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Abstract. We study growth properties of spherical means of Sobolev functions for the double

phase functional Φp,q(x, t) = tp + (b(x)t)q in the unit ball B of Rn, where 1 < p < q < ∞ and b(·)

is a non-negative bounded function on B which is Hölder continuous of order θ ∈ (0, 1].

1. Introduction

Let B(x, r) denote the open ball centered at x ∈ R
n (n ≥ 2) of radius r, whose

boundary is written as S(x, r). For simplicity, the unit ball B(0, 1) and its boundary
are written as B and S, respectively. For a measurable function f on the sphere
S(0, r), the Lω mean for 1 ≤ ω < ∞ is defined by

Sω(f, r) =

(

1

σnrn−1

ˆ

S(0,r)

|f(x)|ω dS(x)

)1/ω

,

where σn denotes the surface area of S(0, 1).
Gardiner [6, Theorem 2] proved that when (n−3)/(n−1) < 1/ω ≤ (n−2)/(n−1)

and ω ≥ 1,

lim inf
r→1

(1− r)n−1−(n−1)/ωSω(Gµ, r) = 0

for a Green potential Gµ on the unit ball B. Moreover, if u is a p-precise function
on B satisfying

ˆ

B

|∇u(x)|p dx < ∞,

then it is shown in [15] that

lim inf
r→1

(1− r)(n−p)/p−(n−1)/ωSω(u, r) = 0

when 1 < p < ω < ∞ and 0 < (n− p)/p− (n− 1)/ω < 1/p. See also Stoll [18].
Regarding regularity theory of differential equations, Baroni, Colombo and Min-

gione [1, 2, 4, 5] studied a double phase functional:

Φ(x, t) = Φp,q(x, t) = tp + (b(x)t)q,

where 1 < p < q < ∞ and b(·) is a non-negative bounded function on B which is
Hölder continuous of order θ ∈ (0, 1]. Harjulehto, Hästö and Karppinen [7] studied
local higher integrability of the gradient of a quasiminimizer of the double phase
functional. We refer to [4] for the minimization problem and [3] for the eigenvalue
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problem for the double phase functional. See also [8] for the boundedness of maximal
operators.

In this paper we study the growth properties for spherical means of p-precise
functions u in B satisfying

(1.1)

ˆ

B

Φ(x, |∇u(x)|) dx < ∞,

where ∇ denotes the gradient. Our aim is to extend [15, Theorem 1] to the double
phase functional Φ(x, t).

Theorem 1.1. Let 1 < p < q < n, 1/p− 1/q = θ/n, ω > q and

0 < η =
n− (1 + θ)p

p
−

n− 1

ω
=

n− q

q
−

n− 1

ω
<

1

q
.

If u is a p-precise function on B in the sense of Ziemer [20] satisfying (1.1), then

lim inf
t→1

(1− t)ηSω(bu, t) = 0.

The sharpness of the exponent η in Theorem 1.1 will be discussed in the last
section (Remark 7.2). We shall show that the lower limit can not be replaced by the
upper limit (Remark 7.1). For the hyperplane case, we refer to [11, Theorem 2.1] in
case p = q.

Example 1.2. Let x0 ∈ ∂B and 0 < θ ≤ 1. Examples of b(x) are |x− x0|
θ and

(1− |x|)θ.

Next we are concerned with the case η = 0.

Theorem 1.3. Let 1 < p < q < n, 1/p− 1/q = θ/n, ω > q and

n− (1 + θ)p

p
−

n− 1

ω
=

n− q

q
−

n− 1

ω
= 0.

There exists a constant C > 0 such that

Sω(bu, t) ≤ C

for all p-precise function u on B satisfying (1.1) and all t > 0.

For the case p = q in Theorem 1.3, see [15, Remark 3] and [11, Theorem 2.2].
We also refer to Yamashita [19] for harmonic functions u on B satisfying (1.1) with
p = q = 2.

If u is a p-precise function on B, then the radial limit

u(ξ) = lim
r→1

u(rξ)

exists for almost every ξ ∈ ∂B. For this, we refer the reader to for example [12, Theo-

rem 2.4, Chapter 8] in the half plane case; it suffices to see that
´ 1

2−1

∣

∣

d
dr
u(rξ)

∣

∣ dr < ∞
for almost every ξ ∈ ∂B. Set

(1.2) U(rξ) = u(rξ)− u(ξ) for ξ ∈ ∂B and 0 < r < 1.

Theorem 1.4. Let 1 < p < q < n, 1/p− 1/q = θ/n, ω > q and

−1 < η =
n− (1 + θ)p

p
−

n− 1

ω
=

n− q

q
−

n− 1

ω
< 0.

If u is a p-precise function on B satisfying (1.1), then

lim
t→1

(1− t)ηSω(bU, t) = 0.
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We refer to [11, Theorem 3.1] for the hyperplane case and p = q. See [16] for
monotone Sobolev functions as a generalization of harmonic functions.

Throughout this paper, let C denote various constants independent of the vari-
ables in question.

2. p-precise function

If 0 < α < n, 1 < p < ∞, G is an open set in R
n and E ⊂ G, then the relative

(α, p)-capacity is defined by

C(n)
α,p(E;G) = inf

ˆ

G

f(y)p dy,

where the infimum is taken over all nonnegative measurable functions f on G such
that

ˆ

G

|x− y|α−nf(y) dy ≥ 1 for every x ∈ E;

see [9] and [12] for the basic properties of (α, p)-capacity. We say that a set E has

(α, p)-capacity zero if C
(n)
α,p(E ∩G;G) = 0 for every bounded open set G ⊂ R

n.
Following Ziemer [20], we say that a locally integrable function u is p-precise in

B if

(i)
´

B
|∇u(x)|p dx < ∞, where ∇ denotes the gradient;

(ii) u is quasicontinuous in B, in the sense that for every ε > 0, there exists an

open set G such that C
(n)
1,p (G;B) < ε and u is continuous as a function on

B \G.

We note that if u is p-precise in B, then u is partially differentiable almost
everywhere on B and its spherical means over S(x, r) are well defined whenever
S(x, r) ⊂ B, since a set of (1, p)-capacity zero has Hausdorff dimension at most
n− p.

3. Lemmas

Let us begin with the following lemma.

Lemma 3.1. (cf. [13, Lemma 2.1], [14, Lemma 2.2]) Let 0 < a < 1 and c1 be

positive constants. Then there exists a constant C > 0 such that
ˆ

S(0,1)

|tσ − y|a−n dS(σ) ≤ C|t− |y||a−1,

whenever y ∈ R
n and 1/2 < t < min{1, c1|y|}.

In fact, this holds for y ∈ B by [13, Lemma 2.1]. With a slight modification of
the proof of [13, Lemma 2.1], this holds for all y ∈ R

n.
For 0 < α < n and a nonnegative measurable function f on R

n, we define Rαf
by

Rαf(x) =

ˆ

Rn

|x− y|α−nf(y) dy.

Lemma 3.2. Let 1 < p ≤ ω < ∞ and

η =
n− αp

p
−

n− 1

ω
> 0.
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Let f be a nonnegative measurable function on B(0, 2) \B satisfying
ˆ

B(0,2)\B

|f(y)|p dy < ∞.

Then

lim
t→1

(1− t)ηSω(Rαf, t) = 0.

Proof. Let f be a nonnegative measurable function in Lp(B(0, 2) \B). For ε > 0
and x ∈ B we have by Hölder’s inequality

Rαf(x) ≤

(
ˆ

B(0,2)\B

|x− y|−εp′−n dy

)1/p′ (ˆ

B(0,2)\B

|x− y|αp+εp−nf(y)p dy

)1/p

≤ C(1− |x|)−ε

(
ˆ

B(0,2)\B

|x− y|αp+εp−nf(y)p dy

)1/p

.

Hence we see from Minkowski’s inequality and Lemma 3.1 that

(1− t)ηSω(Rαf, t) ≤ C(1− t)η−ε

(
ˆ

B(0,2)\B

(

Sω(| · −y|(αp+εp−n)/p, t)
)p

f(y)p dy

)1/p

≤ C(1− t)η−ε+(αp+εp−n)/p+(n−1)/ω

(
ˆ

B(0,2)\B

f(y)p dy

)1/p

= C

(
ˆ

B(0,2)\B

f(y)p dy

)1/p

when 0 < ε < η, so that

lim sup
t→1

(1− t)ηSω(Rαf, t) ≤ C

(
ˆ

B(0,2)\B

f(y)p dy

)1/p

.

For 1 < r < 2, write

Rαf(x) =

ˆ

B(0,2)\B(0,r)

|x− y|α−nf(y) dy +

ˆ

B(0,r)\B

|x− y|α−nf(y) dy

= I1(x) + I2(x).

Now, since I1 is bounded in B, we see that

lim sup
t→1

(1− t)ηSω(Rαf, t) = lim sup
t→1

(1− t)ηSω(I2, t)

≤ C

(
ˆ

B(0,r)\B

f(y)p dy

)1/p

for all 1 < r < 2, which gives the result. �

We introduce Sobolev’s integral representation. If 1 < q < ∞ and v ∈ C∞
0 (Rn),

then

v(x) = c
n
∑

i=1

ˆ

xi − yi
|x− y|n

∂v

∂yi
dy

holds for all x ∈ R
n, where c = 1/σn [15, Lemma 2].
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Lemma 3.3. [15, Corollary 3] Let u be a p-precise function on B. Then there

is a p-precise function u on R
n such that

u(x) = c

n
∑

i=1

ˆ

xi − yi
|x− y|n

∂u

∂yi
dy

holds on B except for a set of C
(n)
1,p capacity zero.

Here u is a p-precise extension of u to R
n with compact support by Stein [17,

Chapter 5], or we may consider the inversion to define u(x) = u(x/|x|2) for |x| > 1.

Lemma 3.4. [10, Lemma 5.2], [13, Lemma 2.7] Let 0 < α1, α2 < 1 and µ1, µ2

be nonnegative measures on R
+ = (0,∞) such that µ1(R

+) + µ2(R
+) < ∞. Set

G(x) = xα1

ˆ

A(x)

|x− y|−α1 dµ1(y) + xα2

ˆ

A(x)

|x− y|−α2 dµ2(y),

where A(x) = {y : x/2 < y < 2x}. Then

lim inf
x→0+

G(x) = 0.

Proof. For a positive integer j we have by Fubini’s theorem

ˆ 2−j+1

2−j

G(x)
dx

x
≤

ˆ 2−j+1

2−j

(

2(−j+1)α1

ˆ 2−j+2

2−j−1

|x− y|−α1 dµ1(y)

)

dx

x

+

ˆ 2−j+1

2−j

(

2(−j+1)α2

ˆ 2−j+2

2−j−1

|x− y|−α2 dµ2(y)

)

dx

x

= 2(−j+1)α1

ˆ 2−j+2

2−j−1

(

ˆ 2−j+1

2−j

|x− y|−α1
dx

x

)

dµ1(y)

+ 2(−j+1)α2

ˆ 2−j+2

2−j−1

(

ˆ 2−j+1

2−j

|x− y|−α2
dx

x

)

dµ2(y)

≤ C2(−j+1)α12jα1

ˆ 2−j+2

2−j−1

dµ1(y) + C2(−j+1)α12jα2

ˆ 2−j+2

2−j−1

dµ2(y)

≤ C

(

ˆ 2−j+2

2−j−1

dµ1(y) +

ˆ 2−j+2

2−j−1

dµ2(y)

)

,

so that

lim
j→∞

inf
2−j<x<2−j+1

G(x) = 0,

which proves the result. �

By change of variables x = 1− t and y = 1− s, we obtain the following result.

Corollary 3.5. [10, Corollary 5.1] Let 0 < α1, α2 < 1 and µ1, µ2 be nonnegative

measures on I = (0, 1) such that µ1(I) + µ2(I) < ∞. Then

lim inf
t→1−

(

(1− t)α1

ˆ

A(0,t)

|t− s|−α1 dµ1(s) + (1− t)α2

ˆ

A(0,t)

|t− s|−α2 dµ2(s)

)

= 0,

where A(0, t) = {s : t− (1− t)/2 < s < t+ (1− t)/2}.
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Write

R1f(x) =

ˆ

Rn

|x− y|1−nf(y) dy

=

ˆ

B(x,(1−|x|)/2)

|x− y|1−nf(y) dy

+

ˆ

{y∈Rn\B(x,(1−|x|)/2): 1−|y|≤1−|x|}

|x− y|1−nf(y) dy

+

ˆ

{y∈Rn\B(x,(1−|x|)/2): 1−|y|>1−|x|}

|x− y|1−nf(y) dy

= I1(x) + I2(x) + I3(x).

Lemma 3.6. Let 1 < p < q < ω < ∞, 1/p− 1/q = θ/n and

η =
n− (1 + θ)p

p
−

n− 1

ω
=

n− q

q
−

n− 1

ω
> 0.

Let f be a nonnegative measurable function on R
n satisfying

(3.1)

ˆ

B

Φ(x, f(x)) dx < ∞.

Then

lim inf
t→1

(1− t)ηSω(bI1, t) = 0.

Proof. Let f be a nonnegative measurable function on R
n satisfying (3.1). We

have

b(x)I1(x)

=

ˆ

B(x,(1−|x|)/2)

|x− y|1−n(b(x)− b(y))f(y) dy +

ˆ

B(x,(1−|x|)/2)

|x− y|1−nb(y)f(y) dy

≤ C

ˆ

B(x,(1−|x|)/2)

|x− y|1+θ−nf(y) dy +

ˆ

B(x,(1−|x|)/2)

|x− y|1−nb(y)f(y) dy

= CI11(x) + I12(x).

Take δ1, δ2 ∈ (0, 1) such that

0 < ηp < β1 = (n− 1− θ)δ1 − p(n− 1)/ω < 1

and
0 < ηq < β2 = (n− 1)δ2 − q(n− 1)/ω < 1.

Then we have by Hölder’s inequality

I11(x) ≤

(
ˆ

B(x,(1−|x|)/2)

|x− y|(1+θ−n)(1−δ1/p)p′ dy

)1/p′

·

(
ˆ

B(x,(1−|x|)/2)

|x− y|(1+θ−n)δ1f(y)p dy

)1/p

≤ C(1− |x|)(1+θ−n)(1−δ1/p)+n/p′
(
ˆ

B(x,(1−|x|)/2)

|x− y|(1+θ−n)δ1f(y)p dy

)1/p

≤ C(1− t)β1/p−η

(
ˆ

A(0,t)

|x− y|−β1−p(n−1)/ωf(y)p dy

)1/p
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since (1 + θ − n)(1 − δ1/p) + n/p′ = β1/p − η > 0 and B(x, (1 − |x|)/2) ⊂ {y ∈
B : t − (1 − t)/2 < |y| < t + (1 − t)/2} = A(0, t) when t = |x|. Hence we see from
Minkowski’s inequality and Lemma 3.1 that

(1− t)ηSω(I11, t) ≤ C(1− t)β1/p

(
ˆ

A(0,t)

(

Sω(| · −y|(−β1−p(n−1)/ω)/p, t)
)p

f(y)p dy

)1/p

≤ C

(

(1− t)β1

ˆ

A(0,t)

|t− |y||−β1f(y)p dy

)1/p

.

Thus it follows from Corollary 3.5 and (3.1) that

lim inf
t→1

(1− t)ηSω(bI1, t)

≤ C lim inf
t→1

{(1− t)ηSω(I11, t) + (1− t)ηSω(I12, t)} = 0,

as required. �

4. Proof of Theorem 1.1

Let u be a p-precise function on B satisfying (1.1). By Lemma 3.3, we have

(4.1) |u(x)| ≤
1

σn

ˆ

Rn

|x− y|1−n|∇u(y)| dy =
1

σn

R1f(x)

on B except for a set of capacity zero, where f(y) = |∇u(y)|. Here we may assume
that the extension u vanishes outside B(0, 2). Write

b(x)I2(x) =

ˆ

{y∈Rn\B(x,(1−|x|)/2): 1−|y|≤1−|x|}

|x− y|1−n(b(x)− b(y))f(y) dy

+

ˆ

{y∈Rn\B(x,(1−|x|)/2): 1−|y|≤1−|x|}

|x− y|1−nb(y)f(y) dy

≤ C

ˆ

{y∈Rn\B(x,(1−|x|)/2): 1−|y|≤1−|x|}

|x− y|1+θ−nf(y) dy

+

ˆ

{y∈Rn\B(x,(1−|x|)/2): 1−|y|≤1−|x|}

|x− y|1−nb(y)f(y) dy

= CI21(x) + I22(x).

Further, set

I211(x) =

ˆ

{y∈B\B(x,(1−|x|)/2): 1−|y|≤1−|x|}

|x− y|1+θ−nf(y) dy,

I212(x) =

ˆ

B(0,2)\B

|x− y|1+θ−nf(y) dy.

Note here that

(1 + θ)p− n +
n− 1

ω/p
= −pη < 0.

Since f ∈ Lp(Rn), we apply [13, Lemma 2.8 (1)] to obtain

lim
t→1

(1− t)ηSω(I211, t) = 0.

In view of Lemma 3.2 with α = 1 + θ, we also obtain

lim
t→1

(1− t)ηSω(I212, t) = 0,
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so that

lim
t→1

(1− t)ηSω(I21, t) = 0.

Similarly, noting that 1− n + (n− 1)/(ω/q) = −qη < 0 and bf ∈ Lq(Rn), we find

lim
t→1

(1− t)ηSω(I22, t) = 0.

Hence,

lim
t→1

(1− t)ηSω(bI2, t) = 0.

For the estimate of I3 we have

b(x)I3(x) ≤ C

ˆ

{y∈Rn\B(x,(1−|x|)/2): 1−|y|>1−|x|}

|x− y|1+θ−nf(y) dy

+

ˆ

{y∈Rn\B(x,(1−|x|)/2): 1−|y|>1−|x|}

|x− y|1−nb(y)f(y) dy

= CI31(x) + I32(x).

Since (1+ θ)p− n+ p(n− 1)/ω < 0 and f ∈ Lp(Rn), in view of [13, Lemma 2.9 (1)],
we obtain

lim
t→1

(1− t)ηSω(I31, t) = 0

and since 1− n+ q(n− 1)/ω < 0 and bf ∈ Lq(Rn),

lim
t→1

(1− t)ηSω(I32, t) = 0,

so that

lim
t→1

(1− t)ηSω(bI3, t) = 0.

Therefore, Lemma 3.6 gives

lim inf
t→1

(1− t)ηSω(bu, t) = 0.

This completes the proof of the theorem.

5. Proof of Theorem 1.3

Noting (4.1), we write

b(x)R1f(x) =

ˆ

Rn

|x− y|1−n(b(x)− b(y))f(y) dy+

ˆ

Rn

|x− y|1−nb(y)f(y) dy

≤ C

ˆ

Rn

|x− y|1+θ−nf(y) dy +

ˆ

Rn

|x− y|1−nb(y)f(y) dy

= J1(x) + J2(x),

where f(y) = |∇u(y)| as before. Here we may assume that the extension u vanishes
outside B(0, 2). As in the proof of [11, Theorem 2.2] ([15, Remark 3]), we have by
Hölder’s inequality

|J1(x)| ≤ C

ˆ

S(0,1)

(
ˆ 2

0

|x− sy∗|(1+θ−n)p′sn−1 dt

)1/p′ (ˆ 2

0

f(sy∗)psn−1 dt

)1/p

dS(y∗)

≤ C

ˆ

S(0,1)

|x∗ − y∗|1+θ−n+1/p′
(
ˆ 2

0

f(sy∗)psn−1 dt

)1/p

dS(y∗)
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and

|J2(x)| ≤ C

ˆ

S(0,1)

|x∗ − y∗|1−n+1/p′
(
ˆ 2

0

(b(sy∗)f(sy∗))psn−1 dt

)1/p

dS(y∗),

where x∗ = x/|x| and y∗ = y/|y|. Applying Sobolev’s inequality, we obtain

Sω(J1, t) ≤ C

(
ˆ

Rn

f(x)pdx

)1/p

and

Sω(J2, t) ≤ C

(
ˆ

Rn

(b(x)f(x))qdx

)1/q

,

where
n− (1 + θ)p

p
−

n− 1

ω
=

n− q

q
−

n− 1

ω
= 0.

Therefore, in view of (4.1), we find

Sω(bu, t) ≤ C,

as required.

6. Proof of Theorem 1.4

Let u be a p-precise function on B satisfying (1.1). In view of (1.2), we have

U(x) =
1

σn

n
∑

i=1

ˆ

Rn

Ki(x, y)Diu(y)dy

where Ki(x, y) = (xi − yi)|x − y|−n − (ξi − yi)|ξ − y|−n with ξ = x/|x| and Diu =
(∂/∂yi)u. Write

b(x)U(x) =
1

σn

n
∑

i=1

ˆ

{y∈Rn : 2(1−|x|)<1−|y|}

Ki(x, y)(b(x)− b(y))Diu(y) dy

+
1

σn

n
∑

i=1

ˆ

{y∈Rn : 2(1−|x|)<1−|y|}

Ki(x, y)(b(y)Diu(y)) dy

+
1

σn

n
∑

i=1

ˆ

{y∈Rn : (1−|y|)/2<1−|x|<2(1−|y|)}

Ki(x, y)(b(x)− b(y))Diu(y) dy

+
1

σn

n
∑

i=1

ˆ

{y∈Rn : (1−|y|)/2<1−|x|<2(1−|y|)}

Ki(x, y)(b(y)Diu(y)) dy

+
1

σn

n
∑

i=1

ˆ

{y∈Rn : 2(1−|y|)<1−|x|}

Ki(x, y)(b(x)− b(y))Diu(y) dy

+
1

σn

n
∑

i=1

ˆ

{y∈Rn : 2(1−|y|)<1−|x|}

Ki(x, y)(b(y)Diu(y)) dy

= I11(x) + I12(x) + I21(x) + I22(x) + I31(x) + I32(x).

First we treat I11 and I12. Since

|Ki(x, y)| ≤ C(1− |x|)|x− y|−n when 2(1− |x|) < 1− |y|,
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we have

|I11| ≤ C(1− |x|)

ˆ

{y∈Rn : 2(1−|x|)<1−|y|}

|x− y|θ−n|∇u(y)| dy

and

|I12| ≤ C(1− |x|)

ˆ

{y∈Rn : 2(1−|x|)<1−|y|}

|x− y|−nb(y)|∇u(y)| dy.

Therefore

Sω(I11, t) ≤ C(1− t)

(
ˆ

{y∈Rn : 2(1−t)<1−|y|}

(1− |y|)(θp−n)+p(n−1)/ω|∇u(y)|p dy

)1/p

and

Sω(I12, t) ≤ C(1− t)

(
ˆ

{y∈Rn : 2(1−t)<1−|y|}

(1− |y|)−n+q(n−1)/ω(b(y)|∇u(y)|)q dy

)1/q

.

Hence it follows from Lebesgue’s dominated convergence theorem that

lim sup
t→1

(1− t)ηSω(I11, t)

≤ C lim sup
t→1

(

ˆ

{y∈Rn : 2(1−t)<1−|y|}

(

1− t

1− |y|

)(1+η)p

|∇u(y)|p dy

)1/p

= 0

and

lim sup
t→1

(1− t)ηSω(I12, t)

≤ C lim sup
t→1

(

ˆ

{y∈Rn : 2(1−t)<1−|y|}

(

1− t

1− |y|

)(1+η)q

(b(y)|∇u(y)|)q dy

)1/q

= 0.

To treat I21 and I22, noting that

|Ki(x, y)| ≤ C|x− y|1−n when (1− |y|)/2 < 1− |x| < 2(1− |y|),

we have

|I21| ≤ C

ˆ

{y∈Rn : (1−|y|)/2<1−|x|<2(1−|y|)}

|x− y|(1+θ)−n|∇u(y)| dy

and

|I22| ≤ C

ˆ

{y∈Rn : (1−|y|)/2<1−|x|<2(1−|y|)}

|x− y|1−nb(y)|∇u(y)| dy.

Therefore

Sω(I21, t) ≤ C(1− |x|)((1+θ)p−n)/p+(n−1)/ω

·

(
ˆ

{y∈Rn : (1−|y|)/2<1−|x|<2(1−|y|)}

|∇u(y)|p dy

)1/p

and

Sω(I22, t) ≤ C(1− |y|)(q−n)/q+(n−1)/ω

·

(
ˆ

{y∈Rn : (1−|y|)/2<1−|x|<2(1−|y|)}

(b(y)|∇u(y)|)q dy

)1/q

.
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Hence

lim sup
t→1

(1− t)ηSω(I21, t)

≤ C lim sup
t→1

(
ˆ

{y∈Rn : (1−|y|)/2<1−t<2(1−|y|)}

|∇u(y)|p dy

)1/p

= 0

and

lim sup
t→1

(1− t)ηSω(I22, t)

≤ C lim sup
t→1

(
ˆ

{y∈Rn : (1−|y|)/2<1−t<2(1−|y|)}

(b(y)|∇u(y)|)q dy

)1/q

= 0.

Finally we treat I31 and I32. Since

|Ki(x, y)| ≤ C|ξ − y|1−n when 2(1− |y|) < 1− |x|,

we have

|I31| ≤ C

ˆ

{y∈Rn : 2(1−|y|)<1−|x|}

|ξ − y|1+θ−n|∇u(y)| dy

and

|I32| ≤ C

ˆ

{y∈Rn : 2(1−|y|)<1−|x|}

|ξ − y|1−nb(y)|∇u(y)| dy.

Therefore

Sω(I31, t) ≤ C

(
ˆ

{y∈Rn : 2(1−|y|)<1−t}

(1− |y|)((1+θ)p−n)+p(n−1)/ω|∇u(y)|p dy

)1/p

and

Sω(I32, t) ≤ C

(
ˆ

{y∈Rn : 2(1−|y|)<1−t}

(1− |y|)−n+q+q(n−1)/ω(b(y)|∇u(y)|)q dy

)1/q

.

Hence, by Lebesgue’s dominated convergence theorem, we have

lim sup
t→1

(1− t)ηSω(I31, t)

≤ C lim sup
t→1

(
ˆ

{y∈Rn : 2(1−|y|)<1−t}

(

1− t

1− |y|

)ηp

|∇u(y)|p dy

)1/p

= 0

and

lim sup
t→1

(1− t)ηSω(I32, t)

≤ C lim sup
t→1

(
ˆ

{y∈Rn : 2(1−|y|)<1−t}

(

1− t

1− |y|

)ηq

(b(y)|∇u(y)|)q dy

)1/q

= 0.

Now we establish

lim
t→1

(1− t)ηSω(bU, t) = 0,

as required.
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7. Remarks

Remark 7.1. We show that the lower limit in Theorem 1.1 can not be replaced
by the upper limit. To show this, for x0 ∈ ∂B, a > 0 and 0 < θ ≤ 1, letting
xj = (1− 2−j)x0, we consider

u(x) =

∞
∑

j=1

uj(x) =

∞
∑

j=1

2−j|x− xj |
−aϕ(2j+3|x− xj |)

and

b(x) =

∞
∑

j=1

bj(x) =

∞
∑

j=1

2−j|x− xj |
θϕ(2j+3|x− xj |),

where

ϕ(t) =











1 (0 < t < 1),

2− t (1 ≤ t < 2),

0 (t ≥ 2).

Then we have for x, y ∈ B(xj , 2
−j−2)

|bj(x)− bj(y)| ≤ 2−j
∣

∣|x− xj |
θ − |y − xj |

θ
∣

∣ϕ(2j+3|x− xj |)

+ 2−j|y − xj |
θ
∣

∣ϕ(2j+3|x− xj|)− ϕ(2j+3|y − xj |)
∣

∣

≤ 2−j|x− y|θ + 2−j|y − xj |
θ2j+3 ||x− xj | − |y − xj ||

≤ 2−j|x− y|θ + 23|y − xj |
θ|x− y|

≤ 2−j|x− y|θ + 23|x− y|θ
(

|y − xj |
θ|x− y|1−θ

)

≤ C2−j|x− y|θ

and hence

|b(x)− b(y)| ≤
∞
∑

j=1

|bj(x)− bj(y)| ≤ C|x− y|θ
∞
∑

j=1

2−j ≤ C|x− y|θ.

If (−a− 1)p+ n > 0, then we obtain
ˆ

B

|∇u(x)|p dx ≤
∞
∑

j=1

ˆ

B

|∇uj(x)|
p dx

≤ C

∞
∑

j=1

2−jp

ˆ

B

|x− xj |
(−a−1)p dx ≤ C

∞
∑

j=1

2−jp.

Similarly, if (−a− 1 + θ)q + n > 0, then we obtain
ˆ

B

(b(x)|∇u(x)|)q dx ≤

∞
∑

j=1

ˆ

B

(bj(x)|∇uj(x)|)
q dx

≤ C
∞
∑

j=1

2−jq

ˆ

B

|x− xj |
(−a−1+θ)q dx ≤ C

∞
∑

j=1

2−jq.

Further, since b(x)u(x) ≥ 2−2j|x− xj |
−a+θ{ϕ(2j+3|x− xj |)}

2, we see that

Sω(bu, |xj|) = ∞,

if a > θ + (n− 1)/ω, which proves the claim.

We will discuss the best possibility of the exponent η in Theorem 1.1.
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Remark 7.2. For a > 0, 0 < θ ≤ 1 and e ∈ ∂B, consider the function

u(x) = |x− e|−a and b(x) = |x− e|θ.

Note that |b(x)− b(y)| ≤ |x− y|θ and |∇u(x)| = a|x− e|−a−1,
ˆ

B

|∇u(x)|p dx < ∞

when (−a− 1)p+ n > 0 and
ˆ

B

(b(x)|∇u(x)|)q dx < ∞

when (−a− 1 + θ)q + n > 0. Moreover,

Sω(bu, r) = Sω(| · −y|θ−a, r) ≥ C(1− r)(θ−a)+(n−1)/ω

when (θ − a) + (n− 1)/ω < 0, or

(1− r)ηSω(bu, r) ≥ C(1− r)(θ−a)+(n−q)/q.

Since (θ − a) + (n − q)/q = (−a − 1) + n/p can be taken sufficiently small, we see
that the exponent η in Theorem 1.1 is sharp.
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