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Abstract. By means of some integral operators and kernel functions, we characterize when
a sense preserving homeomorphism A on the unit circle S is quasisymmetric, symmetric or p-
integrable asymptotic affine. As an application, we use these results to characterize the pull-back
operator, induced by a quasisymmetric homeomorphism on S*.

1. Introduction and results

Let A = {z: |z] < 1} be the unit disk in the complex plane C, A* = C\A and
St = {z:]z] = 1}. We say that a sense preserving homeomorphism A on the unit
circle S! is quasisymmetric if there is some M > 0 such that

RS LG Y
M ~ |h(l3)| ~
for all pairs of adjacent arcs on the unit circle S* with the same arc length || = |I5] <

7. Beurling and Ahlfors gave a very important characterization of quasisymmetric
homeomorphism (see [BA]).

Theorem 1.1. [BA| A sense preserving self-homeomorphism h on the unit circle
St is quasisymmetric if and only if there exists some quasiconformal homeomorphism
of A onto itself which has boundary value h.

In [BA|, Beurling and Ahlfors constructed a quasiconformal extension of h, which
is called Beurling—Ahlfors extension. There is also another quasiconformal extension,
called Douady—Earle extension, of h to the unit disk which is conformally invariant
(see [DE]).

Hu and Shen [HS] introduced a integral operator 7}  which is induced by the
following kernel function

(1) n(C,2) = % /Sl = Cw)};gﬂ)_ ) dw, (¢,2) € AxA,

where h is a sense preserving homeomorphism on the unit circle S'. The function
¢y, is holomorphic and also appeared in [Cui|. The integral operator 7} is defined as
for any holomorphic function ¢ in A,

¢ 100 = 1 [ e,z deay, cea.
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Let p > 2. The Banach space AP consists of all holomorphic functions ¢ in the
unit disk A with finite norm

(3) pllar = ( / |6(2)P(1 = |21*)"" zdftdy)l < 0.

When p = 2, A% is a Hilbert space with inner product defined as

(4) // H(=)0() dar dy.

We use SHy(S') to denote the set of all sense preserving homeomorphisms A on
the unit circle S, normalized by

1
(5) 5= [ ol =o.
For w € A, consider the Mobius transformation
(—w
v =2 A.

Let h € SHy(S') and H” be the Poisson extension of ¥, o h. It is known that H®
is a homeomorphism of A onto A for fix w € A (see [Cho|). Let p > 2, we define
kernel function £y, , as

1/p
(7) Hpp(w ( //|8H“’ )|P(1 \z|2)p_2d:cdy) ., w e A.

The function $),» already appeared in [Cui| and [HS].
We also consider the kernel function @y, ,, which is defined as

® (//mzw\pl—\zmﬂdxdy) " wen

where p > 2 and h € SHy(S'). The function @, 2 has been used to study Teichmiiller
theory in [HS, SW, TS].
Hu and Shen [HS] proved the following result.

Theorem 1.2. [HS| Let h € SHy(S"). Ifh is a quasisymmetric homeomorphism,
then the integral operator T} : A*> — A? is bounded.

In this paper, we shall prove that the converse of Theorem 1.2 is also true and
therefore obtain a characterization of quasisymmetric homeomorphism. Indeed, we
prove the following general case.

Theorem 1.3. Let h € SHy(S"') and p > 2.Then the following statements are
equivalent.

(i) h is a quasisymmetric homeomorphism;
(ii) The integral operator 1) : AP — AP is bounded;
(ili) sup,ea Hnp(w) < oo;
(iv) supyea(l — [w]*)Ppp(w) < oco.
A sense preserving homeomorphism h is called a symmetric homeomorphism if
for any pair of adjacent sub-intervals I and I, with |I;| = |I5| in S, it holds that

Ih(Ly)
©) (D]

:1+0(1), ‘Il‘ :|_[2| —>O+
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The following result, due to Gardiner and Sullivan [GS|, characterizes when a
quasisymmetric homeomorphism / is symmetric.

Theorem 1.4. |GS| A quasisymmetric homeomorphism h is symmetric if and
only if h has a quasiconformal extension f to the unit disk so that its complex
dilataion p = 05f /0, f satisfies the property that u(z) — 0 as |z| — 1.

In terms of the integral operator 7, , kernel functions $,, and ®,,, we obtain
the following

Theorem 1.5. Let p > 2 and h be a quasisymmetric homeomorphism on the
unit circle S*, normalized by (5). Then the following statements are equivalent.

(I) h is a symmetric homeomorphism;
(II) The integral operator T, : AP — AP is compact;
(IH) lim‘w|_,1 Jﬁhm(w) = 0,‘
(IV) limjy o1 (1 — [w?])@p p(w) = 0.
Let p > 2, the Besov space B,(S') on the unit circle S* is the collection of

measurable functions f (modulo functions which are constant almost everywhere)
for which the norm

2m zt z@p 1/p
(10) i = ([ [ )

is finite (see [Tr]). Tt is clear that the Besov space B,(S') is a Banach space and
B,(SY) C B,(S') for p < q. By(S?) is the classic Sobolev space H'/? which consists
of all integrable functions v € L'([0,27]) on the unit circle with semi-norm

100 1/2
(11) [ull, = ( > Inllan(U)lz) :

n=—oo

where a,(u) is the n-th Fourier coefficient of u, namely,

(12) an(u) = %/0 Wu(@)e‘"‘e do.

Let p > 2. Recall that a sense preserving homeomorphism A on the unit circle S*
is p-integrable asymptotic affine homeomorphism if /4 has a quasiconformal extension
f to the unit disk A whose complex dilatation p satisfies

(13) // = z| 5 dxdy < .

The 2-integrable asymptotic affine homeomorphism was first introduced by Cui [Cui]
and was much investigated in recent years (see [RSS1, RSS2, Shen, TT, STW]). For
p > 2, the p-integrable asymptotic affine homeomorphism was first introduced and
investigated by Guo |Guo] (see also [MY, Tang, Ya, HWS, TFS, TS]).

The authors proved the following result, which gives a intrinsic characteriztion
of p-integrable asymptotic affine homeomorphism without using quasiconformal ex-
tension (see [T'S]).

Theorem 1.6. [TS| Let p > 2 and h be a quasisymmetric homeomorphism,
normalized by (5), on the unit circle S*.Then h is a p-integrable asymptotic affine
homeomorphism if and only if h is absolutely continuous (with respect to the arc-
length measure) such that log ' belongs to B,(S").
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It should be pointed out that the case when p = 2 of Theorem 1.6 was proved by
Shen in [Shen]|.

We obtain a new characterization of p-integrable asymptotic affine homeomor-
phism by means of kernel functions $);,, and ®;,, in this paper.

Theorem 1.7. Let p > 2 and h be a quasisymmetric homeomorphism, normal-
ized by (5), on the unit circle S*.Then the following statements are equivalent.

( ) h is a p-integrable asymptotic affine homeomorphism;
b) [fA Dl iy dy < 00;

(1— |w\2
fqu)hp (1= |w|*)P~2 dudv < .
We point out that the condition (c) in Theorem 1.7 is different from that in
Theorem 3.4 in TS|, which is

// ®p,o(w)P(1 — |w|*)P 2 dudv < oco.
A

The operator 7, is also related to the pull-back operator 7}, which is defined by
(14) Tu(f) = foh, f&By(S),

where h € SHy(S'). Vodop’yanov proved in [Vo] that the homeomorphism for which
Ty, is a bounded operator on B,(S') (p > 2) is precisely quasisymmetric.

Theorem 1.8. |Vo| Let p > 2 and h € SHy(S'). Then T}, is a bounded operator
on B,(S') if and only if h is a quasisymmetric homeomorphism.

Bourdaud and Sickel |BS| characterized the homeomorphisms for which 7}, is a
bounded operator on B,(S!) for the case when 1 < p < oo. For the case when p = 2,
i.e., the Sobolev space H'/?, Nag and Sullivan gave a different proof of Theorem 1.8
in [NS] and proved that the universal Teichmiiller space can be embedded in the
universal Siegel period matrix space by means of the pull-back operator T}, (see
also [TT]). This operator T}, on H'/? has played an important role in the study of
Teichmiiller theory (see [HS, TT, SW, NS, Pa, Shen, STW, TS|).

By using Theorem 1.3, we shall give the “if” part of Theorem 1.8 a different proof.

We end this introduction section with the organization of the paper. In section 2,
we prove Theorem 1.3 by establishing a relationship between the complex dilatation of
the Douady—Earle extension of h € SHy(S') and the integral operator T} . Section 3
is devoted to the proof of Theorems 1.5 and 1.7. We shall use Theorem 1.3 to study
the pull-back operator 7T}, in section 4.

2. Characterizations of quasisymmetric homeomorphisms

In this section, we shall prove Theorem 1.3. Let us begin with some lemmas.
The following result will prove very useful in our proof.

Lemma 2.1. [Zhu| Suppose that (X, ) is a measure space and K(x,y) is a
nonnegative measurable function on X x X, K is the integral operator with kernel

K(xz,y), that is
2= ] Kol duto)
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Let 1 < p < oo with 1/p+ 1/q = 1. If there exist positive constant C; and Cy and a
positive measurable function h on X such that

/ [ K@)t duty) < €t

for almost every x € X and

|| K@) dute) < cary
b's
for almost every y € X, then K is a bounded operator on LP(X,du) with norm less

then or equal to Cy/"Cy/?.

See [Zhu] for a proof.
We also need the following integral estimates (see [Zhu]).

Lemma 2.2. |[Zhu| Suppose that z € A, s > 0 and t > —1. Then there exists
constant C' > 0 so that

1 \w| 1
<(———,
= z| // 1= zaprs 0= Oy
Let h € SHO(Sl) and

1 h(Q) —w 1 — |z
1 F = — d
(15) ) = 5= [ o
where (z,w) € A x A. The Douady—FEarle extension E(h) of h is defined as

E(h) = h(z), for ze St
| w, where F(z,w) =0 for z € A,

(see [DE]).

The following result gives an estimate of the complex dilatation of the Douady—
Earle extension FE(h) of h € SHy(S") at the origin, which is needed in our proof of
Theorem 1.3.

Lemma 2.3. Let h € SHy(S') and v be the complex dilatation of the Douady—
Earle extension E(h) of h. Then there exists a positive constant Cy > 0 such that

(16) O o < o [ PGP0~ 2Ry dray
(1= ()22 = %21 JJa ’
Proof. The Fourier coefficient of h are
1 ™ . .
n = 5o B e"™h(e")dt, n=0,%1,42,--

It was shown (see [DE, Po, CZ]) that

1
(17) = —/ e “h(e") dt = ay,

2

1 it it
(18) , = — € h dt = Qa_1,
(19) F,(0,0) =

1
(20) = — h V2 dt = b.

2
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For simplicity of notations, we write F, for F,(0,0), etc. By a straight forward
computation, we get

-+ FgE(h), + F,E(h)z =0,
F;+ FgzE(h). + F,E(h)z=0
Therefore, we have
()] @b+ a|”

21 =
2y (= WP~ (P~ a1 — [
where v is the complex dilataion of F(h). It is known that if & is a sense-preserving
homeomorphism on S', then there exists a positive constant § > 0 so that

52
(22) ja[* = las > =6 >0, 1-[p]*> R

(see [Po]). Noting that |h(¢)| = 1 for |(| = 1, we have |a;| < 1. Consequently,
combining (21) with (22) yields

P ¥
2 P <L 1P P).
( 3) (1—|I/(O)| )p/2— op |a1b+a 1| 5 (|a 1| +|b|)
We borrow some ideas from [Cui] to estimate |a_;| and |b|. Let H be the Poisson
extension of h. Observing that H(0) = 0 and using Cauchy—Green formula to the
function zH (z), we obtain

1
—2d H(z)dxd
2mi 51§ 0 C‘ 27?/ 0 v y‘

It follows from the Hélder inequality that there exists a constant C; > 0 so that

2—p p_l
ol < o [ PO Ryt ardr (3 [ 0=l aray)
(24) 2T A 27 A

sai/mewawﬁWMMy
27T A

\a—1|

Similarly, using Cauchy—Green formula to the function H?(z), we deduce that there
exists a constant C’2 > 0 such that

1 h%(¢ 2H(z 1 —
2)drdy| < H(z)dxdy|.
i /31C 0 27T// * y‘ G W/Aa (2) dx y‘

By using the Holder inequality agian and arguing similar to (24), we deduce that
there exists a constant C'5 > 0 so that

(25) |W3@iﬂ@mmm—ww%wy
271' A

Therefore, it follows from (23), (24) and (25) that there exists a constant Cy > 0
such that

bl =

[v(0)[7 1 5 p 2\p—2
(26) <O /A|8H(z)| (1= 222 dz dy.

(1 = [w(0)[)r>
The proof follows. O

We point out that Lemma 2.3 is an extension of Proposition 7 in [CZ], where
p = 2 and h is assumed to be a quasisymmetric homeomorphism on the unit circle
St

Now, we start our proof of Theorem 1.3.
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Proof of Theorem 1.3. It is known that
(27) 5H“’°(z) =(1- \w0|2)¢h(2, wp),

see |Cui| and [HS|. This shows that (iii) < (iv). Therefore, it remains to show that
(i) = (ii) = (iil) = (i).
We first show that (i) = (ii). Assume that h is a quasisymmetric homeomorphism

on the unit circle S, normalized by (5), and f is the Beurling—Ahlfors extension of
h into A. Let ¢ € A, by a result of [HS|, we have

- of S duas.
Afwl_ ) g |

Thus,

(1= [¢[*)P=2 dg dn

) “Ié‘f( A0 PR
T—Cul? S

1Ty ¢l =

(28)

- 7Tp+1

|C‘ )P 2dfd7l
Let du(w) = (1 — |w|*)P~2 du dv and
(1= w2
1= Cuwl*

Consider the test function h(w) = (1 — |w| )__1. It follows from Lemma 2.2 that
there exists constant C'; > 0 such that

(30) // 1|1__‘w| 2p w)? dp(w // 1‘1\_111210‘2 du dv

< COi(1 - lwP)s " = Cih(w)".
On the other hand, by Lemma 2.2 again, we deduce that there exists constant Cy > 0

so that
1_ 2 p 1_ 2 p 2\—1/2
// (4 —JwP)* : // \U)| 2\C| )" e an
CL—cwp? — Q|
< Cy(1 - I¢P )"p = Coh(C)"
Combining (30) with (31) and using Lemma 2.1, we deduce that the following oper-

ator
- / [ K¢ w)olO) dutw),

is bounded on LP(A, dp). Consequently, it follows from (28) that there exists constant
C'5 > 0 such that

(32) ol < =% | QUG - Iy ds dn

It is well known that the Beurhng—Ahlfors extension f is bilipschitz continuous with
respect to the hyperbolic metric (see [A, Le|), that is

(33 &L= FOR) < (L= KB < G = 1)

(29) K(C,w) = (C,w) € A x A.
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where Cf is a positive constant depending only on the complex dilatation of f and
J; is the Jacobian of f. Let ¢ = f~* and u be the complex dilatation of g. By (32)
and a change of variable, we obtain

||T_¢||p
|af )|p p - 2\p—2 7p/2
<o // PTQR o ORGP 27 dedn
oy <C "1 22 dud
4—// e WP (L P dude
< Cy— m”lpHm,
where k = ||ul|oo < 1 and Cj is a positive constant depending only on the complex

dilatation of f. This shows that (i) = (ii).

We next prove that (ii) = (iii). Let h be a sense-preserving homeomorphism on
S*. Suppose that the operator T, : B, — B, is bounded. For wy € A, consider the
function
1 — Jwpl?
35 w = — .
(3) (0 = o
By Lemma 2.2, we conclude that there exists a constant Cs > 0 independing of wy
such that

(36) 19w |%r = // (1= Jwol*)7(1 — ¢ dgdn < O < 0.

11 —woCPp

It was proved in [HS] that

(37) Ty, Yo (€) = (1 = wol*)pn(C, wo).

Noting that 7, : B, — B, is bounded, combining (36), (37) with (27), we deduce
that there exists a constant Cls > 0 so that

(38) ﬁh,p(wo)p = ”Th_wwonip < Cﬁ“@Donip < C5C6 < 00.

This finishes the proof of (ii) = (iii).

Finally, we show that (iii) = (i). Suppose that h € SHy(S") and sup,,,ca $np(wo)?
< 00. By Theorem 1.1, to show that h is quasisymmetric, it is sufficient to show that
h has a quasiconformal extension to the unit disk A. Indeed, we shall show that the
Douady-Earle extension E(h) of h is a quasiconformal mapping of A onto A.

It is well known that if & is a sense-preserving homeomorphism on S*, then E(h)
is a homeomorphism of A onto A (see |DE, Pol). We next estimate the complex
dilatation of E(h).

Let (wg, z0) € A x A with wyg = E(h)(z). Consider the following two M&bius
transformations

¢ — wo ¢+ 20

(39) V(0 = o, TulO) = T

Let h = U, 0o hol',, and H be the Poisson extension of h. Noting that H o Fz_ol is
harmonic, we have H o Fz_ol = H"°, where H"° is the Poisson extension of ¥, o h.
Since the Douady-Earle extension is conformal invariant (see [DE]), we have

E(h) = Wy, 0 E(h) o 'y,

¢ eA.
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Let 11 be the complex dilatation of the converse E(h)~! of E(h). A computation gives

//A |OH(2)[P(1 — |z|)P 2 de dy = //A BH™ (2)P(1 — |22 dx dy

and
5(0)| = [pe(wo)],

where vy is the complex dilatation of E(h). Consequently, applying Lemma 2.3 to
the quasisymmetric homeomorphism § yields

| (o) P , 1 // 3 2\p—2
40 < C)— OH™ (2)|P(1 — |z|*)P~* dx dy,
( ) (1_|/~L(w0>|2)p/2 427’(’ A| ( )| ( | ‘ ) Y
where (') is a positive constant which independs on wy € A.

Let v be the complex dilatation of E(h). Observing that |v(zo)| = |u(wo)|, by
the condition (ii7), we get

[v(20)[”
sup 73
Z0EA (1 - |V(ZO)| )p

On the other hand, it is known that for zy € A,
0B (h)(20)* = [0E(h)(20)[* > 0,

(see |Po, DE|). Therefore, we conclude that |||« < 1. This implies E(h) is a
quasiconformal mapping of A onto A. The proof follows. O

< (O} < oo.

3. Characterizations of symmetric and p-integrable
asymptotic affine homeomorphisms

In this section, we shall prove Theorem 1.5 and Theorem 1.7, which give some
characterizations of symmetric and p-integrable asymptotic affine homeomorphisms.
We first prove Theorem 1.5.

Proof of Theorem 1.5.  We first prove that (I) = (II). Suppose that h is a
symmetric homeomorphism. Then h has a quasiconformal extension f to A with
complex dilatation g, which is bilipschitz continuous with respect to the hyperbolic
metric and satisfies the property that for any € > 0, there exists a constant rq > 0
so that |u(z)| < e for all |z| > ry (see |[GS]). Assume that {,}52, is a bounded
sequence of A, and converges to zero on any compact subset of A. Thus, there exists
Ny > 0 so that for all n > N,

// [ (W) [P(1 — |w|*)P 2 dudv < €.
|w<ro

It follows from (34) that for all n > Ny,

i Cyer
A=y T ri—2pn

where £ = ||yl and C§ > 0 depends only on k. This implies that {7} ¢},
converges to zero in A,. Therefore, T} : A, = A, is a compact operator.

We next prove that (II) = (III). Consider the function %, as in (35), which
tends to zero on any compact subset of A as |wg] — 1. Also, from (36), we have

T3 ¥l < — 19l 4,
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||¢wo||1;xp < (5, where Cj is independent of wy. Since T}, : A, — A, is compact, we
get from the first equality of (38) that

lim §pp(wo) = Hm |7, by, || a» = 0.
|U)0‘—>1 \w0|—>1

We proceed to show that (III) = (I). Let E(h) be the Douady-Earle extension
of h with complex dilatation v. From (40) and the condition (III), we have

lim |p(w)| =0,
|w|—1

where p is the complex dilatation of the converse E(h)~! of E(h). Noting that
v(2)] = |p(w)], where E(h)(z) = w, we get

lim |v(z)| = 0.

|z|]—1

Thus, we conclude from Theorem 1.4 that h is symmetric.
Finally, it follows from (27) that (III) < (IV). The proof of Theorem 1.5 is
completed. O

We next prove Theorem 1.7.

Proof of Theorem 1.7. It follows from (27) that (b) < (c). We need only to
show that (a) < (b). Let h be a p-integrable asymptotic affine homeomorphism on
the unit circle S'. Then h has a quasiconformal extension f to the unit disk A with
complex dilatation g, which is bilipschitz continuous with respect to the hyperbolic
metric and satisfies

(41) // 5 dx dy < oo,

(see [Cui, Tang|). By applying Lemma 2.2, we conclude from (37), (27) and (34)
that there exist two positive constants C; and Cs so that

Duplw) //// |p|¢w )P (1= |22
5> dudv < Ch— du dvdx dy
/ 1—|w| (1= ()PP (1 - [w]?)?
(=
< L S S
_Cz//A(1_|Z‘2)2d:de<oo,

where 1, is defined as in (35). This finishes the proof of (a) = (b).
Conversely, we consider the Douady—Earle extension E(h) of h with complex
dilatation v. From (40), we obtain

// 5 dudv < o0,
1— Iw\

where p is the complex dilatation of the converse E(h)~! of E(h). Noting that the
set of all p-integrable asymptotic affine homeomorphisms on the unit circle S! is a
group (see |[Tang|), we conclude that

// dudv<oo.
1- IWI

This completes the proof of Theorem 1.7. O

Combing Theorem 1.7 and Theorem 1.6 gives the following
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Corollary 3.1. Let p > 2 and h be a quasisymmetric homeomorphism, normal-
ized by (5), on the unit circle S*.Then h is absolutely continuous (with respect to
the arc-length measure) such that log h’/ be]ongs to B,(S") if and only if

(43) / Snp(w)” 5 dudv < oo,

(1- IWI
4. Pull-back operators indecued by quasisymmetric homeomorphisms

In this section, we shall use Theorem 1.3 to prove the “if” part of Theorem 1.8.
We first recall some notions. Let p > 2 and D,(A) denote the space of all harmonic
functions u in the unit disk A with semi-norm

(44) lullp, = (//\8u )| + lou(z)])r(1 —IZ\2)p‘2dxdy>;

Let H be the Poisson integral operator. It is well known that a integrable function
v on the unit circle S* belongs to the the Besov space B,(S') if and only if H(v) €
D,(A) and there is constant C' > 0 such that for any v € B,(S"),

1
llvlls < 1H )b, < Cllvll,

(see |Tr], [RS]). We denote by DE(A) be the Banach space of all analytic functions
¢ in A with the semi-norm

(15) fullog = (5 / PP |4 >“dxdy)l

Then it is clear that D,(A) = D?(A) @ DE(A), precisely, for each u € D?(A), there
exists a unique pair of holomorphlc functions ¢ and ¢ in D2(A) with (0) —u(0) =
¥(0) = 0 such that u = ¢ + . Define two operator P* and P~ by PTu = ¢ and
P~u = (z). Let h € SHy(S"), we define two further operators P,” = PT o H o T},
and P, = P o HoT,.

We state the “if” part of Theorem 1.8 as following

Theorem 4.1. Let 2 < p < oo and h € SHy(S'). If h is a quasisymmetric
homeomorphism, then Tj,: B,(S') — B,(S') is a bounded operator.

Proof. To prove Theorem 4.1, we need another integral operator, which is defined
by the following kernel function

(46) Yn(C, 2) = % /51 = w)f((lwz h(w)) dw, (¢,z) e AxA.

The integral operator T, is defined as

(47) T,F(¢) / Ui (¢ Z)dxdy, €A, (€A

Let ¢ € A and f be the Beurling—Ahlfors extension of h into A, by a result of

[HS], we have
THp(C) // Of(w )du dv.
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Thus,

a p
Tl = // P duan| (1= 1Py den

o) “Ié‘f( JLACAC))| P
11— Cwl|? ol

(48)

- 7rp+1
|C| ) 2d§d77
Let du(w) = (1 — |w]?)P~2dudv and
(1 — [w]?)*?
1—qw*

Consider the test function h(w) = (1 — |w\2)%_1. By the same method as in Theo-
rem 1.3, we can deduce that the following operator

Ko(C) = / [ K w)elQ) dutw)

is bounded on LP(A,du). Thus, we conclude from (48) that there exists constant
C7 > 0 so that

(50) Il < 5[] 0r@uer o - ¢y ded

Let J; be the Jacobian of f and  the complex dilatation of g = f~1. By (50), (33)
and a change of variable, we conclude that there exists constant C% > 0 so that

(49) Ki(¢,w) = ((,w) e A xA.

7o
L et o - et dean
51 = s o7 - APy f
<Gy // s O (1 = = duc
<C/

WWHM,

where k = ||p]| < 1.
It is cleat that Dp(2) = ¢'(z) determines an isometric isomorphism from D?(A)
onto A?. By the same reasoning as in the proof of Theorem 3.1 in [HS|, we can show

that on DP(A),
(52) DoPf =Tt oD, DoP; =T, oD.

Thus, we conclude from (34), (51) and (52) that P;": D?(A) — DP(A) and P, : DP(A)
— DP(A) are bounded operators.
Let u € B,(S*) and H(u) = ¢ + 1. Observe that

HoTyu(z) = HoThp(z) + HoTp(z)
= Plo(2) + Py o(2) + Bl (2) + Py (2).

We conclude from the discussions above that there exist positive constant C%, C}, Cf
such that

(53)

[Thull, < C3l|H o Thullp, < Cilllellpr + [[¥llpz) < C5llully.
The proof follows. O
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