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Abstract. We study growth properties of spherical means of Sobolev functions for the double
phase functional ®, 4(z,t) = t? 4 (b(x)t)? in the unit ball B of R™, where 1 < p < ¢ < oo and b(-)
is a non-negative bounded function on B which is Holder continuous of order 6 € (0, 1].

1. Introduction

Let B(xz,r) denote the open ball centered at x € R™ (n > 2) of radius r, whose
boundary is written as S(z, 7). For simplicity, the unit ball B(0,1) and its boundary
are written as B and S, respectively. For a measurable function f on the sphere
S(0,7), the L* mean for 1 < w < oo is defined by

5. = (s | . |f<x>|wds<x>)l/w,

oprn1

where o,, denotes the surface area of S(0, 1).
Gardiner |6, Theorem 2| proved that when (n—3)/(n—1) < 1/w < (n—2)/(n—1)
and w > 1,
lim inf (1 — p)n =D g (G, ) = 0

for a Green potential Gu on the unit ball B. Moreover, if u is a p-precise function
on B satisfying

/ |Vu(z)|P de < oo,
B
then it is shown in [15] that
liminf (1 — r)(n—p)/p—(n—l)/wgw(w r) =0

r—1
when 1 <p<w<oocand 0< (n—p)/p— (n—1)/w < 1/p. See also Stoll [18].
Regarding regularity theory of differential equations, Baroni, Colombo and Min-
gione [1, 2, 4, 5] studied a double phase functional:

P(x,t) = Oy 4z, t) =7 + (b(x)t)?,

where 1 < p < ¢ < oo and b(-) is a non-negative bounded function on B which is
Hoélder continuous of order 6 € (0,1]. Harjulehto, Hasté and Karppinen |7] studied
local higher integrability of the gradient of a quasiminimizer of the double phase
functional. We refer to [4] for the minimization problem and 3] for the eigenvalue
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problem for the double phase functional. See also [8] for the boundedness of maximal
operators.

In this paper we study the growth properties for spherical means of p-precise
functions v in B satisfying

(1.1) /B O(x, |Vu(x)|) dr < oo,

where V denotes the gradient. Our aim is to extend [15, Theorem 1| to the double
phase functional ®(x,t).
Theorem 1.1. Let 1 <p<qg<mn,1/p—1/¢g=0/n, w > q and
O<n:n—(1+«9)p_n—1 _n—g n—1 <1.
p W q W q
If u is a p-precise function on B in the sense of Ziemer |20] satisfying (1.1), then

. o _
hzgrl)llnf (1 —=1)"S,(bu,t) = 0.

The sharpness of the exponent 77 in Theorem 1.1 will be discussed in the last
section (Remark 7.2). We shall show that the lower limit can not be replaced by the
upper limit (Remark 7.1). For the hyperplane case, we refer to [11, Theorem 2.1] in
case p = q.

Example 1.2. Let 7o € OB and 0 < § < 1. Examples of b(x) are |z — 24|’ and
(1= Ja])’.

Next we are concerned with the case n = 0.
Theorem 1.3. Let 1l <p<qg<n,1/p—1/¢g=0/n, w> q and
n—1+0p n-1 n-q¢ n—-1_

— =0.
p w q w
There exists a constant C' > 0 such that
Su(bu,t) < C

for all p-precise function u on B satisfying (1.1) and all t > 0.

For the case p = ¢ in Theorem 1.3, see [15, Remark 3| and [11, Theorem 2.2].
We also refer to Yamashita [19] for harmonic functions u on B satisfying (1.1) with
p=q=2.

If u is a p-precise function on B, then the radial limit

u(©) = lim u(r)

exists for almost every £ € 9B. For this, we refer the reader to for example [12, Theo-
rem 2.4, Chapter 8] in the half plane case; it suffices to see that f;,l u(ré )‘ dr < oo
for almost every £ € 0B. Set
(1.2) U(ré) =u(ré) —u(§) for{ € 0B and 0 <r < 1.

Theorem 1.4. Let 1 <p<qg<mn,1/p—1/¢g=0/n, w > q and

n—(l+«9)p_n—1:n—q_n—1<0‘
p W q w

If w is a p-precise function on B satisfying (1.1), then
m (1 —t)"S,(bU,t) = 0.

li
t—1

‘i
dr




Boundary growth of Sobolev functions for double phase functionals 281

We refer to [11, Theorem 3.1| for the hyperplane case and p = q. See [16] for
monotone Sobolev functions as a generalization of harmonic functions.

Throughout this paper, let C' denote various constants independent of the vari-
ables in question.

2. p-precise function

fO0<a<mn,1<p<oo, Gisanopen set in R" and £ C G, then the relative
(c, p)-capacity is defined by

C)(B; G) = inf /G Fly) dy,

where the infimum is taken over all nonnegative measurable functions f on G such
that

/ |z —y|* " f(y)dy > 1 for every x € F;
G

see |9] and [12] for the basic properties of (a, p)-capacity. We say that a set E has
(a, p)-capacity zero if Cé",Z(E N G;G) = 0 for every bounded open set G C R™.

Following Ziemer [20], we say that a locally integrable function u is p-precise in
B if

(i) [g|Vu(2)]P dz < oo, where V denotes the gradient;

(ii) w is quasicontinuous in B, in the sense that for every e > 0, there exists an
open set G such that ij;)(G;B) < ¢ and v is continuous as a function on
B\G.

We note that if u is p-precise in B, then w is partially differentiable almost

everywhere on B and its spherical means over S(z,r) are well defined whenever
S(z,7) C B, since a set of (1,p)-capacity zero has Hausdorff dimension at most

n—p.

3. Lemmas

Let us begin with the following lemma.

Lemma 3.1. (cf. [13, Lemma 2.1|, [14, Lemma 2.2|) Let 0 < a < 1 and ¢; be
positive constants. Then there exists a constant C' > 0 such that

/ lto — " dS(0) < Ot — Jy||*,
5(0,1)

whenever y € R" and 1/2 <t < min{1, ¢;|y|}.

In fact, this holds for y € B by [13, Lemma 2.1]. With a slight modification of
the proof of [13, Lemma 2.1|, this holds for all y € R".
For 0 < a < n and a nonnegative measurable function f on R", we define R, f

by
Rof(@) = [ o= yl*"$0) dy
R?’L
Lemma 3.2. Let 1 < p < w < o0 and

n—ap n-—1
P w

> 0.

’)7:
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Let f be a nonnegative measurable function on B(0,2) \ B satisfying
[y <o
B(0,2)\B

llﬁll (1 - t)nSw(Ra.fa t) =0

Then

Proof. Let f be a nonnegative measurable function in L?(B(0,2)\ B). Fore > 0
and x € B we have by Holder’s inequality

) 1/p 1/p
Ruf(z) < ( [ ey dy) ( [ ey dy)
B(0,2)\B B(0,2)\B

1/p
_c<1—\x|>—€(/ Ix—y\a“”‘”f(y)pdy) |
B(0,2)\B

Hence we see from Minkowski’s inequality and Lemma 3.1 that

1/p
ﬂ—¢W$JEJJ)SCO—¢W*(A; (&Aw—mW“WﬂWﬂwffwva

(0,2)\B

S 0(1 . t)n—e-l-(ap-i-ap—N)/p-i-(n—l)/w (/
B

1/p
=C Pd
</B(o,2)\B 1) y)

when 0 < € <7, so that

Fydy) "

(0,2)\B

1/p
limsup (1— £)75,(Ruf.t) < C ( / i dy) .

t—1

For 1 <r < 2, write

Rof() = / 2=y f(y) dy + / =yl f(y) dy
B(0,2)\B(0,r) B(0,r)\B

Now, since I; is bounded in B, we see that

limsup (1 —¢)"S,(Raf,t) = limsup (1 —¢)"S,(ls, 1)
t—1 t—1

1/p
C Pd
< ( / ) y)

for all 1 < r < 2, which gives the result. O
We introduce Sobolev’s integral representation. If 1 < ¢ < oo and v € C§°(R"),

then
Z / —Yi 01}
Ix—ywﬁy

holds for all z € R", where ¢ = 1/0,, [15, Lemma 2|.
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Lemma 3.3. [15, Corollary 3| Let u be a p-precise function on B. Then there
is a p-precise function © on R™ such that

_Cz/u—way

holds on B except for a set of C'fj;) capacity zero.

Here @ is a p-precise extension of u to R™ with compact support by Stein [17,
Chapter 5], or we may consider the inversion to define u(z) = u(z/|z|?) for |z| > 1.

Lemma 3.4. [10, Lemma 5.2|, [13, Lemma 2.7| Let 0 < ay,a9 < 1 and pq, s
be nonnegative measures on R™ = (0, 00) such that pu;(R1) + pa(RT) < 0o. Set

G(z) = o / & =y () + 2 / 1~y dus(y),
A(z) A(z)

where A(x) = {y: /2 <y < 2zx}. Then
liminf G(z) =

z—0+
Proof. For a positive integer j we have by Fubini’s theorem

2—J+1 2—J+1 2—J+2
d , d
/ Gr) = < / (2(‘””“/ |z —y[™ dm@)) =
23 x 23 9—j—1 x
27j+1 2*]‘4’2
. dx
+ / (2(‘””“2 / | —y| e dm(.v)) —
23 2-i-1 z
2—Jt2 2—J+1
. d
— 2 | ( [ I) )
2-j—1 2-J x
2—Jt2 2—J+1
. d
| ( [ yV“Z—‘C) o)
2-i-1 23 z
2—Jj+2 2—j+2
< CQ(—j+1)a12joc1/ | dul(y)+02(—j+1)a12jaz/ | dps(y)
2—Jj—1 2—j—1
2—Jt2 2—J+2
<C (/ dpa (y) +/ sz(?J)) ,
2-i-1 2-i-1
so that
lim inf G(z) =0,
J—00 2-i<g<2I L
which proves the result. O]

By change of variables x =1 —t and y = 1 — s, we obtain the following result.

Corollary 3.5. [10, Corollary 5.1] Let 0 < ay, a9 < 1 and pq, j1o be nonnegative
measures on I = (0,1) such that p;(I) + pu2(I) < co. Then

lim inf ((1 — )™ / [t — 8|7 dui(s) + (1 —t)*? / |t — 5|72 dm(s)) =0,
t=l= A(0,¢) A(0,t)
where A(0,t) ={s:t—(1—t)/2<s<t+(1—1)/2}.
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Write

Ryf(x) = . lz—y|""f(y) dy

J
/B<x (1~la]) /2)‘ v W dy

+f o= yl' )
{yeR"\B(z,(1—|z()/2): 1-[y|<1—|x[}

+f o — o f(y) dy
{yeR"\B(z,(1-|x])/2): 1-|y|>1—|=|}

= I (x) + I(x) + I3(2).
Lemma 3.6. Let l <p<g<w<oo,1/p—1/qg=0/n and

n—(1+0)p n—-1 n—-q n-1

= — > 0.
p W q W
Let f be a nonnegative measurable function on R" satisfying
(3.1) / Bz, f(z)) dz < oo,
B

Then
liminf (1 —¢)"S,,(bl,t) = 0.
t—1

Proof. Let f be a nonnegative measurable function on R" satisfying (3.1). We
have

() ()
=/ﬁ |x—mkwmw—ww»ﬂwdy+/“ & — y]""b(y) f (4) dy
B(z,(1-|z])/2) B(z,(1-|z])/2)

<c o=y @y + [ &~ y['"~"b(y)f(4) dy
B(z,(1-]z])/2) B(z,(1-]z|)/2)
= C[ll(l’) + 112(1’).
Take 91,92 € (0,1) such that
O<mp<pr=n—-1-0)0 —pn—1)/w<1

and
0<ng<pfoa=(n—1)02—q(n—1)/w<1.
Then we have by Holder’s inequality

1/p
Ii(x) < (/ |z — y|(1+9—”)(1—51/p)p dy)
B(z,(1~|x[)/2)

0 ) l/p
-(/’ \x—m“+””f@W@O
B(z,(1—|x])/2)

1/p
< C(1 = |a)H0mmO=0/prensy ( / = y| O f ()P dy)
B

(z,(1=|z1)/2)
1/p
<o ([ ey pypray )
A(0,8)
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since (1+60 —n)(1—20/p)+n/p = 6i/p—n >0 and Bz, (1 —|z|)/2) C {y €
B:t—(1—-t)/2< |yl <t+(1—1t)/2} = A(0,t) when t = |z|. Hence we see from
Minkowski’s inequality and Lemma 3.1 that

1/p
ﬂf—0”$xhht)§CX1—tﬁdp(/1 @au-—yVﬂ%ﬂ*F”ﬂWat»pf@y%w)
A(0,8)
1/p
so(u-0o [ -l rwra)
A(0,t)
Thus it follows from Corollary 3.5 and (3.1) that
liminf (1 —¢)"S,,(bl4,1)
t—1
S C’hrtnllnf{(l — t)”Sw(lll,t) + (1 - t)nSw(llg, t)} = O,
—
as required. O]

4. Proof of Theorem 1.1

Let u be a p-precise function on B satisfying (1.1). By Lemma 3.3, we have

(4.1) @) < - [ o=y V) dy = - Ruf @)

n

on B except for a set of capacity zero, where f(y) = |Vu(y)|. Here we may assume
that the extension @ vanishes outside B(0,2). Write

w@hu»=/“ & — 4] (b(z) — b)) () dy
{yeR"\B(z,(1-]z])/2): 1-|y|<1—|z|}

+f o~ o' "b(0) 7 ) dy
{yeR™M\B(z,(1-|2])/2): 1-|y[<1—|x[}

sc/ & — 9|0 f (y) dy
{yeR™\B(z,(1—|z|)/2): 1—|y|<1—|z|}

/ o= o' "b(0) 1) dy
{yeR™M\B(z,(1-|2[)/2): 1-|y|<1—|z|}

+
= Clgl(l') + ]22(5(7).
Further, set

() = [ o — o[ () dy.
{yeB\B(z,(1-|z])/2): 1—[|y|<1—|=|}
ha@) = [ o=y () dy

B(0,2)\B

Note here that
n—1

w/p

Since f € LP(R"), we apply [13, Lemma 2.8 (1) to obtain
m (1 - t)nSw(Igll, t) =0.

li
t—1

(14+0)p—n+ =—pn <0.

In view of Lemma 3.2 with a = 1 + 6, we also obtain

m (1 - t)nSw(Iglg, t) = O,

li
t—1
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so that
lim (1 - t)nSw(lgl, t) = 0.

t—1

Similarly, noting that 1 —n+ (n —1)/(w/q) = —qn < 0 and bf € LY(R"™), we find
m (1 - t)nSw(IQQ, t) = 0.

li
t—1
Hence,

o _
lim (1= £)8, (b1, 1) = 0.

For the estimate of I3 we have

b(x)I3(x) < C | =y f (y) dy
{yeR™\B(a,(1[a])/2): 1=[y|>1-al}

+f o~ o' "b(0) 7 0) dy
{yeR™\B(z,(1-|2])/2): 1—-y[>1—|x[}
= C[31(LL’) + ]32(5(7).
Since (1+60)p—n+p(n—1)/w < 0and f € LP(R"), in view of [13, Lemma 2.9 (1)],
we obtain
m (1 - t)nSw(lgl, t) =0

o
and since 1 —n+¢q(n —1)/w < 0 and bf € L{(R"),
lim (1 - t)nSw(lgg, t) = O,
t—1
so that
. g _
11_1311 (1 —=1¢)"S,(bl3,t) = 0.
Therefore, Lemma 3.6 gives

liminf (1 —¢)"S,(bu,t) = 0.

t—1

This completes the proof of the theorem.

5. Proof of Theorem 1.3
Noting (4.1), we write

b(z) By f () — / & — y""(b(x) — b(y)) f () dy + / & — y[""b(y) £ ) dy

< f Jo—y" i)y + / & — 4" "b(y) £ (4) dy

R” n

= J1($) —+ Jg(x),

where f(y) = |Vu(y)| as before. Here we may assume that the extension @ vanishes
outside B(0,2). As in the proof of [11, Theorem 2.2| ([15, Remark 3|), we have by
Holder’s inequality

2 ) 1/p’ 2 1/p
@) <C ( / \x—sy*v“@—")psn—ldt) ( / f<sy*>ps“—1dt) a5 (y")
5(0,1) \Jo 0
P

2 1/
S C/ |l'* _ y*|1+9—n+1/p’ (/ f(Sy*)pSn—l dt) dS(y*)
S5(0,1) 0

n
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and

2 1/p
\b@»sc[;)m&—wP%“@(/waﬂﬂwﬂvw*w) aS(y"),
0,1 0

where z* = z/|z| and y* = y/|y|. Applying Sobolev’s inequality, we obtain

1/p
Su(Ji,t) <C < f(z)pdz)
R?’L

and
1/q
sumn<c ([ warara)
where
n—(1+60p n-1_ n—qg n-1 0
p w g w
Therefore, in view of (4.1), we find
Sy (bu,t) < C,

as required.

6. Proof of Theorem 1.4

Let u be a p-precise function on B satisfying (1.1). In view of (1.2), we have

n

1
Ulz) = P Z N Ki(z,y)Dyu(y)dy
n i=1 n

where K;(z,y) = (x; —yi)|lz —y|™" — (& — vi)|§ — y|™" with £ = z/|z| and Du =
(0/0y;)u. Write

1 n
bmwwz—Z/ K(, y)(b(x) — b(y)) Dyuly) dy

On i—1 Y {yeR™: 2(1—|z|)<1-|y|}
1 n

+—Z/ K (z ) (b(y) Diuly)) dy
On i=1 J{yeR™: 2(1—[z[)<1—|y|}
1 n

o> i, ) (0(x) — b{y)) Diy) dy
On i=1 J{yeR™: (1-|y])/2<1—|z[<2(1~|y])}
1 n

=3 i) (6(s) Dua(y)) dy
On i=1 JyeR™: (1-|y])/2<1—|z|<2(1-|y])}

In 7 J{yeRm: 2(1-|y))<1-|z|}

1 n
o> il ) (6(0) Dra(w)) dy
On 527 J{yeRn: 2(1—|y)<1—|x|}
= Ill(l') + [12(113') + Igl(l’) + [22(113') + 131(1’) + 132(113').
First we treat I;; and I;5. Since

|Ki(z,y)| < C(1 = |a])[x —y[™  when 2(1 — |z]) <1 —yl,



288 Yoshihiro Mizuta and Tetsu Shimomura

we have
| < C(1— Ja]) / 1~y Vuly)| dy
{yeR": 2(1—|z|)<1—-|y|}
and
s < C(1— Ja]) / & — | "b(y) [ Vauly)| dy.
{yeR": 2(1—|z|)<1—|y|}
Therefore

1/p
Sw(llla t) < C(l _ t) (/{ (1 _ |y|)(6p—n)+p(n—1)/w|vu(y)|p dy)

yeR™: 2(1—t)<1—|y|}
and

Sw(li2,t) < C(1—1) (/{

yeR™: 2(1—t)<1—|y|}

1/q
(- |y|>-"+q<"-1>/W<b<y>|Vu<y>|>qdy) .

Hence it follows from Lebesgue’s dominated convergence theorem that

limsup (1 —¢)75,([11,1)

t—1
1/p

1—¢ (1+n)p
< C'lim sup / ( ) |Vu(y)P dy =0
t—1 {yeRm: 2(1—t)<1—|y|} 1 - \y\
and

limsup (1 —¢)"S,,(112,1)

t—1

1/q

1—1¢ (1+n)q
< i ( [ (1 ) () [Vuly))rdy | = o.
t—1 {yeR": 2(1—-t)<1—|y|} - |y|

To treat I5; and I, noting that
|Ki(z,y)| < Cle —y['™ when (1 - |y|)/2 < 1 — |z[ < 2(1 - [y]),

we have
[n| <C |z =y Vu(y)| dy
{yeR™: (1-|y|)/2<1—|z|<2(1-|y|)}
and
| < © / [ — y[1"b(y) [Vu(y)] dy.
{yeR™: (1-|y|)/2<1—|z|<2(1—|y|)}
Therefore
Sw(jzl’ t) < C(l _ |I|)((1+9)p—n)/p+(n—1)/w
1/p
- ( / |Vu<y>|pdy)
{yeR™: (1-|y|)/2<1—|z|<2(1~|y|)}
and

Su(Ize, t) < C(1 — |y|) e/ atn=1/w

1/q
- ( / <b<y>|w<y>|>qdy) |
{yeRm™: (1—|y|)/2<1—|z|<2(1—|y])}
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Hence
lim sup (1 - t)nSw(Igl, t)
t—1
1/p
< C'lim sup (/ |Vu(y)P dy) =0
t—1 {yeR™: (1-|y|)/2<1-t<2(1—|y|)}
and

limsup (1 —t)"S,,(I2,1)

t—1

1/q
< Climsup ( / <b<y>\w<y>|>qdy) 0.
t—1 {yeR™: (1—|y|)/2<1-t<2(1—-|y|)}

Finally we treat I3; and I35. Since

[Ki(z, )] < ClE =yl when 2(1 —[y]) <1 - |z],

we have
mi<c | € =y Tu(y) | dy
{yeR™: 2(1—|y[)<1—|=|}
and
I < C 1€ —yI'"b(y)|[Vuly)| dy.
{yeR™: 2(1—|y|)<1—|z|}
Therefore

1/p
Sullyn,t) < C ( / (- |y|><<1+9>p—">+p<"—”/w\Vu(y)|pdy)
{yeR™: 2(1—[y|)<1-1}

and

1/q
SulTt) < C ( / (1- |y|>-"+q+q<"-1>/%b<y>|Vu<y>|>qdy) |
{yeR™: 2(1—|y|)<1—t}

Hence, by Lebesgue’s dominated convergence theorem, we have

limsup (1 — )75, (I31,1)

t—1

1—+\™ 1/p
< C'limsup (/ ( ) |Vu(y)\pdy) =0
t—1 {yeRm™: 2(1—|y|)<1—t} 1 - |y|

limsup (1 —t)"S,,(I32,1)

t—1

1—¢\™ 1/q
< ctmsw (| (1=0) Corvumlray) o
=1 \Jgyern: 20-pyh<1-n \1 = [Y]

Now we establish

and

lim (1 — )75, (bU, t) = 0,

t—1

as required.
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7. Remarks

Remark 7.1. We show that the lower limit in Theorem 1.1 can not be replaced
by the upper limit. To show this, for xg € dB, a > 0 and 0 < 6 < 1, letting
z; = (1 —277)xz, we consider

r) =Y ui(@) =Y 27w — a2 — ay)
j=1

j=1
and . -
= bix) = 27| — 2 p(2 | — ),
j=1 j=1
where

1 (0<t<1),
pt)y=q¢2—-t (1<t<?2),
0 (t >2).
Then we have for z,y € B(x;,27772)
b () = bi()| < 277 ||z — a5]° — |y — a1’ @(27*3|2 — a5])
+ 27y — ;| [o (270 — z5]) — (27 y — 1)
<27z —yl” + 27y — 25" 2 o — wy] — |y — |
<27z —y|" + 2y — 2|z — y]
<27z —yl” + 2|x — y|* (ly — a5]°|x — y[**)
< 27w —y’
and hence
[b(x) — by |<Z|b DI<Clo—yf’ 327 < Cla g
j=1
If (—a—1)p+n>0, then we obtain

/ V(@) de <) / V()P da
B j=1/B
S L LD SERD
=1 B j=1

Similarly, if (—a — 14 60)g +n > 0, then we obtain

| #@)vata) qu<2/ )|V @) do
S DLl WIS PIe) end
i=1 B

j=1
Further, since b(z)u(x) > 27% |z — x;| 7T {p(2773|x — ;]) }?, we see that
Sulbu, ) = oo,
if a > 60+ (n—1)/w, which proves the claim.
We will discuss the best possibility of the exponent 7 in Theorem 1.1.
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Remark 7.2. Fora > 0,0 < 6 <1 and e € 0B, consider the function
u(z) = |z —e[™ and b(z) = |z — e’
Note that |b(z) — b(y)| < |x — y|? and |Vu(z)| = a|z —e|7271,

/ |Vu(z)Pde < oo
B

when (—a —1)p+n > 0 and

/ (b(z)|Vu(z)|)! dz < oo
B
when (—a — 14 6)q +n > 0. Moreover,
Sulbu,r) = Su(] - —y|*~%, 1) = C(1 — )0t
when (0 —a) + (n — 1)/w < 0, or
(1—7)"S,(bu,r) > C(1 — r)0-0)+n=a/q,

Since (# —a) + (n — q)/q = (—a — 1) + n/p can be taken sufficiently small, we see
that the exponent 7 in Theorem 1.1 is sharp.

Acknowledgement. We would like to express our thanks to the referee for his/her
careful reading and kind comments.
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