularization formally solves the ordinary differential
equation

(2.3) Oc[v]n = =3 ([vln — v)

with initial condition [v],(0) = v,. The following lemma states some basic properties
of the mollifications [-]p, cf. |12, Appendix B| or [24, Lemma 2.2| for the proofs of
the statements.

Lemma 2.7. Suppose that X is a separable Banach space and v, € X. If
v e L7(0,T;X) for some r > 1, then the mollification [v], defined in (2.2) fulfills
[v]n € L7(0,T; X) and for any t, € (0,7 there holds

IvD]

h Cwn]7
oty = Wlrowo T |7 (1 e ) lvoll x -

In the case r = oo the bracket |.. .]% in the preceding inequality has to be interpreted
as 1. Moreover, in the case r < oo we have [v], — v in L"(0,T; X) as h | 0. Finally,
if v € C°[0,T); X) and v, = v(0), then [v], € C°([0,T]; X), [v]n(0) = v,, and
moreover [v], — v in C°([0,T); X) as h | 0. O

For maps v € L"(0,T; X) with 9,0 € L"(0,T; X)) we have the following assertion.

Lemma 2.8. Let X be a separable Banach space and r > 1. Assume that
v e L'(0,T;X) with Oyv € L"(0,T;X). Then, for the mollification in time defined

by
[v]n(t) == e nv(0) + %/0 e’ v(s)ds

the time derivative can be computed by

@hh@z%ée¥&d$®,

and, moreover we have that

Hat [[U]]h } L7(0,T;X) S ||at,U||LT(O,T;X)
holds true. O
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Moreover, for a proof of the following lemma for the case N = 1 cf. [13, Lem-
ma 2.6]. Note that the proof can easily be extended to the vectorial case.

Lemma 2.9. Let v, € BV(Q,RY) and v € L., (0,T;BV(€, R"Y)). Then, the
time mollification according to (2.2) with initial values v, satisfies [v];, € L. (0,T;
BV(Q,RY)) and | D[v],()|(22) < [|Dv[(Q)], (t) holds true for a.e. t € [0,T), where
[IDv](€)], is the time mollification according to (2.2) with initial values | Du,|(€).

2.5. Lipschitz continuity. Here we state a local Lipschitz continuity assertion
that we apply for the integrands fP, p > 1 with m = Nn and for g with m = N
and p = p, = 2; for the proof cf. [14, Lemma 2.11]. See also |1, Lemma 5.42| and
[29] for related results. Note that the following Lemma ensures in particular that the
Lipschitz constant does not blow up as p | 1.

Lemma 2.10. Let p, > 1 and assume that h(z,-): R™ — R is convex for
a.e. v € () and satisfies

|h(z,&)| < L(1+ |£]P) for a.e. z € Q and all £ € R™

for constants p € [1,p,] and L > 0. Then h fulfills the local Lipschitz continuity
condition

(2.4) (. &) — Az, )] < c(m, po) L(L + [P + [n["~H)[€ — )

for a.e. x € Q) and all n, £ € R™.

2.6. The initial condition. Here, we show that variational solutions to (1.3)
and (1.4) attain the initial datum w, respectively u, .

Lemma 2.11. Assume that u, is as in (1.12), that f satisfies hypotheses (1.1),
(1.2) and (1.8) and that g fulfills (1.10) and (1.11). Then any variational solution u
in the sense of Definition 1.1 attains the initial datum u, in the L*-sense, i.e.

Proof. Let h > 0. We extend u, to R™ by zero and consider the mollification
U, i = Uo*@ 5, Where ¢z denotes the standard mollifier in R™. Note that v = U, /i
is admissible in (1.13). Using also the growth conditions (1.1) and (1.10), we infer
that

iHU(T) - uo||2L2(Q,RN) < %HU(T) - uo,\/ﬁ||2L2(Q,RN) + %”Uo - uo,\/ﬁ||2L2(Q,RN)

< TL/ (1 + \Duo’\/ﬁ\) dz + TM/(l + \uo’\/ﬂz) dz + ||u, — uo7\/ﬁ||2LQ(Q,RN)‘
Q Q

We estimate the first term on the right-hand side of the preceding inequality by
Young’s inequality for convolutions and Hélder’s inequality. This yields

D, zllov@ryy < luollpr@rm | Dozl o @)
1
<[> Huo||L2(Q,RN)ﬁ||D<Z5||L1(Rn)

— c(n, 1) 2 o 2 -
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Inserting this into the second last inequality, integrating over 7 € (0, h) and dividing
by h, we have that

h
ﬁ/o () = wollZ2@mn) T < (L + M)IQ + c(n, QN LVA|uol 20m)

+ %MH%,\/EH%Z(Q,RN) + [luo — uo,\/EHzLQ(Q,RN)
— 0
in the limit A | 0, since u, 5 — u, in L2(Q,RN) as h | 0. O

In order to prove a corresponding assertion for the case p > 1 (as well as in some
other proofs of the present paper), we need the following technical lemmas.

Lemma 2.12. Letp > 1,¢ > 0andv, € L*(Q,RY). Then, for the regularization
Voe i= Uo* e, Where v, is extended to R" by zero and ¢. denotes the standard mollifier
in R™ we have that

n 1
(2.5) /UMNWM<dHRMD P 012 e

Proof. By means of Young’s inequality for convolutions and Hélder’s inequality
we estimate

[ Do az = [ o, s Do e < ol o1 D0- e

b n
< 10 02 0,2~ DGy
= ¢(n, p, 1) " P01} g mv )
which yields the claim. 0
Lemma 2.13. Let h > 0 and e(h) = hT s . Assume that v, € L*(Q,RY) and
consider the regularization v, := v, * ¢«(), Where v, is extended to R" by zero and
¢=(ny denotes the standard mollifier in R™. Suppose that v € LP(0,T; W?(Q,RY))

and let [v];, denote the mollification according to (2.2) with initial datum v, j,. Then
we have that D[v];, — Dv in LP(Qzp, RN*") in the limit h | 0.

Proof. Consider [v]9 = [v]s — € 5oy, i.e. the time regularization according to
(2.2) with zero initial values. By Lemma 2.7 we know that

(2.6) D[v]¢ = Dv  in LP(Qp, RV*™) as h | 0.

Furthermore, we have that

T
// |De_%vovh|pdzdt:/ e dt/ | Dvop|P de < ﬁ/ | Dv,p|P dex.
Qr 0 Q P Ja

Using (2.5), we find that

/unwwn<dnnmw<>"“wmmmRm

Joining the two preceding estimates and recalling the definition of £(h), we obtain
that

// | De™ hvoh|p dzdt < c(n,p, |Q|)\/7||UO||L2 (Q,RN) —0
Qr

as h | 0. Together with (2.6) this yields the claim of the lemma. O
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Lemma 2.14. Assume that u,, satisfies (1.16), f? fulfills (1.14) and (1.15) and
g fulfills (1.10) and (1.11). Then any variational solution u in the sense of Defini-
tion 1.3 attains the initial datum u, , in the C'—L?*-sense, i.e.

tsn [1(6) = 1ol 120, 5) = 0.

Proof. Let h > 0 and ¢ = ¢(h) := hZw 5. We extend upo, to R™ by zero
and consider the mollification wuy , = Up o * Qc(n), Where ¢,y denotes the standard
mollifier in R". Since v = u,,, is an admissible comparison map in (1.17), we deduce
that

iHU(T) - up,OH%?(Q,RN) < %H (1) — UP,O,hH%?(Q,RN) + %Hup,o - up,o,h”%?(Q,RN)

<7 [ (1 1Dugoal?) M (0 fonl?) A+ o = ol
Q Q

for any 7 € [0,7]. By Lemma 2.12, we obtain for the first term on the right-hand
side of the preceding inequality that

/Q | Dty on]” dz < c(n p, [Q)e™ P fup ol 2@ m)
= c(n, p, |Q|)ﬁ||up,o||L2(Q,RN)-

Inserting this in the second last inequality, integrating over 7 € (0, k) and dividing
by h yields

/ [[u(T) up,OH%Z(Q,RN) dr
LI+ M9 + c(n,p, 9], L)Vh||upoll20.m3) + §M][uponllF2or
+ .o — UponllZa@mm)-
The right-hand side of the preceding inequality vanishes as i | 0, since up o p — Up,o
in L2(Q,RN) as h | 0. Since u € C°([0, T]; L?(2, RY)), this implies the claim. [

2.7. Emnergy bounds. Next, we show certain energy bounds for variational
solutions associated with the approximations f? with p > 1. Using v = 0 as com-
parison map in (1.17) and the growth conditions (1.14) and (1.10), we deduce the
following lemma.

Lemma 2.15. Assume that u, , fulfills (1.16) and that f? satisfies the hypotheses
(1.14) and (1.15). Then any variational solution in the sense of Definition 1.3 satisfies
the energy bound

L sup [u(®)Baorr, + / [f7(, D) + gz, w)] dedt
te[0,7 Qr
@2.7) < 2Ly + M]|90] + [y lZanm,

The next lemma provides a continuity property that will be crucial for the ap-
plication of the compactness result Lemma 2.1.

Lemma 2.16. For an exponent p € (1,2] we consider a Cauchy datum u,, as
n (1.16). Assume that

u e CO[0, T]; L*(Q, RY)) N LP (0, T; W'»(2, RN))
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is a variational solution to (1.4) in the sense of Definition 1.3. Then, for any h € (0,T)
and any { > 1 there holds

T—h
/0 Hu(t—l—h) - u(tww%»?(Q,RN) dt <c [1 + ||Du||§;(IQT’RN) + ||U||L2(QT,RN)} \/E7
with a constant ¢ = ¢(n, N, L, M, ¢, |Q|,T).

Proof. Let h € (0,T) and set e(h) := hZ T First, we extend u,, by zero to
a function on R" and define mollifications . = Upo * @-(n), Where ¢y denotes
the standard mollifier on R"™. We define regularizations [u]; according to (2.2)
with initial values w,, ;. Observe that [ul, € LP(0,T; W'?(Q, R")) by Lemma 2.7,
Ouln € LY0,T; L2(Q,RY)) by (2.3) and [u]n(0) = upon € L*(Q, RY). Therefore
v = [u]n + ¢, where ¢ € C°(Qr, RY), is an admissible comparison map in the
variational inequality (1.17). Thus, we have that

I, = —//Q O ([uln + @) - ([uln —u+ ) dadt
(2.8) < //Q [f?(z, D[u], + Dg) — f*(x, Du)] dz dt

+ // gz, [uln + ») — g(z,w)] dzdt + §|lupon — Upoll T2
Qp

=: 11, + 1T, + $|lupon — upvo||§2(Q,RN).

Using the fact that ¢(0) = 0 = ¢(T") we re-write I, with an integration by parts as
follows

I, = —/QT Oluln - ([uln — u) da:dt—l—/

Qp

Opp - udrdt 2/ Opp - udz dt.

Qp
In the last inequality we have employed the identity (2.3). Furthermore, we estimate
IT;, using Lemma 2.10 with the choices m = Nn and p, = 2. This yields

I, = //Q 7 (2, Dlula+Dg) = f7(w, Dluls) + 7 (2, D[uls) = f*(x, Du)] dz dt
< c//Q (1+ |Dluls + Dcp‘p_l + ‘D[[u]]h‘p_l)|Dg0| dz dt

+ c// (1+ |D[u]nf " + | Du["~Y) | D[u]s — Duldz dt,
Qp

where ¢ = ¢(Nn)L,. By Lemma 2.13 we have that D[u], — Du in LP(Q7, RV*") as
h | 0. In conclusion, we infer that

lim sup II;, < c(Nn)Lp// (1 + [DulP™' + |Dg|"~") | Dy| da dt.
hl0 Qr

Similarly, applying Lemma 2.10 with m = N and p, = p = 2, we deduce that

II, = //Q [g(l’, [[u]]h + @) - g(Ia [[u]]h) + g(l’, [[u]]h) - g(x,u)} dx dt
< c//Q (L + |[uln + | + [[uln]) || dz dt
+c//ﬂ (1 + |Led] + )|l — w] dat,
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where ¢ = ¢(N)M. Since [u], — u in L*(Qp,RY) as h | 0 by Lemma 2.7 and the
fact that uy,p — u,, in L2(Q,RY) as h | 0, we conclude that

lim sup I1T;, < c(N)M// (1+ |ul + |¢]) || dz dt.
h10 Qr

Furthermore we have that

lf%l SN upon — Up,o||2Lz(Q,RN) =0.

Inserting the preceding computations into (2.8), we have that
/ Orp - udrdt < C(Nn,po)L// (14 [DufP~! + |[Dg|P~") | De| d dt
QT QT

N)M//Q (1+ |ul + |¢]) || dz dt.

Repeating the same computation for —¢ instead of ¢, we obtain that

Qr

Scl// (14 |DulP~" + | D"~ ") | Dy| dz dt
Qp

+02// (14 Ju] + o] | dz dt

1_,
(29) < ar[|0r]'7 + IDull o, ey + 1D2 ko, vy | 1Dl ooy mvy
1
+ 2[00} + [[ull 2. + Ielliziormm |l 2rmm
< o1 |Qpr 77|17 + | D Dol D
= b1 84T T uHLp (Qr,RN™) + H @’LP(QT,RNn) H 90HL2(QT,RN")
1
+ e [0r% + lJull ) + Ielliziormm |19l 2 mm
holds true for any ¢ € C3°(Qr, RY) with ¢; = ¢(Nn)L, and ¢; = ¢(N)M. An

approximation argument yields the same estimate for any function ¢ € 08 ’1(QT, RY).
Now, for 0 < 51 < s5 < T and 0 < 0 < min{s;, T — s3} we define

(0, for t € [0, 51 — o],
lt—s1+0) forte (si—o,s1),
G(t) =<1 for t € [s1, s2],
—2(t—sy—0) forte (sy,8 +0),
L0, for t € [sy 4 0,17,

and choose ¢(z,t) = 1 (x)(,(t) with ¥ € C°(Q, RY) in (2.9) with the result that

LG o=t [ wnna) v
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1_1 1 _1
gcﬂQﬂpz“Qﬂl +HDMMMIRM,+T1|MWMMQRMJ
: (52 — 81+ 20’)E ||D¢||L2(Q7RNTL)
1 1 1
+ e [10r1% + [ull 2wy + T3l 2amn | (52 = 51+ 20)* [ 2o mmy

holds true. By Sobolev’s embedding we thus obtain for £ > 1 that

‘/ ( u(z, t)dt — —/8:2+0u(x,t) dt) p(z) da

<c[1+||Du||Lp(QTRNn Ll 2op ey + [0l + 1DE ]2 e

(s2—s1+ 20’)§||¢||W“(Q,RN)>

where ¢ = ¢(n, N, L, M, ¢,|Q|,T). Using this estimate for d¢ with 6 > 0 instead of
Y, dividing by 6 > 0 and letting ¢ | 0, the preceding estimate simplifies to

‘/ ( u(z,t)dt — %/S:QJrgu(x,t) dt) p(z) de

1
<c [1 + HDU’ Lo( QT rn) T HUHL2(QT,RN)] (52— 51+ 20) 2 [[¢]lwea@ry)-

Passing to the limit o | 0 we find that for every 0 < s; < so < T there holds
[ (ula ) = uta,0) - v do
Q

1
< ¢ [T 1Dl oy vy + lullzzar ] (52 = 51)F [0 lweemyy

for any ¢ € C5°(, RY). By density of C5°(Q2, RY) in W (Q, RY) the last inequality
extends to any ¢ € W,2(Q, RN). This shows that for any h € (0,T) we have that

T—h
/0 HU(t—l—h) - u(t)waéﬂ(Q’RN) de <c [1 + ||Du||Lp(QT RM) + ||u||L2(QT7RN)] \/ﬁ

holds true with a constant ¢ = ¢(n, N, L, M, (,|Q|,T). O

3. Existence of variational solutions for problems with
superlinear growth: The case of regular initial data

In this section, we first consider a regular Cauchy datum w,. By regular we mean
that u, satisfies

(3.1) u, € L*(Q,RY) nWhr(Q,RY)

and use the method of minimizing movements to show the existence of variational
solutions to the gradient flow associated with

(3.2) Owu — div(De fP(z, Du)) = —Dyg(z,u) in Qp

in the following theorem. Subsequently, we prove an existence result with a general
Cauchy datum in L*(2, RY), cf. Theorem 4.1.
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Theorem 3.1. Suppose that u, is as in (3.1), that fP satisfies hypotheses (1.14)
and (1.15) and g satisfies hypotheses (1.10) and (1.11). Then there exists a vari-
ational solution u € C°([0,T]; L*(Q, RN)) N LP(0, T; W'r(Q,RY)) to the gradient
flow associated with (3.2) in the sense of Definition 1.3. Furthermore, u satisfies the

energy bound
%// |O,u*dx dt + 1P sup / | Du|P dx dt
Qp te[0,T] J Qx{t}

(3.3) < 2[(Ly + M)IQ + Ly Dy oy + Mol B2
The proof of Theorem 3.1 is divided into several steps.

3.1. A sequence of minimizers to elliptic variational functionals. First,
we fix a step size h € (0, 1] and consider such values i € Ny that fulfill ih <T'. We in-
ductively construct minimizers u; € L?(Q, RY)NW1P(Q RY) to certain elliptic vari-
ational functionals. More precisely, let ug = u,. If u;_; € L*(Q, RY) N WhHr(Q,RY)
for some ¢ € N has already been constructed, define u; as the minimizer of

L;[v] ::/Q[fp(x,Dv)%—g(x v dx—l——/|v w4 |* dw

in the class of functions v € L2(, RY) N WP(Q, RY). Obviously, this class is non-
empty. We remark that while this is not the point of view in the present paper, each
I; is a Moreau-Yosida approximation of I,. The existence of a minimizer to I; in
L2(Q,RN) n WhP(Q,RY) is ensured by the Direct Method of the Calculus of Vari-
ations. Indeed, suppose that (ux)ren is a minimizing sequence, i.e. limy o L;{ug] =
inf,er20 M)W ry) Li[v]. In particular (I;[ug)rex is bounded, since I; is non-
negative by (1.14) and (1.10). If p < 2, we conclude by the coercivity condition
(1.14); and Holder’s inequality that (ug)gen is bounded in L2(2, RY)NWhP(Q, RY).
If p > 2, we argue by Poincaré’s inequality. More precisely, since () is a bounded
Lipschitz domain, there exists a constant ¢ = ¢(n, N, p,2) such that for any u €

Whr(Q,RN)
/|u—uQ|pdx < c/ | Dul? dx
0 0

holds true, where uq denotes the mean value ug := fQudx. Using Poincaré’s in-
equality and Hoélder’s inequality, we infer that

1_1
|urll ey < |2 (Huk — Ui—1|| 2Ny + ||ui—1HL2(Q,RN)) + || Du || Lo, mvmy -

The right-hand side of the preceding inequality is bounded by (1.14), since (I;[ug])ren
is bounded and since u;_; € L*(Q,RY) is fixed. Hence (uy)ren is bounded in
L2, RM) n Wh(Q,RY). Since (1.14), (1.15) and (1.10) together yield that I; is
lower semicontinuous with respect to weak convergence in L?(Q2, RV)NW1r(Q, RY),
there exists a minimizer u of I; in the class L?(Q, RY) N Wh?(Q, RY).

3.2. Energy estimates. Observe that u;_; is an admissible comparison map
for the variational integral I; for any ¢ € N. Using the minimality of w; with respect
to I;, we obtain that

Liu;] = /Q [fP(z, Du;) + g(x,u;)] do + & /Q lu; — u;_1|? dz
S / [fp(l', Dui_l) —+ g(l‘, ui_l)} dz = Il[ul_l]
Q
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Let k € N with kh < T. Iterating this estimate for i = 1, ..., k and using the growth
conditions (1.14) and (1.10), we conclude that

K
/ [f?(x, Duy) + g(z, w)] dz + 5= Z/ u; — w1 | da

< / (£ (z, Duy) + g(z,u,)] da
Q
(3.4) < (Ly + M)|Qf + LpHDUOHip(QRNn) + MHuOHi?(Q,RN) =,

where the definition of the quantity ¥ is obvious. Discarding the non-negative first
term on the left-hand side of (3.4), we compute that

‘ 2
\uz\2dx§/2[ lu; — i |} dx+2/ |uo|? d
¢
S%Z/ \ui—ui_1|2dx+2/ |u,|* d
i=1 7@ L

(3.5) < AAY + 2| 3o vy < AT + 2][uo||22 0 v

3.3. The limit map. From now on, we consider only such values h, € (0,1]
that are given by h, := T'/¢ for some ¢ € N. We assemble the minimizers u; to a
function u'¥: Q x (—hy, T] — RN that is piecewise constant with respect to time by
setting
(3.6) uO (-, t) :=w; for t € ((i — 1)hy,ihg], i € {0,..., he}.

From (1.10), (1.14), (3.4) and (3.5) we infer the energy estimate
sup Hu(z)(t)HL2(Q7RN) + P sup / |DuO P dz
te[0,T] te[0,T] J Qx{t}
(3.7) < (14470 + 2||uo|[72 (0, r)-
We need to conclude that the sequence (u'?),en is bounded in L>(0, T'; L2(©2, RY))N

L0, T; WLP(Q,RY)). If p < 2, this obviously holds true by (3.7). If p > 2, we use
Poincaré’s inequality and Holder’s inequality to infer that

sup ||u(£)(t)||LP(Q,RN)

te[0,T
< S 1w ()allLrory) + S 1w (1) = (W (#)allLr@.rm)
€10, €10,
1
< |Q|5_1 sup /u(é)(t) dz| + ¢ sup ||Du(€)(t)||Lp(Q,RNn)
tefo, 7] | JQ t€[0,T]

< |02 sup [l (Ol 2@y + ¢ sup [DuOO)] o nm,
te[0,T] te[0,T]
where ¢ = ¢(n, N,p,Q) and (u9(t))q := f,u¥(t) dz. Together with estimate (3.7)
the preceding inequality implies that (u“))sen is bounded in L=(0, T; L2(, RY)) N
L0, T; WHP(Q, RY)). Hence, there exists a subsequence & C N and a limit map
u € L>(0,T; L*(Q,RN)) N LP(0, T; WhP(Q, RY)) such that

{uw o weakly* in L=(0, T; L(, RY)),

3.8
(3.8) u® X weakly* in L>(0,T; Wl’p(QaRN))
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in the limit 8 3 ¢ — co. Next, we want to improve the regularity of u. To this end,
we define a second function @¥) : Q x (—hy, T] — R" by linearly interpolating in time
the minimizers u;_; and u; on the interval ((i — 1)hy, ihy], i.e. by letting

WO t) = (i = E)wis + (1 =i+ £)w fort € ((i = Vhy,ihy], i € {1, he}
and @ (-,t) := w, for t € (—hy,0]. Observe that for ¢t € ((i — 1)hy,ih,] the time
derivative of @¥) is given by

0 i) ( ) h%(ui_l - UZ) S L2(Q, RN)

Together with the coercivity conditions (1.10), (1.14) and the energy estimates (3.4)
and (3.5) this implies that

// 10,09 da dt + sup @ (¢ M r2@mryy +F sup / |DaOP dz
Qp tel0,T te[0,7] J Qx{t}
(39) < (2+4T)¥ + 2fuolZ2mr)-
Hence, using Poincaré’s inequality in the same way as in the case of u¥), by (3.9) also
the sequence (i'?)sen is bounded in L>(0, T; WP(2, RY)). Furthermore, by (3.9)
the sequence of time derivatives (9,a"))sen is bounded in L*(Qr, RY) and there-
fore (@))sen is bounded in Whmin{22}(Q, RY). Note that we may apply Rellich’s
theorem, since {27 is a bounded Lipschitz domain. In conclusion, we obtain that
there exists a subsequence £ C N and a limit map @ € L>(0,T; WP(2, RY)) with
oyt € L*(Qp, RY) such that

Y — @ strongly in L™} (Qp RN,
(3.10) a® = q weakly* in L>=(0, T; W'r(Q, RY)),

o, — 9, weakly in L*(Qp, RN)
in the limit & 3 ¢ — oo. Since

(@D — u@) ()| < i1 — w| for t € ((i — 1)hy, ihy]

we conclude from (3.4) that

// ()Izdxdt<heZ/|uz | — u? da < 2h20
Qr

and further by means of Holder’s inequality that

// (Z _ u ( )|m1n{2p} dfl'f dt < |QT|1 111111{2 P} (2hé )M
Qr

Joining this with (3.10); implies that also u' — @ strongly in L™™2r}(Qr RY) as
R 5 ¢ — oo and hence u = w. At this stage, we are able to deduce the energy bound
(3.3). To this end note that (3.4) leads to

// 10,a'9)? dz dt + 2 sup / |DaO P dz
Qr te[0,T] J Qx{t}

[(Ly + M)[Q + Lyl Duol 7 mvmy + Mol 2205 -

By weak lower semicontinuity, (3.3) follows from taking the limit 8 3 £ — oo in the
preceding inequality:.
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3.4. Minimizing property of the approximations. First, observe that u(®
is a minimizer of the variational functional

1O[] .= / [f?(z, Dv) + g(z,v) + 2—}Ll|v —uO(t — hy)|] dz dt
Qp

in the class of functions v € L?(Qp, RN) N LP(0,T; WH?(Q, RY)). Indeed, using the
definitions of I and u® and the minimality of u; with respect to I;, we compute
that

L h
10[u9] = Z/ l / [fP(z, Du;) + g(z,u;) + Q—}M\ul — wyq[*] dz dt

_Z/ i dt<Z/
:;/(_ /Q[fp(x,Dv)+g(a7,v)+2+Ll|v—Ui—lﬂ dz dt =19[]

holds true for any map v € L*(Qp, RY) N LP(0, T; W'P(Q, RY)). We re-write the
preceding inequality as

/ [f2(z, Du®) + g(z,u'?)] dz dt
Qp
< //QT [f?(z, Dv) + g(z,v)] dzdt
2 [ Tom R~ O i g aea
- /Q [f?(z, Dv) + g(z,v)] dzdt
L B ) 0 O )]

Next, using the (admissible) convex combination w® := u(® + s(v — u¥) with s €
(0,1) as comparison map in the preceding inequality, we deduce by the convexity
assumptions (1.11) and (1.15) that

/ (77 D) g )]

< /Q [£7(z, Du) + s(Dv — Dul)) + g(z,u® + s(v — u?))] dz dt
hj // 2 s —u®) - (W —ul(t = hy))] dzdt

< //Q (1= 8)[f7 (2, Du™) + g(2,u®)] + s[f"(x, Dv) + g(z,v)]] dz dt
T //QT 24 s(v—u®) - (u —uO(t — hy))] da dt.
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Reabsorbing the first term on the right-hand side of the preceding inequality into the
left-hand side and dividing the result by s > 0, we infer that

[, 170 ) awat < [ (7900 + gl an

e [ Tt = a0 =) @ = = )] do
T

We extend v to negative times ¢ < 0 by v(t) = v(0) € L*(Q,RY). Passing to the
limit s | 0 in the preceding inequality, we find that the variational inequality

/ [£7(x, Du®) + g(x,u)] dz dt
Qp

< //QT [fP(z, Dv) + g(z,v)] dzdt

//Q v—ulD) - (u® —ulO(t - hy))] dudt

/ [f?(z, Dv) + g(z,v)] dedt + // v—u®) . (v—v(t—h))dedt
Qr Qr
—l—2—m// v —u (t—hg)—}v—u ‘ dz dt

2h(//Q v —o(t — he) — u® +uO(t—hy)|* du dt

(3.11) / [f?(z, Dv) + g(z,v)] dedt + - // v—u®) . (v—wv(t—hy))dzdt
Qp

— o // v —ul® d:zdt—l——// v — u,|? dz dt
C L) QX [T —he,T] Qx[—he,0]

holds true for any comparison function v € L*(Qp, RY)NLP(0, T; W'P(Q, RY)) with
0(0) € L2(Q, RY).

3.5. Variational inequality for the limit map. In order to show that
is a variational inequality to (3.2), we pass to the limit 8 5 ¢ — oo in (3.11). As
comparison map we choose v € LP(0,T; WhP(Q, RY)) with d,v € LY(0, T; L*(Q, RY))
and v(0) € L?(2, RY), which we extend to negative times t € (—hy, 0] by v(t) = v(0).
By (3.8)2 and lower semicontinuity we obtain that

/Q [f?(x, Du) + g(z,u)] dzdt

R3L— 00

(3.12) < liminf/ [f7(z, Du'Y) + g(z,u")] dz dt.
Qr

Next, note that hiz(v—v(t—hg)) — Oy strongly in L1(0,T; L2(, RY)) as 8 3 £ — oo,
since 9y € LY(0,T; L*(Q, RY)). Combining this with (3. 8)1, we have that

(3.13) / O+ (v—u)drdt = lim hz// v—u) - (v—ov(t—hy))dzdt.
QT QT

R30—00

Since v € C°([0, T]; L*(2, RY)), we obtain

hm—// v —v(T)|*dzdt = 0.
t=00 21 J] o im— th| @)l
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This allows us to replace in the second last integral in (3.11) the function v by its
time slice v(T). Moreover, since u) = u)(T) on (T — hy, T] by definition, it remains
to consider

lim / lv(T) — u9(T)|? dz.

RS3L—00

To this end, observe that

/u(T)-wdx:/ 8tu-wd:vdt+/uo-wdx
Q Qr Q
= lim 0tﬂ“)-wdzdt—l—/uo-wdz
Q

{—00 Qr

= lim [ a“(T) wda.
{—00 Q
holds true for any w € L?(, RY). Since @Y(T) = u® (T, this yields ©'9(T) — u(T)
weakly in L?(Q, RY) as & 3 £ — oco. Thus, by lower semicontinuity we conclude that

(3.14) /|v —u(T)|*dz <11m1nf/ l0(T) — u®(T)|? da.

RK30—00

Finally, note that by v(t) = v(0) for ¢t € (—hy, 0] we have that

(3.15) 2h£// v — | dedt = /|v ) — U |* da dt.
Qx[—hy,0]

Joining (3.12), (3.13), (3.14) and (3.15) we find after passing to the limit 8 3 ¢ — oo
that

/Q [f?(z, Du) + g(z, )] dz dt

§/Q [fp(:)s,Dv)ng(z,v)}dxdt—l—/ O - (v —u)dxdt

Qr

— 3l = W)(D)llz2.rm) + 510(0) — ol z2r)

holds true for any v € LP(0,T; WhP(Q,RY)) with d,v € L'(0,T; L*(Q,R"Y)) and
v(0) € L*(Q,RY). By means of Lemma B.1, this shows that u is the required
variational inequality to (3.2), which concludes the proof of Theorem 3.1. O

4. Existence of variational solutions for problems with
superlinear growth: the case of L2-initial data

Theorem 4.1. Assume that initial values u, € L?(Q, RY) are given, that f?
fulfills hypotheses (1.14) and (1.15) and g satisfies (1.10) and (1.11). Then there
exists a variational solution u € C°([0,T]; L*(Q, RN)) N LP(0, T; W'P(Q, RY)) to
(3.2) in the sense of Definition 1.3.

Proof. Let ¢ > 0. We extend u, to R" by zero and consider regularizations
Upe := Uy* Pe, Where ¢, denotes the standard mollifier. Note that u,. € L*(Q, RY)N
Whr(Q,RY). By Theorem 3.1 for each € € (0,1) there exists a variational solution
u. € C°([0,T]; L2(Q, RN)) N Lr(0,T; WHP(Q, RN)) to (3.2) with initial datum u,._,
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i.e. u. satisfies the variational inequality

/Q [fp(x, Du.) + g(z, ue)] dx dt

S/Qfﬁtv-(v—ua)dzdtjt//T [f?(z, Dv) + g(z,v)] dxdt

(4.1) — 3l = u) ()2 0my) + 510(0) = Uoell 20 mm)
for all 7 € [0,7] and any comparison map v € LP(0,T; WLP(Q RY)) with v €
LY0,T; L*(Q,RY)) and v(0) € L*(2, RY). From Lemma 2.15, (1.10) and (1.14) we
infer that the energy bound

s ) B 7 [||Dup o

t€[0,7T] Qr

(4.2) < 2[Ly + M]|Qr| + [|toe 72 ra)
holds true for any € € (0,1). This implies that the sequence (u.).c(0,1) is bounded
in L*(0,T; L*(Q,R"Y)). If p < 2, we immediately know from (4.2) that (u.)-c(1)
is bounded in LP(0, T; WHP(, RY)) as well. If p > 2, we conclude from Poincaré’s
inequality and Holder’s inequality that

11
sup [luc(t) || rryy < 2272 sup [Juc(t)]|L2ryy + ¢ sup || Ducl|rry),
t€[0,T t€[0,T te[0,7

for a constant ¢ = ¢(n,p,2). Since the right-hand side of the preceding inequality
is bounded by (4.2), the sequence (u.)cc(o,1) is bounded in LP(0,T; Wr(Q2, RY)).
Hence, there exists a (not relabelled) subsequence and a limit map u € L>(0, T’; L*(1,
RM)) N LP(0, T; Whr(Q, RY)), such that
(4.3) u. — u  weakly* in L>(0,T; L*(2, RM)),

' u. — u  weakly in LP(0,T; WHP(Q, RN))
as € J 0. Next, we want to pass to the limit € | 0 in (4.1). Since this is not directly
possible because of the boundary term ||(v — u.)(7) H%Z(QRN), we integrate (4.1) over

T € [to,t, + d] for some § > 0 and t, € [0,T — ¢] and divide the result by §. This
yields

to+d
//Q fp x, Du.) + g(x, us)} dx dt — %][ |(v — ug)(T>’|%2(Q’RN) dr
to

ot
S][ / O - (v —u)dedtdr + // [f2(z, Dv) + g(x,v)] dzdt
to Qr Qipts

(4.4) + 3l1v(0) = tocll720.mn)-

By u. — u weakly in L*(Qr, RY), (4.3)9, (1.14), (1.15) and (1.10) we can use the
lower semicontinuity of the the left-hand side in order to pass to the limit. Next,
since u,. — u, in L?(Q, RY), we conclude that

im 10(0) o [y = 10(0) — ol my

Further, by (4.3); and dyv € L'(0,T; L*(2,RY)) we have that

hm// O+ (v —u.)dedt = / O - (v —u)dxdt.
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Since

sup sup / O - (v —wue)dz dt < |0l p1o.1r20,mV ) |1V — el oo 0,7 02(0,RVY)»
c€(0,1) r€0,1] M,

which is finite by v € L*(0,T; L*(Q, R")) and (4.3);, we may apply the dominated
convergence theorem. Thus, combining the preceding computations and passing to
the limit € | 0 in (4.4), we obtain that

to+9
//Q fp x, Du) + g(x, u)] da dt — %]{ |(v — u)(T)||2LQ(Q7RN) dr

ot
S][ / 0w+ (v—u)drdtdr + // [fP(z, Dv) 4 g(x,v)] dzdt
to Qr Qio+s

+ 3lv(0) - uOH%?(Q,RN)'

Here, we pass to the limit ¢ | 0 and infer that

//ﬂto [#2(x, Du) + g(x,u)] dz dt

< /Qto O - (v —u)dzdt+ /Qto [f7(x, Dv) + g(z,v)] dz dt

— 5l - U)(T)H%Z(Q,RN) + 3lv(0) - Uo||2L2(Q,RN)

for any t, € [0,7] and any comparison map v € L?(0,T; W'?(Q, R")) with 9,v €
LY0,T; L*(Q,RY)) and v(0) € L*(,RYN). Since u € C°([0,T]; L*(Q,RY)) by
Lemma A.1, it is the desired variational solution to (3.2) in the sense of Defini-
tion 1.3. UJ

5. Proof of the main result

We consider a sequence (p;)ien with p; > 1 for any ¢ € N and p; | 1 as i — oo.
Without loss of generality let p; < 2 for every ¢« € N. We assume that the Cauchy
data u;, satisfy (1.16) with exponent p;. For each i € N the mapping

u; € C°([0,T); L*(Q,RY)) 0 LP (0, T; WHP(Q, RY))

denotes the unique variational solution to (1.4) with exponent p; and Cauchy datum
u; . in the sense of Definition 1.3. From Lemma 2.15 and the growth conditions (1.14)
and (1.10) we infer the energy bound

s )l 7 [ 10w
T

t€[0,T

Prdedt < 2[Ly, + M]|Qr| + [l 72 mn)-

By means of (1.18) and Hélder’s inequality we therefore conclude that
(5.1) (u;)ien is bounded in L>(0,T; L*(2, RN)) N LY(0, T; WhHH(Q, RY)).

Thus, there exists a (not relabelled) subsequence and a map u € L*>(0, T; L*(Q, R"))
such that

(5.2) u; % u  weakly* in L>(0,T; L*(Q, RY)).
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By Lemma 2.2 we have that u € L. (0,T;BV(Q,R")). Next, Lemma 2.16 yields
that

T—h
/ ||u,(t + h) - Ui(t)HWfl,Q(Q’RN) dt
0

IriermY) T il 20 w3y | VR

holds true for any ¢ > 1 and h € (0,1) with a constant ¢ = ¢(n, N, L, M, ¢,|Q|,T).

For £ > 5 we infer from Lemma 2.1 with the choice
(X,B.Y,p) = (W"H(Q,RY), L'(Q,RY), W“*(Q,R"), 1)
that there exists a further (not relabelled) subsequence such that
(5.3) u; — u in LY(Qp, RY) and a.e. in Qp as i — oo.
Together with (5.1) this implies that Du; = Du weakly* in RM(Q, RY*") as i — oo.
Since any function w € L%*(0,7; W2(Q,RY)) with d,w € L*(0,T; L?(2, RY)) and

w(0) € L2, RY)) is an admissible comparison map in (1.17) for any p;, i € N, we
obtain variational inequalities

/ ) [P (z, Du;) + g(x, u;)] da dt

< // Ohw - (w — u;) dedt + / [f7(x, Dw) + g(z, w)] dz dt
Q Q.
= 3l = w) (D)2 rn) + 51w (0) = wioll 20 r)

for any 7 € [0,7]. Our next goal is to pass to the limit ¢ — oo in the preceding
inequality. Integrating over 7 € (t,,t, + ¢) for some § € (0,7, t, € [0,T — ] and
dividing the result by ¢ leads to

/ fPi(z, Du;) dx dt
O,

to+0
S][ / Ow - (w — u;) dedtdr + // fPi(x, Dw) dx dt
Q, Qigs
—i—// g(x,w dxdt—// (x,u;) de dt
Qto+6 Qo

to+0
—5]{ (w0 = ) (1) 22, A7 + L 10(0) — sl 22 0 povy-

By Reshetnyak’s lower semicontinuity theorem, i.e. Theorem 2.3, Fatou’s lemma and
Holder’s inequality we infer that

/ Flu(t)]dt < hmmf/ Flu;] dt = hmmf/ f(z, Du;) dz dt
,

1—00 1—00

< lim inf [ // 7 (z, Duy) da dt] "
1—00 Q,
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Combining this with the second last inequality, we conclude that

totd
/ Flu(t)] dt < liminf [][ / Jw + (w — u;) dedtdr
1—00 t Q.
+ // fPi(x, Dw) dx dt
Qiots
+ // g(x,w)dxdt — // g(z,u;) dedt
Qs Qg

to+0
(5.4) - ][ (0 = ) (1) 22 gy A7 + 3 10(0) — ol B ey
to

1

Pq

At this stage, we consider the terms appearing on the right-hand side of the preced-
ing inequality separately. By d,w € LY(0,T; L*(2,RY)), (5.2) and the dominated
convergence theorem, we have that

to+s to+6
(5.5)  lim // Ow - (w — u;) dedtdr —][ / Oyw - (w — u) de dtdr.

1—00

Next, dommated convergence yields

(5.6) lim //Q 7 (x, Dw) dz dt — //Q F(z, Dw) dz dt.

By (5.3) and Fatou’s lemma, which we may apply by (1.10), we have that

(5.7) // (x,u)dz = // lim g(z, u;) de dt < hmmf// (x,u;) dx dt.
Qo 1—00 1—00 Q.

Moreover, by (5.2) and lower semicontinuity we infer that

to+6 to+6
68 4 lw- 00 Bam dr <tmintd £ @ - )0 Eany dr
to to

1—>00

Finally, by assumption (1.18) we conclude that
(5.9) li)m %Hw(O) - Ui,o||2L2(Q,RN) = %Hw(O) - Uo||2L2(Q,RN)-

Inserting (5.5), (5.6), (5.7), (5.8) and (5.9) into (5.4) implies that

/.’F dt+//Q g(x,u)dedt

to

totd
S][ / 8tw-(w—u)dxdtd7'+// [f(z, Dw) + g(z,w)] dz dt
to Qr Qiots

to+0
(5.10) —;][ (w0 = w) () dr + 21w(0) — ol 22 my,
to

holds true for any w € L*(0,T; Wh2(Q, RY)) with d,w € L'(0,T; L*(Q,RY)) and
w(0) € L*(Q, RY)).

Next, we need to show that (5.10) holds true for general comparison maps v €
LY (0, T;BV(Q,RY)) with 9w € LY(0,T; L*(Q,RY)) and v(0) € L*(Q, RY) as well.
To this end, using the extension operator from Lemma 2.5, we extend v to R"™ and
then consider regularizations v. := v % ¢. of the extensions, where ¢. denotes the
standard mollifier in R"”. By Lemma 2.6 (ii) w := v. is an admissible comparison
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map in (5.10). In the following, we compute the limit € | 0 of the appearing terms
separately. First, we have that

‘// Ove - (Ve —u) — O - (v —u)dedt
Q,
< 0. — &vaLl(O,T;L?(Q,RN))Hve - UHLoo(o,T;Lz(Q,RN))
+ [ 10wl o o = vl d.
0

Observe that the first term on the right-hand side of the preceding inequality vanishes
in the limit € | 0 by Lemma 2.6 (iv). Now, we turn our attention to the second inte-
gral. We know that v(t) € L*(Q, RY) for all t € [0, T, since v € C°(0,T; L*(2, RY)).
Therefore, for any ¢ € [0,T] we have that v.(t) — v(t) in L?(Q, RY) as € | 0. Hence,
for a.e. t € [0, 7] there holds

im 190(6) a0  1o(9) = 0O 120 = 0
Furthermore, by Lemma 2.6 (iv) we know that

sup HatUHL?(Q,RN)HUe - U||L2(Q,RN)
e€(0,1)

S 2||atUHL2(Rn’RN) SE,IIJ)—‘} H/U<t)HL2(R”,RN) S Ll([O’T]>
tel0,

Therefore, by the dominated convergence theorem, also the second term vanishes in
the limit £ | 0. Hence, another application of the dominated convergence theorem
yields

to+6 to+6
(5.11) lim / OV, - —u)dxdt = ][ / O - (v —u)dxdtdr.
Q. .

el0

Next, since \Dv( )[(092) = 0 for a.e. t € [0,T] by Lemma 2.5 (i), we have that

/fov dm+/f°°( D] )d\st|

Therefore, from Lemma 2.6 (v) and Reshetnyak’s continuity theorem, i.e. Theo-
rem 2.4, we infer that

ing |, Do) do = Flu(e)
for a.e. t € [0, T]. Furthermore, for any € € (0,1) we have that
Flo(t)] = /Qf(l“, Due(t)) da < L/ (1+ [Dve(t)]) dz < L(|9Q| + [Du(t)|(R")).

Q
Thus, by the dominated convergence theorem, we find that

(5.12) lim //Q f(x, Dv.) dz dt = Oto+6.7-'[v(t)]dt.

el0

Since v. — v in L*(Q7, RY) by Lemma 2.6 (i), we deduce from Lemma 2.10 with
m = N and p, = p = 2 that

(5.13) lim// g(:)s,va)dxdt:// g(z,v)dzdt.
S0 Qs Qtots
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Finally, by Lemma 2.6 (i), we conclude that

to+0

totd
(5.14) lim 1(ve = w) (T[22 mr) A7 = ][ (v = w)(D) L2y d7
to

el0 to
and by v(0) € L*(Q2, R") that
(5.15) lim v (0) — Uoll72 @y = 0(0) = Uollf2(q -

Hence, passing to the limit € | 0 in (5.10) with the choice w = v., by (5.11), (5.12),
(5.13), (5.14) and (5.15) we infer that

/0 " Flu(t) dt + //Q gl drdr

to+o totd
S][ / o - (v—u)dedtdr + Flo(t)] dt + // g(x,v)dedt
to Q- Qipts

0
to+d
—3 (v — u)(7)|17 dr + 3[v(0) — ||
3 L2(Q,RN) 2 ollL2(Q,RN)
to

for any function v € L (0, 7; BV(Q, RY)) with 9,v € L*(0,T; L*(©2, RN)) and v(0) €
L3, RY)). Finally, we let § | 0 in the preceding inequality, which yields

/Oto Flu] dt + //Q g(z,0)dzdt

S/Q 8tv-(v—u)d:):dt%—/oto]:[v(t)]dt%—//gt g(z,v)dxdt

to

= 3l = )t T2 ,rr) + 3l10(0) = woll L2 m)

for a.e. t, € [0,T]. Hence, u is a variational solution to (1.3) in the sense of Defini-
tion 1.1. Therefore, by means of Lemma A.3 we find that u € C°([0,T]; L*(Q, RY))
and by Lemma A.5 u is unique. As a consequence, we have that the convergence
assertions (5.2), (5.3) and Du; — Du weakly* in RM(Q, RV*") actually hold true
for the whole sequence (u;);en. This concludes the proof of Theorem 1.5. U

Appendix A. Continuity and uniqueness

In Definition 1.3 we require variational solutions u to be in C°([0, T]; L*(Q, RY)).
However, the following lemma shows that any map u € L*(0,T; L*(Q, R")) satisfy-
ing (1.17) is a variational solution in the sense of Definition 1.3. Its proof is similar
to the proof of [15, Lemma 3.2].

Lemma A.1. Suppose that u,, fulfills (1.16) and that u € L>=(0,T; L*(Q, RY))N
LP(0, T; WhP(Q, RYN)) satisfies the variational inequality (1.17) with exponent p and
initial datum u,, for a.e. 7 € [0,T] and any map v € LP(0,T; W'P(Q, R"Y)) with
Ow € LY(0,T; L*(Q,RYN)) and v(0) € L*(Q,RY). Then, u € C°([0, T]; L*(Q, RY)).

Proof. Let h > 0 and € = ¢(h) := h2w05 . We consider the mollification [,
defined according to (2.2) with initial values u, o1, := up o *dc(n), Where u, , is extended

to R™ by zero and ¢. denotes the standard mollifier in R". By Lemma 2.7 we have
that [ul, € LP(0, T; WhP(Q, RY)) with initial values [u],(0) = u,,n € L*(Q, RY).
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Moreover, 0;[u], € L*(0,T; L*(©2, RY)) by (2.3). Noting that by (2.3) we have
/ Ailuln - (Tl — u) dedt = —%/ [ulls — u|* dedt < 0,
Q. Q.

by (1.17) with the choice [u], as comparison map, we find that

3 (el = 0) (D)oo, < / 17 (. Duls) — f*(x, Du) d dt

// z, [up) — g(z,u) dz dt

+3 ||up,o,h - up70||L2(Q,RN)

for a.e. 7 € [0, T]. Taking the supremum over 7 € [0, 7] and using Lemma 2.10 for f
with m = Nn, p, = p and for g with m = N, p = p, = 2, we obtain that

2 5w [[(Ehs = ) (Ol

< ¢(Nn,p)L, //Q (1+ ‘D[[u]]h‘p_l + |DulP~") | D[u], — Du|dz dt

+ C(N)M//Q (L + [[dn] + [ul) [[uln — u| dzdt + 5llupon — tpollz2@mr)-

In the last inequality we pass to the limit A | 0, taking into account that up ., — Uy,
in L2(Q, RY), that D[u], — Du in LP(Qp, RV") by Lemma 2.13, and that [u];, — u
in L?(Q7, RY) by Lemma 2.7. The latter holds true, since on the one hand the time
regularization [u],”* of u with initial value w,, strongly converges in L?(Q7, RY),

while on the other hand
L2(Q7,RN) // e ”|Upo Up on|? dz dt

Dl = Tl I;
< Tl = tp ol f2i0mm)

Therefore, we conclude that

2
1;1?3 SEPT] [ ([uln — w) T)HLQ(QvRN) =9,

which means that

1}%1 H [uln — UHLOO(O,T;LQ(Q,RN)) =0.

Observe that the assertions [u],(0) € L*(Q,RY) and 9;[u], € L'(0,T; L*(2, RY))
together imply that [u];, € C°([0,T]; L*(Q, RY)) for any h > 0. Thus, we have shown
that u is the limit of functions in C°([0,77]; L?(€2, R")) with respect to the norm in
L>=(0,T; L*(2,RY)). Consequently, we have that u € C°([0, T]; L*(Q2, RY)). O

In order to prove a corresponding result for the case p = 1, we need the following
technical lemma.

Lemma A.2. Assume that u € L (0,T;BV(R",R")), u, € L*(R",R"Y) and
that [u], denotes the time mollification according to (2.2) with initial datum u, =
Uo * Qe(), Where e(h) := KT and ®-(ny denotes the standard mollifier in R". Then,
there exists a (not relabelled) subsequence such that

(£, DLulu()[(Q) = [(L", Du(®))|(2)
in the limit h | 0 holds true for a.e. t € [0,T].
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Proof. First, note that by Lemma 2.9 we have that [u], € L., (0, 7; BV(R",RY)).
Next, observe that }(ﬁ", D[[u]]h(t))}(ﬁ) = | D, (o, [[u]]h(t))}(ﬁ), since the addi-
tional n+ N entries in Dy, o) (%o, [u]n) € RVTVX(H) are zeroes. A straightforward
calculation shows that zy = [x0], with initial values zo. Hence, D g 2y (0, [u]n(t)) =
D (zo,0)[(z0,u)]n(t), where the time mollification on the right-hand side is defined
with initial values (2o, 4, ). Therefore, we need to prove that

i | Dao. [0, )a(8)[ () = [ Dz (20, u(t))|(Q) = [(£7, Du(t))|()-

To this end, note that [(zo,u)]s(t) — (w0, u(t)) in L*(Q, RN for a.e. t € [0,T] by
Lemma 2.7 and since u,;, — u, in L2(Q, RY). Therefore, by Theorem 2.3 applied to
the total variation, we find that

(A1) | Dz (20, w() () < liminf | Dz ) [ (0, )] ()] ().

Further, let 6 > 0 and assume that ° := {z € R": dist(x,Q) < d} denotes the
outer parallel set of 2 at distance §. Since ©° is open, we infer from Lemma 2.9 that

| Do, [ (o, )] (1)] () = Lim | Dy, [ (0, )] ()] (2°)

(A.2) < lim [1 Do) (@0, | ()], () = [| Do) (w0, )| ()], (8)

Here, the mollification on the right-hand side is defined according to (2.2) with initial

values | D gy 2) (%0, Uo,n)|(€2). We claim that there exists a (not relabelled) subsequence
such that

LD o) (0, W (D]}, = Do) (o, w) ()
in L1(0,7) as h | 0. Indeed, applying Lemma 2.7 with X = R to the time mollifica-

tion with zero initial datum, we find that [|D(z, . (2o, u)\(ﬁ)]]z = | Dy ) (w0, w) | ()
in L'(0,T) as h | 0. Furthermore, by means of Lemma 2.12, we estimate

H [“D(:vovx)(xm u)|(§)]]2 - [“D(xo,x) (o, u)|(ﬁ)]] hHLl(o,T)

T
:/ 6_%|D(xo,x)($0auo,h)|(ﬁ) dt < h/ \/1+ |Du,p|?dx
0 Q

< h(|Qf + c(n, [2)e ()" Hluo|l2(0,r))
= h|Q + c(n, [Q) V|| 20 ).

Combining the preceding two observations yields the asserted convergence. Passing to
a subsequence, we may assume that [[\D(xo,x) (o, u)\(Q)]]h(t) — | D (o) (w0, u(t))|(€2)
for a.e. t € [0,7] in the limit A | 0. Using this fact in the right-hand side of (A.2)

and combining the resulting estimate with (A.1) yields the claim of the lemma. [

Lemma A.3. Assume that u, € L*(Q, RY) and that u € L*(0,T; L*(Q,RY))N
L (0, T;BV(Q,RY)) is a variational solution to (1.3) with initial datum u, in the
sense of Definition 1.1. Then, u € C°([0,T]; L*(2, RY)).

Proof. Let h > 0 and € = ¢(h) := B2 By means of Lemma 2.5 we extend u to
R™x (0,7). We consider the mollification [u]; defined according to (2.2) with initial
values w,;, == U, * @< (1), Where u, is extended to R™ by zero and ¢. denotes the stan-
dard mollifier in R". By Lemma 2.9 we have that [u], € LL,(0,7; BV(©, RY)) with



Existence for evolutionary Neumann problems with linear growth by stability results 1085

initial values [u],(0) = u,p € L*(Q,RY). Moreover, d;[u], € L'(0,T; L*(Q, RY))
by (2.3). Noting that by (2.3) we have

/Q Ol - ([u]n — u) d:L’dt:—%/Q H[u]]h—u‘zd:cdtgo,

by (1.13) with the choice [u], as comparison map, we find that
1
2| ([l = w) (7 HL2 QRN)

T
< / Fllu]n) — Flu] dt + // [[u]] — g(x,u)drdt + %Huo,h — UOH%Z((LRN)
0

for a.e. 7 € [0,7]. Observe that the last two terms on the right-hand side of the
preceding inequality can be treated in exactly the same way as the corresponding
terms in the proof of Lemma A.1. It remains to show that the first term on the
right-hand side of the preceding inequality vanishes in the limit 4 | 0 (for a suitable
subsequence). By Lemma A.2 there exists a (not relabelled) subsequence such that
for a.e. t € [0, T

Lim (£, D[ula(EDIQ) = [(£", Du(®)|().

Hence, by Theorem 2.4 we find that F[[u]x(t)] = Flu(t)] as h ] 0 for a.e. t € [0,T.
Moreover, by the growth conditions (1.1) and (1.7) and Lemma 2.9 we have that

g
Flluda(o)] < [ 20+ Tlbu®Dds + | LD L0
(

= L(1] + | Dula(t)]) ()
(A3) < 2(19f + [I1Dul(@)], ),
where the mollification on the right-hand side of the preceding inequality is defined
according to (2.2) with initial datum |Du,p|(£2). Since by Lemma 2.7 we know for

the time mollification with zero initial values that [[|Du|(§2)]]2 — |Du|(Q) in L*(0,T)
as h | 0 and by Lemma 2.12 we obtain that

HDa@], = DD oy = | e Fat [ Do

< he(n, [Q)e(h) ™" Hluo || 2
= c(n, [QN)VRuo|| 20, m),

we conclude that [|[Dul(Q)], — [Du|(Q) in L'(0,T) in the limit h | 0. Recalling
(A.3) and using this fact, by a version of the dominated convergence theorem we
deduce that

lim .7-' [[u]n] dt = / Flu
hl0

for any 7 € [0,7]. This ylelds the claimed convergence. Therefore, taking the
supremum over 7 € [0, 77, we infer that

1}{?8 [ uHLOO(QT;LQ(Q,RN)) =0.

This means that u is the limit of maps [u], € C°([0, T]; L*(©2, R")) with respect to
the norm in L>(0,T; L?(2, RY)). Therefore, we find that u € C°([0, T]; L*(2, RY)).
U

The proof of the following lemma is similar to the proof of [15, Lemma 3.3].
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Lemma A.4. There is at most one variational solution to (1.4) with initial
values u,, € L*(Q, R") in the sense of Definition 1.3.

Proof. Let h > 0 and ¢(h) := h70r . Assume that uy,ug € CO[0,T7; L*(9Q,
RM)) N LP(0, T; Whr(Q,RY)) are both variational solutions in the sense of Defini-
tion 1.3. For v := $(u; + u) we consider mollifications [v], according to (2.2) with
initial datum w5 1= Up o * Pe(n), Where u,, is extended to R" outside of 2 by zero
and ¢.(n) denotes the standard mollifier in R™. Observe that these mollifications are
admissible comparison maps in the variational inequality (1.17) for u; and wus, since
[v]n(0) = upon € L2(2,RYN) and [v], € LP(0,T; WP(Q, RY)) by Lemma 2.7 and
Ov]n € LY0,T; L2(Q,RY)) by (2.3). Adding both inequalities and recalling that
U1 + uy = 2v, we obtain that

U ([0Dn = ) (D2 @rey + 31101 = w2) (D)2,

(A4) < // 247 (2, D[olh) — f7(x, Dus) — f7(x, Duo) dardt
#2010 = atem) ~ ot w) arar

1 / Auleln - (L6l — v) dw dt + upon — ol Zaemr
Q,

for a.e. 7 € [0, 7. First note that u,,; — u,,in L*(Q, RY) as h | 0. By Lemma 2.13
we have that D[v], — Dv in LP(Qp, RN™) as h | 0. Further, applying Lemma 2.10
to fP with m = Nn and p, = p and using the convexity condition (1.15), we conclude
that

lim// 2fp(x, D[[v]]h) drdt = // 2fp(:c, %Dul + %Du2) dx dt
Q. Q.

110
< / fP(z, Duy) + fP(z, Dug) dz dt.
Q.

Similarly, we infer from the fact that [v], — v in L?(Qz, RY), cf. the proof of
Lemma A.1, from Lemma 2.10 with m = N, p, = p = 2 and from (1.11) that

lim// 2¢ (x, [[v]]h) drdt = // 2¢ (:c, %ul + %1@) dx dt
o JJq. Q.

< | ste.m) + gt w az
Next, by (2.3) we obtain that

2//97 O] - ([0 — v) dedt = —% //Q [0l — o] dz dt < 0.

Finally, we deduce that [v];, — v in L>(0,T; L*(Q, RY)). To this end note that we
have for the time mollification [v]}™ = € # (upo — tpon) + [v]s with initial datum
Upo that [o],”° — v in L®(0,T; L*(Q,R"Y)) by Lemma 2.7. Thus, it remains to
compute

sup He h (Upo — Upon HLZ(QRN |tp,0 = UponllL2@rRN) = 0
te[0,T)
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as h ] 0, which yields the claim. Hence, we conclude that for j € {1, 2}
. 2
tim || (LoD — ) (7| 2 vy = 31 = w2) (DIl 20,0
Combining the preceding computations and passing to the limit 4 | 0 in (A.4), we
infer that
il (w1 = u2) (772 <0
for a.e. 7 € [0, T], which implies that u; = us a.e. in Q. O
A corresponding uniqueness result holds true in the case p = 1.
Lemma A.5. There is at most one variational solution to (1.3) with initial

values u, € L*(Q, RY) in the sense of Definition 1.1.

Proof. Let h > 0 and e(h) := 7T, Assume that uy, up € L°(0,T; L*(Q, RY))N
L (0, T;BV(Q,RY)) are both variational solutions in the sense of Definition 1.3. By
Lemma A.3 we conclude that uy, us € C°([0,T]; L*(Q, RY)). Further, by Lemma 2.5

we extend ug,uy to R™ x (0,7). For v := %(ul + ug) we consider mollifications [v]p,

according to (2.2) with initial datum w,p 1= uo*@e (), Wwhere u, is extended to R™ out-
side of {2 by zero and ¢.(;) denotes the standard mollifier in R™. Observe that these
mollifications are admissible comparison maps in the variational inequality (1.13) for
uy and uy, since [v]4(0) = u,p, € L2(Q,RY) and [v], € L, (0,7;BV(Q,RY)) by
Lemma 2.9 and &[v], € L*(0,7; L*(Q,RYN)) by (2.3). Adding both inequalities,
using (2.3) to conclude that the term involving the time derivative is non-positive
and recalling that u; + us = 2v, we obtain that

2l (] — ul)(T)H2L2(Q,RN) + 3| ([v]n — u2)(7)H2L2(Q,RN)

(A5) < /0 ' 2F [[w]h] — Flus] — Flug] dt

+ // 2g($7 [[U]]h) - g(ZE, Ul) - g(l’, Ug) dzdt + ||u0,h - UOH%Q(Q,RN)

for a.e. 7 € [0,T]. The last two terms on the right-hand side of (A.5) can be treated
exactly as the corresponding terms in the proof of Lemma A.4. Thus, it remains
to show that the limit of the first term appearing on the right-hand side of (A.5) is
non-positive. By Lemma A.2 we obtain that

lim (£, D[o]a(£)I(€) = (£, Du(t))I()

for a.e. t € [0, 7] and a (not relabelled) subsequence. Hence, by Theorem 2.4 we find
that

lim 7 [[v]()] = Flo(0)
for a.e. t € [0,T]. Moreover, by (1.1), (1.7) and Lemma 2.9 we conclude that

Flolu(t)] < / L(1+ |V[ola(t)]) dz + / LAD [l (t)]
— L(19] + [D[]u(5)) ()
(A.6) < (|| + [|De@)], (1)),

where the mollification on the right-hand side of the preceding inequality is defined
according to (2.2) with initial datum |Du,p|(£2). Since by Lemma 2.7 we know for
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the time mollification with zero initial values that [[|Dv|(Q)]]Z — |Dv|(Q2) in L*(0,T)
as h | 0 and by Lemma 2.12 we obtain that

[[IDvl()], - [“DUKQ)]]ZHU(O,T) - /OT ¢ dt/Q | Duo,p| da
< he(n, [Q0)e ()™ Hluoll 2o,m)
= c(n, [Q)Vhl|uol 20 ).
Thus, we conclude that [|Dv[(Q)], — [Dv|(Q) in L'(0,T) in the limit & | 0. Hence,

using (A.6), a version of the dominated convergence theorem and the convexity of
F, we deduce that

1}'%1 OT 2F [[v]n] — Flur] — Fluo) dt

0
for any 7 € [0, T. Inserting this into (A.5), we infer that
: 2
02 tm | (0 — ) (D)2 = 310 = 02) (D) o

holds true for a.e. 7 € [0, T]. Hence, u; = uy a.e. in Q. O

Appendix B. Localization

Here, we establish that any map u € C°([0, T|; L*(2, RY))NLP(0, T; Whr(Q, RY))
satisfying the variational inequality (1.17) on the whole time interval [0, 7] is a vari-
ational solution in the sense of Definition 1.3 for any sub-cylinder €2, C Q7. For the
proof strategy cf. [15, Sec. 3.3.1] The precise statement is as follows.

Lemma B.1. Assume that u,, is given as in (1.16), fP fulfills (1.14) and (1.15)
and g fulfills (1.10) and (1.11). Further, suppose that

//QT [f7(x, Du) + g(x, w)] dudt
(B.1) < /QT O - (v —u)dedt + //QT [#7(z, Dv) + g(z,v)] da dt

= 3l = (D)L mm) + 5110(0) = ol T2 mr)

holds true for any map v € L?(0,T; W'(Q,RY)) with dyw € LY(0,T; L*(Q,RY))
and v(0) € L*(Q,RY). Then, u is a variational solution in the sense of Definition 1.3
for any sub-cylinder ), C Q.

Proof. Let h > 0 and ¢(h) := L7 Tr . In the following, [u], denotes the
mollification according to (2.2) with initial values o p = Upo * Qe(n), Where uyp, is
extended to R™ by zero and ¢, is the standard mollifier in R™. Note that [u], is
an admissible comparison map in (B.1). Furthermore, we consider an arbitrary map
v € LP(0, 7; WIP(Q, RYN)) with d,v € L(0,7; L?(Q2, RY)) and v(0) € L*(Q, RY) and
for 0 € (0,7) the cut-off function

o(t) = Xjo.r—0)(t) + 5 X (70,7 (1)
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Since v := & + (1 — &) [u]n is an admissible comparison map in (B.1), we obtain
that

//QT [f7(x, Du) + g(z,u)] da dt
< /QT 00 - (0 — u) dxdt+//QT [fP(z, D?) + g(z, 0)] da dt

= 31 ([uln = (D)2 @rx) + 510(0) = wpollZ2@m)-

In order to pass to the limit 6 | 0, we analyze the terms appearing on the right-hand
side of the preceding inequality separately. We re-write the first term as

/ 00+ (0 —u)dedt
Qp

:// @v-(v—u)dzxdt+// Ouln - ([u]n —u) dzde
Qx(0,7—6) Qx(7,7)

' //QX(T_GJ_) $oolv — [[U]]h}Z dz dt
" //QX(T—e,T) & ([uln =) - (v = [u]s) dzdt

+ // (€00 + (1 — &)0,[ulln] [Go(v — w) + (1 — &) ([u]r — u)] dzdt
Qx(r—0,r)
=:Ig + 11+ 11Ty + IVy + Vy,

where the meaning of Iy, IT and IIIy — Vy is obvious in this context. Note that

limIy = // O - (v — u) dzdt.
910 Q.

By (2.3) we have that

II:// — Y [u]n - u|* dzdt <0,
Qx(,T)
Since u, [u]x, v € C°([0, 7]; L*(©2, RY)), we conclude that

/( Gt min (v = [uln) ()| 20,y < 11T

/ 2
< [, e 0= WO o)

and hence, that
. 2
i 11 = 40— B0 g
Similarly, we obtain that
1112¢S()up [TVy| < H ([[u]]h — u) . (U — [[u]]h) (T)HLl(Q,RN)'
Moreover, since 0 < & < 1, dJul, € L*(0,T; L*(Q, RYN)) by (2.3) and u, [u],,v €
Co([0, 7]; L* (2, RY)) we find that

limVy = 0.
010
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Next, we re-write

/QT [f7(z, D) + g(z,0)] dxdt:// [/7(z, Do) + g(z, v)] d dt

Qx(0,7—0)

+ //Q oo [f?(x, D) + g(x,0)] dzdt

- //Qx(m [f7(x, Dluln) + g(z, [u])] dz dt.

By the growth conditions (1.14) and (1.10) and the fact that o € LP(0, 7; WhP(Q, RN))N
Co([0, 7]; L* (2, RY)), we conclude that

15{13// [f7(x, DY) + g(x,0)] dedt = //me,ﬂ [f7(z, Dv) + g, v)] do dt
" //QW) [f*(x, Dluln) + g(x, [ula)] dz dt.

Combining the preceding computations and passing to the limit 6 | 0 leads to the
inequality

/Q [f?(x, Du) + g(z,w)] dzdt

< /QT &w-(v—u)dxdt—l—//m [fp(JT,DU)—Fg(J?,U)} dx dt

= (v = [uln) (D) ey + 3 110(0) = o720
— 3| ([ulr — ) (T)Hi%Q,RN) + [ (Tullr =) - (v = [u]x) (T)HLl(Q,RN)

+ //Q o @ Dll) = 77 D] e
n // o L9 [ale) — gl dad

The last four terms of the preceding inequality vanish in the limit A | 0. To this
end recall that [u], — w in L>(0,T; L*(Q,RY)) as h | 0; cf. the proof of Lemma
A.4. By Lemma 2.13, we have that D[u], — Du in LP(Qr, R"") as h | 0. Hence,
applying Lemma 2.10 with the choices m = Nn, p, = p for the term containing f?
and m = N, p, = p = 2 for the term associated with g implies the claim. Altogether,
this shows that wu is a variational solution on . [

References

[1] AMBROSIO, L., N. Fusco, and D. PALLARA: Functions of bounded variation and free discon-
tinuity problems. - Oxford Math. Monogr., Oxford Univ. Press, New York, 2000.

[2] ANDREU, F., C. BALLESTER, V. CASELLES, and J. M. MAZON: The Dirichlet problem for
the total variation flow. - J. Funct. Anal. 180:2, 2001, 347-403, 2001.

[3] ANDREU, F., C. BALLESTER, V. CASELLES, and J. M. MAZON: Minimizing total variation
flow. - Differential Integral Equations 14:3, 2001, 321-360.

[4] ANDREU, F., V. CAsELLES, J.I. Diaz, and J. M. MAZON: Some qualitative properties for
the total variation flow. - J. Funct. Anal. 188:2, 2002, 516-547.

[5] ANDREU, F., V. CASELLES, and J. M. MAZON: Parabolic quasilinear equations minimizing
linear growth functionals. - Progr. Math. 223, Birkhduser Verlag, Basel, 2004.



6]
7]

18]

19]
[10]
[11]
[12]
[13]

[14]

[15]
[16]
[17]

[18]

[19]
[20]
[21)
[22]
23]
[24]
[25)
[26]

[27]

Existence for evolutionary Neumann problems with linear growth by stability results 1091

ANDREU, F.; J. M. MAZON, and J. S. MoOLL: The total variation flow with nonlinear boundary
conditions. - Asymptot. Anal. 43:1-2, 2005, 9-46.

ANDREU, F., J. M. MAZON, J.S. MoLL, and V. CASELLES: The minimizing total variation
flow with measure initial conditions. - Commun. Contemp. Math. 6:3, 2004, 431-494.

ANDREU, F. V. CASELLES, and J. M. MAZON: Existence and uniqueness of a solution for a
parabolic quasilinear problem for linear growth functionals with L' data. - Math. Ann. 322,
2002, 139-206.

ANDREU, F., V. CASELLES, and J. M. MAzZON: The Cauchy problem for linear growth func-
tionals. - J. Evol. Equ. 3, 2003, 39-65.

Beck, L., and T. ScHMIDT: Convex duality and uniqueness for BV-minimizers. - J. Funct.
Anal. 268:10, 2015, 3061-3107.

BELLETTINI, G., V. CASELLES, and M. NovAaGA: The total variation flow in R¥. - J. Differ-
ential Equations 184:2, 2002, 475-525.

BOGELEIN, V., F. DUzZAAR, and P. MARCELLINI: Parabolic systems with p,¢g-growth: a
variational approach. - Arch. Ration. Mech. Anal. 210:1, 2013, 219-267.

BOGELEIN, V., F. DUZAAR, and P. MARCELLINI A time dependent variational approach to
image restoration. - SIAM J. Imaging Sci. 8:2, 2015, 968-1006.

BOGELEIN, V., F. DuzAAR, L. SCHATZLER, and C. SCHEVEN: Existence for evolution-
ary problems with linear growth by stability methods. - J. Differential Equations, 2018,
https://doi.org/10.1016/j.jde.2018.12.012.

BOGELEIN, V., F. DUZAAR, and C. SCHEVEN: The obstacle problem for parabolic minimizers.
- J. Evol. Equ. 17:4, 2017, 1273-1310.

BOGELEIN, V., F. DuzAAR, and C. SCHEVEN: The obstacle problem for the total variation
flow. - Ann. Sci. Ec. Norm. Supér. (4) 49:5, 2016, 1143-1188.

BOGELEIN, V., F. DUZAAR, and C. SCHEVEN: The total variation flow with time dependent
boundary values. - Calc. Var. Partial Differential Equations 55:4, 2016, 108.

DE LEON, S.S., and C. M. WEBLER: Global existence and uniqueness for the inhomogeneous
1-Laplace evolution equation. - NoDEA Nonlinear Differential Equations Appl. 22:5, 2015,
1213-1246.

DiesTEL, J., and J. UHL: Vector measures. - Mathematical Surveys 15, Amer. Math. Soc.,
Providence, R.I., 1977.

Fonseca, 1., and S. MULLER: Relaxation of quasiconvex functionals in BV(Q, R?) for inte-
grands f(x,u,Vu). - Arch. Ration. Mech. Anal. 123, 1993, 1-49.

FuJisHiMA, Y., J. HABERMANN, J. KINNUNEN, and J. MASSON: Stability for parabolic quasi-
minimizers. - Potential Anal. 41:3, 2014, 983-1004.

Gi1aNazzA, U., and C. KLAUS: p-parabolic approximation of total variation flow solutions. -
Indiana Univ. Math. J. (to appear).

HarDT, R., and X. ZHOU: An evolution problem for linear growth functionals. - Comm.
Partial Differential Equations 19:11&12, 1994, 1879-1907.

KINNUNEN, J., and P. LINDQVIST: Pointwise behaviour of semicontinuous supersolutions to a
quasilinear parabolic equation. - Ann. Mat. Pura Appl. (4) 185:33, 2006, 411-435.

KINNUNEN, J., and M. PARVIAINEN: Stability for degenerate parabolic equations. - Adv. Calc.
Var. 3, 2010, 29-48.

KRISTENSEN, J., and F. RINDLER: Characterization of generalized gradient Young measures
generated by sequences in W1 and BV. - Arch. Rational Mech. Anal. 197, 2010, 539-598.

KRISTENSEN, J., and F. RINDLER: Relaxation of signed integral functionals in BV. - Calc.
Var. Partial Differential Equations 37, 2010, 29-62.



1092 Leah Schétzler
[28] LicHNEWSKY, A., and R. TEMAM: Pseudosolutions of the time-dependent minimal surface
problem. - J. Differential Equations 30:3, 1978, 340-364.

[29] MARCELLINI, P.: Approximation of quasiconvex functions, and lower semicontinuity of multi-
ple integrals. - Manuscripta Math. 51, 1985, 1-28.

[30] RINDLER, F.: Lower semicontinuity and Young measures for integral functionals with linear
growth. - Ph.D. Thesis, University of Oxford, 2011.

[31] SiMoN, J.: Compact sets in the space LP(0,T; B). - Ann. Mat. Pura Appl. (IV) 146, 1987,
65-96.

[32] SPADARO, E., and U. STEFANELLI: A variational view at the time-dependent minimal surface
equation. - J. Evol. Equ. 11:4, 2011, 793-809.

[33] TOLLE, J. M.: Convergence of solutions to the p-Laplace evolution equation as p goes to 1. -
Preprint, arXiv:1103.0229, 2011.

Received 15 August 2018 e Accepted 8 February 2019 e Revised received 1 March 2019



